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Preface

This book is a work in progress — including the acknowledgements below! Use at
your own peril!

Categorical systems theory is an emerging field of mathematics which seeks to
apply the methods of category theory to general systems theory. General systems
theory is the study of systems — ways things can be and change, and models thereof
— in full generality. The difficulty is that there doesn’t seem to be a single core idea of
what it means to be a “system”. Different people have, for different purposes, come up
with a vast array of different modeling techniques and definitions that could be called
“systems”. There is often little the same in the precise content of these definitions,
though there are still strong, if informal, analogies to be made accross these different
fields. This makes coming up with a mathematical theory of general systems tantalizing
but difficult: what, after all, is a system in general?

Category theory has been describe as the mathematics of formal analogy making.
It allows us to make analogies between fields by focusing not on content of the objects
of those fields, but by the ways that the objects of those fields relate to one another.
Categorical systems theory applies this idea to general systems theory, avoiding the
issue of not having a contentful definition of system by instead focusing on the ways
that systems interact with eachother and their environment.

These are the main ideas of categorical systems theory:

1. Any system interacts with its environment through an interface, which can be

described separately from the system itself.

2. Allinteractions of a system with its environment take place through its interface,
so that from the point of view of the environment, all we need to know about a
system is what is going on at the interface.

3. Systems interact with other systems through their respective interfaces. So, to
understand complex systems in terms of their component subsystems, we need
to understand the ways that interfaces can be connected. We call these ways that
interfaces can be connected composition patterns.

4. Given a composition pattern describing how some interface are to be connected,
and some systems with those interfaces, we should have a composite system which
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vi PREFACE

consists of those subsystems interacting according to the composition pattern.
The ability to form composite systems of interacting component systems is called
modularity, and is a well known boon in the design of complex systems.

In a sense, the definitions of categorical systems theory are all about modularity —
how can systems be composed of subsystems. On the other hand, the theorems of
categorical systems theory often take the form of compositionality results. These say
that certain facts and features of composite systems can be understood or calculated in
terms of their component systems and the composition pattern.

This book will follow this general paradigm. We will see definitions of systems
which foreground modularity — the ways that systems can be composed to form
more complex systems. And then we will prove a general compositionality theorem,
showing that a large class of behaviors of composite systems can be calculated in terms
of their components and the composition pattern.

This abstract overview leaves a lot of questions to be answered. What is, or what
can be a system? What is an interface? What is a composition pattern? How do we
compose systems using composition patterns? What is a behavior of a system, and
how do we study it categorically? There is no single answer to this suite of questions.
Different people working with different aims will answer these questions differently.
But we can package this suite of questions into an informal definition of a doctrine of
dynamical systems.

Informal Definition 0.0.0.1. A doctrine of dynamical systems is a particular way to answer
the following questions about it means to be a systems theory:
* What does it mean to be a system? Does it have a notion of states, or of behaviors?
Or is it a diagram describing the way some primitive parts are organized?
¢ What should the interface of a system be?
¢ How can interfaces be connected in composition patterns?
¢ How are systems composed through composition patterns between their inter-
faces.
¢ What is a map between systems, and how does it affect their interfaces?
¢ When can maps between systems be composed along the same composition
patterns as the systems.

We will give a semi-formal! definition of dynamical systems doctrine in Chapter 6.
For the first five chapters of this book on the other hand, we will work within a fixed
doctrine of dynamical systems which we might call the parameter-setting doctrine. This
doctrine gives a particular answer to the above questions, based around the following
defintion of a system.

1 And for experts, a formal definition, though we won't fully justify it.
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Informal Definition 0.0.0.2. A dynamical system consists of:

¢ anotion of how things can be, called the states, and

* anotion of how things will change given how they are, called the dynamics.
The dynamics of a system might also depend on some free parameters or inputs that
are imported from the environment, and we will often be interested in some particular
variables of the state that are exposed or output to the environment.

In the first two chapters, we will see a variety of examples of such systems, in-
cluding discrete-time deterministic systems, systems of differential equations, and
non-deterministic systems such as Markov decision processes. We will also see what
composition patterns can be in the parameter-setting doctrine; they can be drawn as
wiring diagrams like this:

But Informal Definition 1.1.0.1 is not so precise. Deterministic systems, systems
of differential equations, Markov decision processes, and many more sorts of systems
fit the mold, but they also differ in many important ways. Informal Definition 1.1.0.1
doesn’t tell us what the states should be (a set? a topological space? a manifold? a
graph? something else?), and it doesn’t tell us what it means to specify how things
change given how they are. We can package this suite of questions into the notion of a
theory of dynamical systems, or systems theory for short.

Informal Definition 0.0.0.3. A theory of dynamical systems — or a systems theory for
short — is a particular way to answer the following questions about what it means to
be a dynamical system:

¢ What does it mean to be a state?

¢ How should the output vary with the state — discretely, continuously, linearly?

¢ Can the kinds of input a system takes in depend on what it’s putting out, and

how do they depend on it?

* What sorts of changes are possible in a given state?

¢ What does it mean for states to change.

* How should the way the state changes vary with the input?

We will make this definition fully formal in Chapter 3, after introducing enough
category theory to state it. Once we have made the definition of systems theory formal,
we can make the definition of system. But what is interesting about dynamical systems
is how they behave.
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Informal Definition 0.0.0.4. A behavior of a dynamical system is a particular way its
states can change according to its dynamics.

There are different kinds of behavior corresponding to the different sorts of ways that
the states of a system could evolve. Perhaps they eventually repeat, or they stay the
same despite changing conditions.

In Chapter 3, we will formalize this definition of behavior for each systems theory
by noticing that for any given kind of behavior, there is almost always a system that
represents that behavior, in that it does exactly that behavior and nothing more. For
example, a point moving uniformly on a line represents a trajectory, and a point moving
on a circle represents a periodic orbit. We will also note that a particular behavior of a
system will alway requires a particular choice of parameters, which we call the chart of
the behavior.

Using this observation, we will prove our main compositionality theorem in Chap-
ter 5. This theorem states, informally, the following facts concerning the composition
of systems.

¢ Suppose that we are wiring our systems together in two stages. If we take a bunch
of behaviors whose charts are compatible for the total wiring pattern and wire
them together into a behavior of the whole system, this is the same behavior we
get if we first noticed that they were compatible for the first wiring pattern, wired
them together, then noticed that the result was compatible for the second wiring
pattern, and wired that together. This means that nesting of wiring diagrams
commutes with finding behaviors of our systems.

* Suppose that we have two charts and a behavior of each. Then composing a
behavior with the composite of those behaviors is the same as composing it with
the first one and then with the second one.

* Suppose that we have a pair of wiring patterns and compatible charts between
them. If we take a bunch of behaviors whose charts are compatable according to
the first wiring pattern, wire them together, and then compose with a behavior of
the second chart, we get the same thing as if we compose them all with behaviors
of the first chart, noted that they were compatible with the second wiring pattern,
and then wired them together.

These basic principles show us how the problem of understanding the behaviors
of composite systems can be broken down consistently into the hopefully smaller
problems of understanding the behaviors of their components, and the pattern of
composition.

This theorem comes down to some fully abstract category theory: the construction of
representable lax doubly indexed functors. Since the theorem is abstract, it can be applied
not only to any systems theory as in Informal Definition 1.1.0.2, but any systems
theory in any doctrine (Informal Definition 6.1.0.1). In Chapter 6, we will see two other
doctrines which give us substantially different ways to think about systems theory. But
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the compositionality theorem proven in Chapter 5 will apply to them as well.

This book is intended as a first guide to the rapidly growing field of categorical
systems theory. While the book does presume a knowledge of basic category theory
(which can be gained from any one of the many wonderful introductions to the subject
— see Section 1.1.1), the special topics needed for the definitions and theorems —
indexed categories, double categories, doubly indexed categories and their functors —
will be introduced as they become necessary.

My hope is that this book can inspire you to use categorical methods in systems
theory in your work, whenever they are useful, and to demand more from these tools
where they are not yet useful.
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Chapter 1

Wiring together dynamical systems

1.1 Introduction

Here’s a basic fact of life: things change. And how things change most often depends
on how they currently are. This is the fundamental idea underlying all the various
notions of dynamical system that we will see in this book.

Informal Definition 1.1.0.1. A dynamical system consists of:

* anotion of how things can be, called the states, and

¢ anotion of how things will change given how they are, called the dynamics.
The dynamics of a system might also depend on some free parameters or inputs that
are imported from the environment, and we will often be interested in some particular
variables of the state that are exposed or output to the environment.

You and I are big, complicated dynamical systems. Our bodies and minds are in
some particular configuration, and over time this configuration changes. We can sense
things — seeing, touching, tasting — and what we sense affects how our bodies and
minds change. Seeing a scary snake can make me recoil and feel fear, but seeing a cute
snake plushie can make me go over and start to pet it. Some parts of me are also put
back into the environment, like the expression on my face. But not all of me is exposed
in that way — some things just go on in my head.

This is the basic model of a dynamical system we will be working with in this
book.! But to make the above informal definition precise, we need to answer a number
of questions:

¢ What should a state be, really? Do we just have an abstract set of states, or could

there be a continuum of states? Maybe there are some other structures that states
can enter into which have to be respected by the dynamics, but aren’t determined
by them? Jaz: With this last sentence, I'm thinking of “states as polynomial
comonad aka category”. Not sure how to phrase it right.

1 At least until Chapter 6, where we will encounter other doctrines of dynamical systems.

1



CHAPTER 1. WIRING TOGETHER DYNAMICAL SYSTEMS

What does it mean to change? Do we want to know precisely which state will be
next if we know how things are? Or, maybe we will only have a guess at which
state will come next? Or, maybe we’ll just say how a state is tending to change,
but not where it will end up?

Do we always take in the same sort of parameters, or does it depend on how our
system is placed in its environment? Should the dynamics vary continuously (or
linearly, or some other way) in the choice of parameters?

Different people have decided on different answers to these questions for different

purposes. Here are three of the most widespread different ways to answer those

questions:

1.

We’ll assume the states form a discrete set, and that if we know the current state
and our parameters, we know exactly what the next state will be. Such a system
generally called a Moore machine or deterministic automaton.

We’ll assume the states form a continuum, but that we only know how a state is
tending to change, not what the “next” state will be. Such a system is generally
called a system of differential equations — the differential equations tells us the
derivatives of the state variables: the way they are tending.

We’ll assume the states form a discrete set, but that we only have a guess at which
state will follow from the current state. Such a system is generally called a Markov
process, or a Markov decision process.

We will call a way of answering these questions the theory of dynamical systems we

are working in.

Informal Definition 1.1.0.2. A theory of dynamical systems — or a systems theory for

short — is a particular way to answer the following questions about what it means to

be a dynamical system:

What does it mean to be a state?

How should the output vary with the state — discretely, continuously, linearly?
Can the kinds of input a system takes in depend on what it’s putting out, and
how do they depend on it?

What sorts of changes are possible in a given state?

What does it mean for states to change.

How should the way the state changes vary with the input?

Moore machines, differential equations, and Markov decision processes are each

dynamical systems understood in a different theory.

1.

2.

3.

A Moore machine is a dynamical system in a discrete and deterministic systems
theory.

A system of differential equations is a dynamical system in a differential systems
theory.

A Markov decision process is a dynamical system in a stochastic systems theory.
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In most cases, mathematicians have assumed that that the kinds of parameters
our systems take in never change — that our system will always interface with its
environment in the same way. However, this assumption is quite restrictive; after all,
I change the way I interface with my environment all the time. Every time I turn and
face a new direction, I open myself up to new inputs. There are variations on all of
the above systems theories which allow for the kinds of input to depend on what the
system is putting out, but for most of this book, we will work with systems theories
that pick a fixed sort of input.

The dynamical systems we will see in this book are open in the sense that they take in
inputs from their environment and expose outputs back to their environment. Because
of this, our systems can interact with eachother. One system can take what the other
system outputs as part of its input, and the other can take what the first outputs as part
of its input. For example, when we have a conversation, I take what I hear from you
and use it to change how I feel, and from those feelings I generate some speech which
I output to the world. You then take what I've said and do the same thing.

Jaz: Some wiring diagram of a conversation

We call this way of putting together dynamical systems to make more complex
systems composition.

Informal Definition 1.1.0.3. Composition is the process by which some things are
brought together to form bigger things.

Functions can be composed by plugging outputs into inputs, and dynamical systems
can be composed by plugging in the variables of the states of some into the parameters
of others.

This book is all about composing dynamical systems. Because of this, we will use
the abstract language of composition: category theory.

Informal Definition 1.1.0.4. Category theory is the abstract study of composition.

1.1.1 Category Theory

We'll be using the language of category theory quite freely in this book, and so we’ll
expect you to know the basics. These are the notions in category theory that you should
look up if they are unfamiliar to you:

* What a category is.

¢ What an isomorphism is.

What a functor is.

What a natural transformation is.

What a terminal and an initial object are.

What a product and a coproduct are.
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¢ What a monad is, and it will help if you also know what a comonad is.
¢ What a monoidal category is.

Good introductions to category theory abound. One place to start is An invitation
to applied category theory [FS19]. Another is Notes on category theory [Per21]. For more
mathematically inclined readers, see [Riel7].

We will be using cartesian categories quite a bit in the first few chapters.

Definition 1.1.1.1. A category C is cartesian if every two objects A and B in C have a
product A X B, and C has a terminal object 1. Equivalently, C is cartesian if for any
finite set I and I-indexed family A_) : I — C of objects, there is a product [];; A; in C.
A functor F : C — @ between cartesian categories is said to be cartesian if it preserves
products and terminal objects, i.e. the map (Frta, Frig) : F(A X B) — FA X FB is an
isomorphism for all A and B, and the terminal morphism F1 — 1 is an isomorphism.

We will also use some more advanced category theory, like indexed categories and
double categories. However, you don’t need to know them up front; we will introduce
these concepts as we use them.

While we're at it, here’s some notation we’ll use repeatedly throughout the book.
The nth ordinal is denoted n. It is defined to be the set

n:=1{1,2,...,n}.
So 0 is the empty set, 1 is a one-element set, etc. We will also use
A+B

to mean the disjoint union (or coproduct) of sets.

1.2 Deterministic and differential systems theories

In this chapter, we will see how to wire together dynamical systems of all different
sorts. First, however, we start with two exemplary systems theories:

1. First, systems which we will call (discrete-time) deterministic systems, which specify
exactly which state the system will transition into given its current state and input
parameters.

2. Second, systems which we will call differential systems, which do not specify a
“next state” but rather specify exactly how the state is tending to change in the
moment, given the current state and input parameters.
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1.2.1 Deterministic systems

A paradigmatic example of this sort of dynamical system is a clock.

Suppose that our clock has just an hour hand for now. Then we may collect all the
ways things can be for the clock into a set of hours:

Hour:={1,2,3,4,5,6,7,8,9,10,11,12}.

This set Hour is the set of states of our clock system.
If we know what hour it is, we also know what hour is coming next. So, this system
has the following dynamics:

tick : Hour — Hour (1.1)

t+1 ift <12
>
1 ift =12

By saying that the function tick is the dynamics for this system, what we mean is
that this function sends the current state of the system to the next state it will have.
Here’s a sample of the dynamics of the clock. Say we started at the 10 o’clock state:

ick ick ick _ tick _ tick
10 tic 11 tic 12 tic 1tlL>2t1C
Ok, it’s not the most dynamic of systems, but we have to start somewhere. If we
want to refer to the whole system at once, we can box it up and draw it like this:

We imagine that the clock is going about its business inside the box, and that is shows
the hour it is currently displaying on the outgoing wire. This outgoing wire constitutes
the clock’s exposed variable, but we’ll explain that more later.

One issue with our clock is that it doesn’t tell us whether it is morning or evening.
Being morning or evening and going back and forth between them is another way that
things might be and change, and hence we can see it as its own two-state dynamical
system with states

a.m./p.m. = {am., p.m.}.
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However, rather than have this be an independent system, we want to consider it as
a little addition to our clock system, one that reads a.m. or p.m.:

(1.3)

To connect the meridiem to the clock means that the way the meridiem changes should
be based on the hour:

next : a.m./p.m. X Hour — a.m./p.m. (1.4)
m. ift =11
(am., t) — P
a.m. otherwise
am. ift=11
(pm., t) —
p.m. otherwise

If it is a.m. and the clock reads 8, then it will still be a.m. at the next tick; but if it is a.m.
and the clock reads 11, then the next tick will switch the meridiem to p.m..

Again, the thing to note about the dynamics of the a.m./p.m. system is that they
depend on what hour it is. The hour is imported as a parameter for the dynamics of the
meridiem system. We can draw the meridiem system as a box like this:

Hour a.m./p.m. (15)

We have the a.m./p.m. wire coming out, which carries the information of whether it is
a.m. or p.m., just like the clock. But we also have a wire coming in, which carries the
hour that we need as a parameter for our dynamics.

We can now express our whole clock (1.3) by wiring together our bare clock (1.2)
and the a.m./p.m. system:

Meridiem
Fa.m./p.m.

(1.6)

r Hour

ClockWithDisplay
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We’ve put both our systems Meridiem and Clock into this bigger box with two
outgoing wires. We didn’t just dump these systems in the bigger box; we connected
them up to each other and the outgoing wires. The resulting system has states

HoursWithDisplay := Hour X a.m./p.m.

each of which is a pair, e.g. (11, a.m.), consisting of an hour and a meridiem reading.
They update in a combined way, by using the hour shown on the clock face as the
parameter we need for the Meridiem system; this is expressed by having a wire from
the output of Clock to the input of Meridiem. In full, the dynamics looks like this:
tick” : HoursWithDisplay — HoursWithDisplay
(t, m) > (tick(t), next(t, m))

where tick and next are as in (1.1) and (1.4).

Exercise 1.2.1.1.  Convince yourself that the combined system really does behave like
the clock with a.m./p.m. display should. 0

Now that we have a working clock, we can use it for systems that need to know the
time. For example, consider a diner that opens at 7a.m. and closes at 10p.m.. The states
of this diner are

DinerState = {open, closed}.

The diner’s dynamics are then

dinerDynamics : DinerState X HoursWithDisplay — DinerState
(open, (10, p.m.)) > closed
(closed, (7, a.m.)) — open

(s,(t,m)) > s otherwise.

Again, we can represent the diner by this box:

a.m./p.m. .
Diner |- DinerState (1.7)
Hour

This time, we have two wires coming in, corresponding to the two parameters we need
for the diner system: the hour and the meridiem.

Assuming that the diner has a clock on its wall which it uses to decide whether to
open or close, the full diner system would be given by wiring the clock with display
into those input wires:

ClockWithDisplay Diner DinerState (1.8)
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If we want to, we can peak into the clock with display and see that it is itself made out
of a clock wired to a display:

Meridiem

- DinerState (19)

ClockWithDisplay

These examples are simple, but it doesn’t take much more to get to some truly
amazing phenomena. Consider this system: we have an infinite tape with a read-head
at some integer position. On this infinite tape, we will write the symbols 4, b, ¢, or
d, or we will leave it blank: _. Together, the state of the tape and the position of the
read-head have states pairs (T, n) consisting of a function T: Z — {a, b, c,d, _}, telling
us what symbol T(7) is found at position 7 of the tape, and a position n of the read-head:

Symbol = {a,b,c,d,_}
Tape = SymboIZ
Head = Z

The parameters that this system needs in order to change are a move-command and a
write-command. The move-command will be either move left or move right, encoded
as —1 or 1 respectively, and the write command will be one of the symbols that can be
written on the tape:

Move = {-1,1} and Write = {a,b,c,d,_}.

The way this system changes is by writing the write command to the tape at the
current position, and then moving according to the move command. As a function,
this is:

execute : Head X Tape X Move X Write — Head X Tape

T(i) ifi#n
(n,i—>T@),d,s)r— |n+d,i— @ i .
s ifi=n
We can imagine that the system exposes the tape and the symbol under its read
head. We can box this system up and draw it like so:

-
Move TapeMachine e (1.10)
Write Symbol
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Now, we need one more simple ingredient to get our system going; a mysterious
system of the form:

Symbol 4 MysteryBox Mo_ve (1.11)
Write

We can see that our mystery box will take in a symbol and put out a move command
and a write command. The way our mystery box behaves is rather mysterious. It has
seven states S = {1, 2, 3,4, 5,6, end}, and its update rule is given by the following table,
where the entry in the row i and the column s is written (m, w) : s” to express the move
command m, the write command w, and the next state s’ that our mysterious system

transitions to when input the symbol 7 in state s:

1 2 3 4 5 6
a|(-1,b)1| (1,a)1 | (-1,b):3 | (1,b):2 | (-1,b):6 | (-1,b):4
b | (-1,a):1 | (1,a)2 | (-1,b):5 | (1,a)4 | (1,a)6 | (1,a)5 (1.12)
c| (1, d):2|@d:2|(-1,¢):5 | (1,d):4 | (1,¢):5 | (1,a):l
d| (-1,¢):1 | (1,a):5 | (-1,¢):3 | (1,d):5 | (-1,b):3 end

The end state always transitions to itself. Mysterious indeed. But when we wire the
two together, magic happens!

MysteryBox TapeMachine (1.13)

UniversalTuringMachine

This is a universal Turing machine, i.e. when we encode everything into this strange
alphabet, it is capable of arbitrarily complex calculation!

Even simple systems can have very interesting behavior
when plugged in to the right environment.

That’s a lot of informal definitions, we are ready for something precise:

Definition 1.2.1.2. A deterministic system S, also written as
exposeg
consists of:

updateg ‘ Stateg - Ing ,
Outs
® a set Stateg of states;

' Stateg
* aset Outs of values for exposed variables, or outputs for short;
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* aset Ing of parameter values, or inputs for short;

* afunction exposeg : States — Outs, the exposed variable of state or expose function,
which takes a state to the output it yields; and

* afunction updateg : States X Ins — States, the dynamics or update function which

takes a state and a parameter and gives the next state.

s
ts

We refer to the pair ( O': ) of exposed variable and parameter values as the interface of
the system.

We can interpret this definition in any cartesian category C by taking States, Outs
and Ins to be objects of € and updateg and exposeg to be maps in C; here, we have have

used the cartesian category Set of sets.

Remark 1.2.1.3. Deterministic systems are also known as Moore machines in the literature.
If the output set is taken to be {true,false}, then they are known as deterministic
automata.

Often, these definitions also include a start state sg € States as part of the data. We
don’t do this.

Example 1.2.1.4. The Clock system can be seen as a deterministic system with:

tick Hour {*}
: S .
id Hour Hour
In other words, it consists of

¢ State set Statecjock = Hour = {1,2,...,12}.

¢ Output set Outcjock = Hour.

* Input set Inciock = {#}, @ one element set.

* Readout function exposec, . = idHour-

* update function update, , : Hour X {#} — Hour defined by update . (t,*) =
tick(t).

Example 1.2.1.5. Not only is the term Moore machine is used for the mathematical notion
of deterministic system we’ve just presented, but it is also used for actual, real-life
circuits which are designed on that principle.

For example, suppose that a wire carries the signals Wire = {high, low}. We can see
a deterministic system M with input Iny = Wire” and Outy = Wire* as a circuit with
n incoming wires and k outgoing wires.” The state then describes the state of all the
internal wires (and capacitors, etc.) in the circuit. We would wire up these systems by
literally wiring them together.

Jaz: I would like to add an example of an implementation of a Moore machine into
a circuit.

70f course, the notion of “incoming” and “outgoing” wires are ways we think about the circuit in
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design terms. Circuits aren’t actually directed in this way. We’ll think about undirected notions of system
in Chapter 2.

Note that when we say that a system doesn’t have any parameters, as in Exam-
ple 1.2.1.4, we don’t take the parameter set to be empty but instead take it to have a
single dummy value {+}, the one-element “hum of existence”. In other words, having
“no parameters” really means that the parameters are unchanging, or that there is no
way to change the value of the parameters.

Also, we are just exposing the whole state with the system in Example 1.2.1.4. There
is nothing preventing our systems from exposing their whole state (which means
States = Outs and exposeg = id), but often some aspects of the state are private, i.e. not
exposed for use by other systems.

Exercise 1.2.1.6.  Write out the clock and meridiem systems from (1.1) and (1.4) in
terms of Definition 1.2.1.2. Really, this amounts to noticing which sets are the sets of
states, which are the sets of inputs, and what (implicitly) are the sets of outputs. o

Example 1.2.1.7 (SIR model). The set of states for a deterministic system doesn’t need
to be finite. The SIR model is an epimediological model used to study how a disease
spreads through a population. “SIR” stands for “susceptible”, “infected”, and, rather
ominously, “removed”. This model is usually presented as a system of differential
equations — what we will call a differential system — and we will see it in that form
in Example 1.2.2.5. But we can see a discrete approximation to this continuous model
as a deterministic system.

A state of the SIR model is a choice of how many people are susceptible, how many

are infected, and how many are removed. That is,

S
Stateggr = i|l|s,i,reRy = R3.
r

is a 3-place vector of real numbers. We will again expose the whole state, so Outsir =
Stategir and exposeg g = id.

The idea behind the SIR model is that if a susceptible person comes in contact with
an infected person, then they have a chance of becoming infected too. And, eventually,
infected persons will be removed from the model, either by recovering (a gentler way
to read the “R”) or by dying. So we need two parameters: the rate a of infection and

|

Now, we can show how a population will develop according to this model by

the rate b of removal:

a,beR}:Rz.
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defining the update function:

updateg : Stategir X Ingjlr — Stategir (1.14)
S . s —asi

il, [ ] — |i+asi—bi (1.15)
b .
r r + bi

Example 1.2.1.8. If a deterministic system has a small finite set of states, then we can
draw it entirely as a transition diagram:

a b
o~ o

/

Note that every node has an orange and a green arrow emanating from it, but that

b
i)

there are no rules on how many arrows point to it.
This diagram describes the following system S:

updateg ' {1,2,3} - {green, }
exposeg \{1,2,3} - {a,b} '

That is, we have
e States = {1,2,3}.
¢ Ing = {green, }
e Outs = {a,b},

exposeg : States — Outg updateg : States X Ing — Ing
l—a (1,green) —> 2
2 b (1, )1
3> b (2,green) — 3
(2, )1
(3, green) — 3
(3, ) 1

To draw a transition diagram of a system S, we draw each state s € States as a bubble
filled with the label expose(s), and for each parameter i € Ins we draw an arrow from
s to updateg(s, i) and label it by i. For a diagram like this to be a transition diagram,
every node must have exactly one edge leaving it for each parameter.
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Exercise 1.2.1.9. Draw the Clock system (Example 1.2.1.4) as a transition diagram. ¢

Example 1.2.1.10 (Deterministic Finite Automata). A deterministic finite automaton (DFA)
is a simple model of computation. Given our definition of deterministic system, DFAs
are easy enough to define: they are just the deterministic systems with finitely many
states whose output values are either accept or reject.

This means that the exposed variable of state exposeg : States — {accept, reject}
is a boolean valued function. We say a state s is an accept state if exposeg(s) = accept,
and a reject state if exposeg(s) = reject.

The idea is that a DFA is a question answering machine. Given a starting state
sp and a sequence of input values iy, ...,i,, we get a sequence of states by s;+1 :=
updateg(s¢, it). The answer to the question is “yes” if s, is an accept state, and “no” if
S 1s a reject state.

There is an important special case of deterministic systems which appear very
commonly in the literature: the closed systems. These are the systems which have no
parameters, and which expose no variables. They are closed off from their environment,
and can’t be wired into any other systems.

As mentioned after Example 1.2.1.4, when we say “no” in this way — no parameters,
no variables — we should be careful with what we mean exactly. We mean that there
is no variation in the parameters or variables, that they are trivial. That is, we make the
following definition.

Definition 1.2.1.11. We say that a deterministic system S as “no inputs” if Ins has a
single element, and has “no outputs” if Outs has a single element. We say that S is
closed if it has no inputs and no outputs: both Ins and Outs have only one element

Ing = {+} = Outs.

Exercise 1.2.1.12.  Show that to give a closed system

updateg : Stateg - {*} ’
exposeg States {*}
one just needs to choose a set States and an update function updateg : States — States.
o

Given that we are mostly interested in how systems wire together, it may seem
strange to draw attention to the closed systems that can’t be wired into anything else.
But we will often end up with a closed system as the result of wiring together some
systems.
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For example, suppose we have an Agent acting within a Environment. The agent
will take an action, and the evironment will respond to that action. Depending on
the action taken and response given, the agent and the environment will update their
states. We can model this by the following wiring diagram:

d Agent H Environment

Closed Agent/Environment Model

To model this as a closed system is to think — or pretend — that the our model of
the Agent and the Environment includes all possible external parameters, that it is well
isolated from its own environment.

Exercise 1.2.1.13. What would happen to a system S if its set of parameters or output
values were actually empty sets? Let’s find out.
1. Suppose Ing = @. Explain the content of a deterministic system

updateg States @
: S .
exposeg States {*}

2. Suppose Outs = @. Explain the content of a deterministic system
update Stateg *
PNy : - {x} ' 0
exposeg States @

1.2.2 Differential systems

La nature ne fait jamais des sauts - Leibniz

A quirk of modeling dynamical systems as deterministic systems is that determin-
istic systems lurch from one state to the next. In life, there are no next moments. Time,
at least at human scales and to a first approximation, flows continuously.

Instead of modelling the “next” state a system will be in, we can model how the system
is tending to change, in the moment. In order to do this, we need to make concession in
the way we model the states of our system: we must assume they form a continuum
themselves.

For example, suppose we are studying a population of Rabbits. We can measure
the rate at which rabbits are born, and the rate they die. Then the population changes
according to these rates. We can express this dependency of the change in population
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on certain rates with a differential equation:

dr
—— = DRabbits * ¥ — dRabbits * ¥

dt
where r € Ris the population of rabbits (considered as a real number for convenience),
and the rates brapbits and drabbits: The state of our system of Rabbits is the current
population of rabbits, so Staterapbits = R, while we take the birth and death rates as
parameters, so that Inrapbits = R X R. Accordingly, we can box the rabbit system up like
S0:

Rabbits | & (1.16)

Now, rabbits are prey; they are eaten by other animals. That means that the rate at
which rabbits die will depend on how often they are being eaten, and how often they
are being eaten will depend on how many predators there are out there.

The population of any predator will also change according to a birth rate and
death rate. Suppose we have a similarly defined system of Foxes whose population is
governed by the differential equation

df

E = DFoxes f — dFoxes * f

We can box up this system like so:

Foxes FR (1.17)

Now, we want the death rate of rabbits to depend on the number of foxes. But we
also need the birth rate of the foxes to depend on the number of rabbits; after all, if a
fox has nothing to eat, it has no energy for hanky-panky. So we will add the following
system of equations to the mix:

DFoxes = C27

{drabbits =c1f

Making these substitutions, we get the following system of differential equations:

dr _

SF = PRabbits * 7 — C1f7
d

d_{ = Cer — dFoxes f
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We are setting the parameters of the systems of Rabbits and Foxes according to the
states of the other system. That is, we are wiring up the systems of Rabbits and Foxes:

(1.18)

The resulting system is called the Lotka-Volterra predator-prey model, and it is a simple
differential model of the ways that the population of a predator species depends on
the population of a prey species, and vice-versa.

Where before our boxes were filled with deterministic systems, now they are filled
with systems of (first order, ordinary) differential equations. We call these differential
systems.

Definition 1.2.2.1. A (first order, ordinary) differential system S with n state variables, m
parameters, and k exposed variables

Rl’l
Rl’l

R™
Rk

S

updateg
exposeg

consists of:
¢ An n-dimensional state space States = R".
¢ An m-dimensional parameter space Ins = R".
* A k-dimensional space of exposed variable values Outs = RF.
¢ Asmooth function updateg : R”" XR™ — R" — or equivalently n smooth functions
updateg, : R" X R" — R — which gives us the derivative of each state variable
at each time, so that the defining system of differential equations of S reads

d .
7+ =updateg,(s, i)
ds, _ -

T+ =updateg, (s, 7).

* k exposed variables exposeg; : R" — R, which organize into a single smooth
function exposeg : R" — RX.

Remark 1.2.2.2. Definition 1.2.2.1 looks remarkably similar to Definition 1.2.1.2. As we
mentioned, Definition 1.2.1.2 can be interpreted in any cartesian category, including
the category Euc of Euclidean spaces and smooth maps (Definition 1.2.2.7). It appears
that a differential system is the same thing as a deterministic system in the cartesian
category Euc. But while the R"s occuring in updateg : R” X R” — R" look the same,
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they are in fact playing very different roles. The R" on the left is playing the role of the
state space, while the R" on the right is playing the role of the tangent space at s for
some state s € R". The difference will be felt in Chapter 3 when we study behaviors
of systems: the way a trajectory is defined is different for differential systems and
deterministic systems. For differential systems, a trajectory will be a solution to the
system of differential equations, that is, a function s : R — R” which satisfies

Z_j(t) = updates(s(t), i(t)).

for all choice of times t, while for a deterministic system a trajectory would be a
sequence s; of states so that s;;1 = updateg(s;, i;).

We will see precisely how this difference is made manifest in the formal definition
of a systems theory as the choice of section in Section 3.5.

Remark 1.2.2.3. There are other theories of differential systems that one can define (for
example, allowing the state space to be a manifold), but in this book we will work with
this simpler systems theory.

Example 1.2.2.4. The system of Rabbits has 1 state variable (the population of rabbits), 2
parameters (the birth and death rates of the rabbits), and 1 exposed variable. It exposes
its whole state, so that exposeg = id, and its update is given by

updatep,,,..<(7, (PRabbits, ARabbits)) = DRabbits * ¥ — dRabbits * 7

The whole Lotka-Voltera model of Eq. (1.18) has 2 state variables (the populations
of rabbits and of foxes), 2 parameters (the birth rate of rabbits and the death rate of
foxes), and 2 exposed variables. It exposes its whole state, and its update is given by

bRabbits - 7 — C17 f
CZfr — dFoxes * f

f

One might wonder why we said this system has 2 parameters when there are also the

r
updateLK ([ ] ’ (bRabbitS/ dFoxes)) =

rate constants c; and ¢, involved — aren’t they also parameters? We chose them to
be constant, where our parameters might vary over time. We could have made them
parameters instead — it was an arbitrary choice in how to make the model.

Example 1.2.2.5. The most basic epidemiological model is the SIR model. We saw the
discrete version of this model in Example 1.2.1.7. Here, let’s see the differential version.

The SIR equations model the spread of disease through a population. People are ei-
ther susceptible (S), infected (I), recovered or more ominously removed (R) from the model.
When a susceptible person comes in contact with an infected person, they have a
chance to become infected; this means that the population of susceptible people tends
downwards in proportion to the number of susceptible and the number of infected
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people, and the population of infected people tends up by the same amount. On the
other hand, infected people will eventually be removed from the model, either by re-
covering or dying; this means that the population of infected people tends downwards
proportional to the current infected population, while the removed population tends
upwards by the same amount. Said as a system of differential equations, this means:

‘fi—f = —aSI
4 = oS1-BI (1.19)
i =p1

The SIR model is a differential system with 3 state variables (S, I, and R) and 2
parameters (a« and ). We will suppose that it exposes its whole state: exposegz = id.
The update is given by

—aSI
updategg | [I|,(a,pB)|= [aSI-BI|.
R pI

In order to model higher order systems of ordinary differential equations, we will
resort to the standard trick of encoding them as larger systems of first order systems. For
example, to encode a second order differential equation in n variables, we would set the
state space to be R?" with state variables (s, $) (the first n being s, the second 7 being $).
We think of s as the actual state variable, and s as its formal derivative. We can make this
formal derivative an actual derivative by adding the equations updateg,((s, $), i) := $
for 1 < k < n to the system % = updateg, ((s, $), 1) for n +1 < k < 2n of second order
differential equations we were trying to model.

Often, we want to think of the state variables $ as hidden technical tricks. For this
reason, we will often only expose the “actual” state variables s. This is one use for the
function exposeg.

Example 1.2.2.6. Consider a mass m on a spring with a spring constant of ¢, taking
position s(t) at time t. Newton’s second law then says that the acceleration of the mass
is proportional to the force exerted upon it:

s
dt

We can express this as a differential system in the following way. We take the state

= —cs. (1.20)

variables to be s and 5: Stategpring = R2. We will suppose that the mass and the spring
constant are constant, so that this system takes no parameters: Insping = RO = {*}.
We will only expose the position of the spring, and not its velocity: Outspring := R and
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exposeg ;.. (s, $) i= s. Finally, the dynamics of the system are given by:

w3

This is a way of re-writing Eq. (1.20) as a system of first order differential equations:

ds _ .
at =S
ds _ _cs
at = m

Before we go on, we should clarify the category that we are working in when we
work with our differential systems.

Definition 1.2.2.7. The category Euc is the category of Euclidean spaces and smooth
maps between them. The objects of Euc are R" for all » € N, and a morphism
f :R" — R™ is a smooth map.

We note that Euc is a cartesian category with R” x R” = R"*" and 1 = R’.

1.3 Wiring together systems with lenses

In the last section, we saw the formal definition of deterministic and differential systems
and a few examples of them. In this section, we'll see how to wire systems together —as
we did in Section 1.1 for the clock and the universal Turing machine, and in Section 1.2.2
for the Lotka-Volterra predator prey model — to make more complex systems. We will
do this using an interesting notion coming from the world of functional programming;:
a lens.

1.3.1 Lenses and lens composition

A lens is a framework for bi-directional information passing. We will see that lenses
are a common generalization of systems and of wiring diagrams.

() o) = (o)

in a cartesian category C consists of:

Definition 1.3.1.1. A lens
A-
2 e

* A passforward map f : A* — B*, and
e apassback map f¥: A* x B~ — A~

We think of the passforward f : A* — B* as sending information “downstream”,
while the passback f# : A* x B~ — A~ sends information back “upstream”. But the
passback is allowed to use the value in A* which is about to flow downstream to
calculate how to pass information back upstream.
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The most useful thing about lenses is that they compose.

Definition 1.3.1.2. Let (];f) c (ﬁ;) S (g;) and (g;) : (g;) S (g) be lenses in a

cartesian category C. We define their composite

[¢]
gl \f
to have passforward g o f and passback

(@, c) fti (a+,gﬁ(f(a+),c_)) .

Here’s a picture so that you can see the information flow for the composite of lenses:?

(1.21)

Remark 1.3.1.3. Even though our definition of lens was given in an arbitrary cartesian
category C, we felt comfortable defining it in terms of elements. Going forward, we
will also reason with it using elements. This trick works for any cartesian category
by using “generalized elements”. We interpret an “element” x in an object X as a
map x : Z — X. If we do work with x to get a new element f(x) of Y, then by the
Yoneda lemma there is a map f : X — Y in the category which does that work by
post-composition: f(x) = f o x. At least, so long as that work we do is natural in x,
which means that it could be done just as well if we substituted x for anything else.

The take-away is that even in a totally arbitrary cartesian category whose objects are
not sets of any kind, we can still reason about them as if they were — at least when it
comes to pairing elements and applying functions.

This gives us a category of lenses in any cartesian category C.

Definition 1.3.1.4. Let C be a cartesian category. Then the category Lensc has:

* as objects, the pairs (2; ) of objects in C, which we will call arenas.

* as morphisms, the lenses (/;f ) : (2; ) S (g; )

¢ The identity lens is (ﬁ) : (2:) Ly (2; ), where my : AT X A~ — A~ is the
projection.

Composition is given by lens composition as in Definition 1.3.1.2.

2We draw this with a different style—green boxes, etc.—so that the reader will not confuse it with
our usual wiring diagrams for systems. These are not dynamic in any way; every wire is a set and every
bead on that wire is a function.
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Remark 1.3.1.5. The category of lenses is special among categories because it is named
for its maps (which are the lenses), rather than its objects (which are the arenas).
This is because we will later meet another category, the category of charts (See Defini-
tion 3.3.0.13), whose objects are the arenas but whose maps are not lenses. Finally, in
Definition 3.4.1.1 we will meet a double category® Arenac which combines these two cat-
egories whose objects are arenas and which is named after its objects. In Section 3.4.1,
we will explain the name “arena” and its role in the theory of dynamical systems.

Exercise 1.3.1.6.

1. Draw the composite of two lenses in the style of (1.21) — that is, with the sets as
wires and the functions as beads on those wires.

2. Check that Lense is actually a category. That is, check that lens composition is
associative, and that the identity lens is an identity for it. (Hint: You can use your
drawing for this. You can slide the function beads around on the strings; if you
pull a function bead past a split in the string, you have to duplicate it (since that
split represents the duplication function).) o

Like any good categorical construction, Lense varies functorially in its variable
cartesian category C.

Proposition 1.3.1.7 (Functoriality of Lens). Every cartesian functor F : ¢ — @ induces

a functor (i) : Lensc — Lensy, given by

F\ (f¥\ _(Fftop™

FI\f] | Ff
where u = (Fry, Frip) : F(X X Y) - FX X FY is the isomorphism witnessing that F
preserves products.

Proof Sketch. Because lenses are defined just using the cartesian product, and F pre-
serves these products, it commutes with everything in sight. m|

Exercise 1.3.1.8.
1. What does the functor (i) : Lens¢ — Lensy do on objects?

2. Complete the proof of Proposition 1.3.1.7, by showing that ( i ) really is a functor.
o

3 A double category is like a category with two different kinds of morphisms and a way for them to
commute. See Definition 3.4.0.1 for the precise definition and the accompanying discussion.
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1.3.2 Deterministic and differential systems as lenses

The reason we are interested in lenses and lens composition is because dynamical
systems of various sorts are themselves lenses. As written in Definition 1.2.1.2, a
system S is a lens in the category of sets of the form

updateg Stateg Ins
: hary .
exposeg Stateg Outs
In fact, the deterministic systems are precisely the lenses whose input arena is of the

form ( g ) This means that we can compose a system S with a lens (J}ﬁ ) : ( C;:is ) s ( é )

to get a new dynamical system

updateg | 4\ [States
exposeg ’ f ] \States

with a new interface! We will see that wiring diagrams are a special sort of lenses too

I
O

«—

in the upcoming Section 1.3.3, so that wiring together systems will be an instance of
lens composition.

Similarly, a differential system is a lens in the category Euc (Definition 1.2.2.7) of the
form
Rn
Rl’l

R™
P
Rk

updateg
exposeg

We can then compose this with lenses in Euc to get new differential systems!

We can use this observation to wire together different systems. We separate this
into two phases: first we put two systems in parallel, then we wire them together using
a lens. It’s far from obvious that wiring diagrams are lenses, but we’ll see precisely
how they are in Section 1.3.3 and describe the second phase there.

The first phase — combine two systems without having them interact — is achieved

through what we call the parallel product and denote ®. To put two arenas (’g ) and

1
1
( ‘;; ) in parallel we just take their product in our cartesian category C:

Aq
By

Ap
B>

A1 XA2
B1 X By

In Definition 1.3.2.1 we define parallel product for morphisms in Lens, i.e. for general
lenses.

Definition 1.3.2.1. For lenses (Cf) ; (2;) S (gi) and (g;) : (gj) S (gz ), we define

their parallel product
# A\ [A1xA
flo\g

B1 X By

C1xCy
D1 X Dy

S
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to have passforward f X g and passback
(b1, b2), (1, €2)) = (f¥ (b1, 1), g (b2, 2)).
In terms of morphismes, this is
(B1 X By) X (C1 X Ca) = (B1 X C1) X (By X Cy) M Aq X As.

Together with ( i ), this gives Lense the structure of a monoidal category.

Remark 1.3.2.2. We will show a slick way to prove that the parallel product does indeed
make Lensc into a monoidal category in Section 4.3.

Exercise 1.3.2.3.  Show the parallel product of morphisms as in Definition 1.3.2.1 using
the string diagram notation from (1.21). o

Proposition 1.3.2.4. Let F : ¢ — @ be a cartesian functor. The induced functor
(i) : Lense — Lensy is strong monoidal with respect to the parallel product — it
preserves the monoidal product ®.

Proof. Since F preserves products, we have that

)ZF

F(A~ x B™)
F(A* x BY)

A_
A+

B_
B+

A~ X B~
®

At x Bt

~

FA* X FB*
B-
®p( )
B+

Given two dynamical systems S; and S, their parallel product S; ® S, is defined

FA™ x FB—)

A_
A+

=F

O

explicitly as follows:
e States,gs, := States, X States,.
° OUt51®52 = Ou’[s1 X OutSQ.
L4 |n51®52 = |ns1 X |n52.
* exposeg gq,((s51, 52)) = (exposeg (s1), exposeg, (s2)).
. update51®52((sl, $7), (i1, in)) = (updatesl(sl, i1), updatesz(sz, i2)).
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This can be expressed as the following wiring diagram:

(1.22)

¥ ()

S1®S

®

If we imagine physically wiring together our boxes, the first thing we would need
to do is collect them together like this; then we can proceed to wire them. We will do
exactly this with our systems: first we will take their parallel product, and then we
compose it with a lens that represents the wiring diagram.

Example 1.3.2.5. We can describe the ClockWithDisplay system (reproduced below) as a
composite of lenses.

Meridiem
Fa.m./p.m.

(1.23)

r Hour

ClockWithDisplay

First, we take the parallel product of Meridiem and Clock (see Exercise 1.2.1.6) to get
the system

a.m./p.m. X Hour

Meridiem ® Clock :
a.m./p.m. X Hour

a.m./p.m.XHour) - ( 1 X Hour )

Now, we will express the wiring pattern in Eq. (1.23) as a lens

wh 1 X Hour 1
: S .
w a.m./p.m. X Hour a.m./p.m. X Hour

We do this by setting

w(m, h) :=(m, h), and
wh((m, h), %) = (, h).
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Seen as a wiring diagram on its own, (i’j ) looks like this:

a.m./p.m.

Hour (124)

We can then see that

wh

ClockWithDisplay = ( o (Meridiem ® Clock)
w

just like we wanted! In terms of wiring diagrams, this looks like:

Meridiem a.m./p.m.

Meridiem

ta.m./p.m.

Hour (1.25)

F Hour

ClockWithDisplay

Example 1.3.2.6. We can describe the Lotka-Volterra predator prey model (reproduced
below) as a composite of lenses.

(1.26)
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We can express the wiring pattern in Eq. (1.26) as a lens

wh
w
w(r, f)=(r,f)
wﬁ((r,f), (a,b)) = (a,caf,c1r,b)

RZ
R2["

RZ
R

RZ
R

S

We do this by setting

# 8.q g g : :
We can draw ( ‘;’U ) as a wiring diagram on its own like this:

(1.27)

Filling those boxes with the systems of Rabbits and Foxes corresponds to taking the
composite

(Rabbits ® Foxes) 3 (”j )

of lenses.

Wiring together transition diagrams. When a deterministic system is presented as a
transition diagram (See Example 1.2.1.8), its dynamics are given by reading the input
and following the arrow with that label, and then outputting the label on the resulting
node. When we wire together systems presented as transition diagrams, the dynamics
then involve reading the input labels of all inner systems, moving along all the arrows
with those labels, and then outputing the labels at each state, possible into the input of
another system.

Exercise 1.3.2.7.  Here are two systems, S; and S; presented in terms of transition
diagrams. The task is calculate the transition diagram of a system made by wiring
them together.

First, let Colors = {red, blue, green} and let Bool = {true, false}. Here is our first

system S;, which has interface ( CBolI)c?rls )1
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Our second system S; will have interface ( Bool

false ( bloue

true false
false
k>

true

Colors )

Sy =

Q0

true /—\> false

N

true

O

27

(1.28)

(1.29)

1. Write down the transition diagram of the system obtained by connecting the

above systems according to the following wiring diagram:

S =

HEHs)

2. Explain how to understand the dynamics of this S in terms of the component

systems S; and S».

¢

Multi-city SIR models In Examples 1.2.1.7 and 1.2.2.5, we saw deterministic and dif-

ferential SIR models. Each models the spread of a disease through a single population.

But what about a global pandemic where the disease is spreading through many local

populations?

To model the spread of a disease through many different populations, we can use

what is called a multi-city SIR model. We call each population a “city”, and for now we

will take flow of population between each city to be known constants. We can define a

city as a differential system; then certain wiring diagrams of cities will correspond to

multi-city models!
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Definition 1.3.2.8. A City in a multi-city SIR model is a differential system

A city is defined by:
S
e Stateciy =4 |I||S, I, Re Ry =R>.
R

Incity = {(inflow, outflow) | inflow, outflow € R3} =R3 x R3
Outciry = Statecity = R3.
* exposeg = id.

—k1SI + inflow; — outflow;
updateg| | I |, (inflow, outflow) | := |kiSI — koI + inflow, — outflows
R k1l + inflows — outflows

for some choice of constants ki and k».
That is, each city will run its own SIR model, and each of the three populations can
flow between cities.

Now, to define a multi-city SIR model, we need to know what cities we are dealing
with and how population flows between them. We'll call this a population flow graph.

Definition 1.3.2.9. A population-flow graph (for a multi-city SIR model) is a graph whose
nodes are labeled by cities and whose edges City; — City, are labeled by 3 x 3 real
diagonal matrices Flow;_,, of the following form:

rs 0 0
0 rr 0
0 0 TR

Example 1.3.2.10. Let’s take a minute to understand Definition 1.3.2.9. Here is an
example of a network of cities, represented in a graph:

Boston m——— = NYC

sy

Tallahassee

(1.31)

This map contains three cities, Boston, NYC, and Tallahassee. As we can see, Boston
and NYC have restricted access to travellers from Tallahassee, but otherwise people can
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travel freely. Let’s focus in on one of these ways to travel, say Boston — NYC. This is
associated to a matrix

rs 0 O
FlowgostonsNyc == [0 71 O
0 0 TR

per the definition of a population flow graph. Here’s how to understand this matrix.
If the current population of Boston (split into susceptible, infected, and removed) is

S
s=|I]|,then
R
rs 0 0 S 1’55
FlowgostonsNycS = |0 v O (I =7l
0 0 TR R T’RR

is the population that will leave Boston and arrive in NYC. Of course, this assumes
that people do not become sick in transit, a temporary assumption that a more robust
model would have to address.

Given a population flow graph, we can form a multi-city SIR model by wiring
together the cities in a particular way. Namely, to every city we will first add sums
to its inputs for every city it is flowing to and every that flows to it. That is, we will
prepare each city like so:

(1.32)

Specifically, we need to add together all the inflows from all other cities, and then
record all the outflows to all other cities. We also need to copy the state enough times
so that it can be passed to all other cities that our city flows to. So we need to add
together inputs for all incoming edges in the population flow graph to the inflow port,
and add together inputs for all outgoing edges in the population flow graph to the
outflow port. And we also need to copy the output port to for all outgoing edges.
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Example 1.3.2.11. For example, here is the preparation necessary for Boston in Eq. (1.31):

Boston

As you can see, there is only one incoming edge, and so the inflow input port doesn’t

need to anything to be added. But there are two outgoing edges, so we need to copy
the output so they can be passed to NYC and Tallahassee and add together the two
outflows into the outflow input port of Boston.

Exercise 1.3.2.12. Prepare the cities of NYC and Tallahassee from Eq. (1.31) in the same
way Boston was prepared in Example 1.3.2.11. o

Next, we wire together these prepared cities (from Eq. (1.32)). For each edge City; —
City, in our population flow graph, we will put the matrix Flowcity, -city, on the wire
leaving the prepared City; corresponding to the edge, then split the wire and plug one
end into the corresponding outflow input port of City; and the corresponding inflow
input port of City,.

Example 1.3.2.13. Here is what it looks like to wire Boston to NYC along the edge
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Boston — NYC in the population flow graph Eq. (1.31):

H
(+)

This wiring diagram says to take the population of Boston, take the proportion given

(1.33)

by the flow rate Flowgoston—NYC, then set add this to the outflow parameter of Boston
and the inflow parameter of NYC.

1.3.3 Wiring diagrams as lenses in categories of arities

We have been drawing a bunch of wiring diagrams so far, and we will continue to do
so throughout the rest of the book. Its about time we explicitly described the rules one
uses to draw these diagrams, and give a formal mathematical definition of them. The
motto of this section is:

A wiring diagram is a lens in a free cartesian category — a category of arities.

We'll begin by describing wiring diagrams and their category in informal terms.
Then, we will see how diagrams relate to lenses in a particular category — which we
call the category of arities — and finally give a formal definition of the category of
wiring diagrams.

Informal Definition 1.3.3.1. A wiring diagram is a diagram which consists of a number
of inner boxes, each with some input ports and some output ports, that are wired together
inside an outer box, which also has input and output ports. This gives four types of
ports: inner (box) input (port), inner output, outer input, and outer output.

We can wire in the following ways:

1. Every outer output port is wired to exactly one inner output port.

2. Every inner input port is wired to exactly one inner output port or an outer input
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port.
The category of wiring diagrams has boxes as its objects and wiring diagrams as
its morphisms. Wiring diagrams are composed by filling the inner boxes with other
wiring diagrams, and then erasing the middle layer of boxes.

Boxes Wiring Diagrams Composition by nesting

(1.34)

JOL]

Wiring diagrams are designed to express the flow of variables through the system;
how they are to be copied from one port to another, how they are to be shuffled about,
and (though we haven’t had need for this yet) how they are to be deleted or forgotton.

In order to capture this idea of copying, deleting, and shuffling around variables,
we will work with the category of arities (and variations on it). The category of arities
is extremely important since it captures precisely the algebra of copying, deleting, and
shuffling around variables. In this section, we will interpret various sorts of wiring
diagrams as lenses in categories of arities, which are the free cartesian categories.

Definition 1.3.3.2. The category Arity of arities is the free cartesian category generated
by a single object X. That is, Arity constains an object X, called the generic object, and
for any finite set I, there is an I-fold power X! of X. The only maps are those that can
be defined from the product structure by pairing and projection.

Explicitly, Arity is has:

* Objects {X! | I a finite set}.

e Maps f*: X! — X for any function f : | — I.

* Composition defined by g* o f* := (f o g)* and id := id
The cartesian product in Arity is given, in terms of index sets, by the following familiar

*

formula:
XEx X = X,

If you like opposite categories, this might clarify things a bit.
Proposition 1.3.3.3. Arity is isomorphic to the opposite of the category finite sets

Arity = FinSet°F.

Now, Xis just a formal object, so it doesn’t have elements. But we can give a language
for writing down the objects and arrows of Arity that makes it look like it does. Think



1.3. WIRING TOGETHER SYSTEMS WITH LENSES 33

of the elements of X! as finite lists of variables X! = (x; | i € I) indexed by the set I.
Then for any reindexing function f : ] — I, we can see f* as telling us how J-variables
are assigned I-variables. We can see this as a J-indexed list of the variables x;. For
example, consider the function f : 3 — 2 givenby 1+~ 1,2+ 1,and 3 — 2

X2 ——— X3

In other words, f says that the first slot of the resulting list will be filled by the second
variable of the first, and the second slot will be filled by the first variable, and the third
slot will be filled by the second variable. We could write these lists of variables as
(x1, x2) = (x1, x1, x2) to make it look like a function. We’ll call this the function notation.

Composition is just given by composing functions in the opposite direction. For
example, given some g: 4 — 3, we just compose to get our map X% — X*.

X2

If we write both of these in function notation, then we can see that the composite
can be calculated by just “composing the functions”. The map f* : X3 — X2 looks
like (x1,x2) = (x1,x1,x2) in function notation, and the map g* : X* — X3 looks like
(y1,y2,y3) = (y1, y1,¥3, y2). Their composite would look like (x1, x2) > (x1, X1, X2, X1),
and this is precisely the composite (g5 f)".

Exercise 1.3.3.4. Express the following morphisms in Arity in terms of lists of variables:
1. The terminal morphism X?> — X°, given by the initial function !’ : 0 — 2 which
includes empty set into the set with two elements (hint, there’s nothing on one
side).
2. The duplication morphism ! : X — X2 givenby ! : 2 — 1.
3. The swap morphisms swap® : X> — X2 given by swap : 2 — 2 defined by 0 — 1
and 1 - 0.
4. What map corresponds to the map 1 : 1 — 2 picking out 1 € 2 = {1,2}? What
about2:1 — 2.
5. Convince yourself that any map X! — X/ you can express with the universal
property of products can be expressed by choosing an appropriate f : | — I.
¢

Because Arity expresses the algebra of shuffling, copying, and deleting variables in
the abstract, we can use it to define wiring diagrams. Recall from Definition 1.3.1.4 the
definition of lens in an arbitrary cartesian category.
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Definition 1.3.3.5. The category WD of wiring diagrams is defined to be the category
of lenses in the category of arities Arity.

WD := Lensayity-

We consider WD as a monoidal category in the same way we consider Lensaity as a
monoidal category.

This definition shows us that the wiring diagrams we have been using are precisely
the lenses you can express if you only copy, delete, and shuffle around your variables.
We can read any wiring diagram as a lens in Arity in the following way:

(1.35)

Here’s how we interpret a lens ( Zsf ) : (§2+ ) S ( i; ) in Arity as a wiring diagram:

* First, we interpret the index set A~ as the set of input ports of the inner boxes,
and the set A* as the set of output ports of the inner boxes. Similarly, we see B~
as the set of input ports of the outer box, and B* as the set of output ports of the
outer box.

e Then we remember that w* : X4~ — XB" comes from a reindexing function
w : B* — A"), which we interpret as selecting for each outer output port p € B,
the unique inner output port w(p) it will be wired to.

e Finally, we note that w* : X4" x X* — X4~ comes from a function w# : A= —
A* + B~ (because X4 x XB™ = XA™B" where A* + B~ is the disjoint union of A*
and B7), and we interpret this as selecting for each inner input port p € A~ either
the inner output port w#(p) € A* or the outer input port w#(p) € B~ which p will
be wired to.

Exercise 1.3.3.6. Translate the following wiring diagrams into lenses in the category of

=il

arities, and vice versa:
1.
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# X2xXxX? X2
w . —
Z (w)( XxXxX? )" (xl)

¢

Ok, so the wiring diagrams correpond to the lenses in the category of arities. But do
they compose in the same way? Composition of wiring diagrams is given by nesting:
to compute ( ZZf ) 3 ( ”;ﬂ ), we fill in the inner box of ( l;u ) with the outer box of ( l:: ), and
then remove this middle layer of boxes.

(1.36)
Let’s say in prose how to compose two wiring diagrams. Then, we can check that
this matches the formula given to us by lens composition in Arity.
¢ An outer output port is wired to a middle output port, and this middle output
port is wired to an inner input port. So, to compose, we wire the outer output
port to this inner output port.
¢ A inner input port is either wired to an inner input port or a middle input port. If
it is wired to an inner input port, we leave it that way. Suppose that it was instead
wired to a middle input port. This middle input port is wired either to a middle
output port or an outer input port. If it is wired to an outer input port, we then
wire the inner input port to this outer input port. But if it was wired to a middle
output port, we need to follow along to the inner output port that it is wired to;
then we wire the inner input port to this inner output port.



36 CHAPTER 1. WIRING TOGETHER DYNAMICAL SYSTEMS

Phew. After that block of text, I hope the mathematics will feel refreshingly crisp.
Let’s see what the lens composition looks like in Arity:

It's worth going through and seeing exactly how lens composition expresses the de-
scription we gave of nesting wiring diagrams above.

That Arity is the free cartesian category generated by a single object means that it
satisfies a very useful universal property.

Proposition 1.3.3.7 (Universal property of Arity). For any cartesian category C and
object C € C, there is a cartesian functor evc : Arity — C which sends X to C. This
functor is the unique such functor up to a unique natural isomorphism.

Proof Sketch. The functor evc can be defined by “just substitute C for X”. Namely, we
send

X' !

and for every function f* : X! — X/, we send it to f* : C! — C/ defined by the universal
property of the product in C. This is cartesian because CI*/ = C! x C/ in any cartesian
category. It is unique up to a unique natural isomorphism because X! is the I-fold
product of X, and so if X — C, then universal comparison maps between the image of
X and C! must be isomorphisms. ]

We can think of the functor evc : Arity — C as the functor which tells us how
to interpret the abstract variables in Arity as variables of type C. For example, the
functor evg : Arity — Set tells us how to interpret the abstract variables (x; | i € I)
in Set as variable real numbers {x; € R | i € I}. Under evc, the map of arities
(x1, x2, x3 = X2, x2) gets sent to the actual map C3 — C? given by sending (c1, ¢, c3)
to (c2, C2).

By the functoriality of the lens construction, this means that given an object C €
C of a cartesian category of “values that should be flowing on our wires”, we can
interpret a wiring diagram as a lens in C! We record this observation in the following
proposition.
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Proposition 1.3.3.8. Let C € C be an object of a cartesian category. Then there is a

evc
evc

which interprets a wiring diagram as a lens in ¢ with values in C flowing along its

strong monoidal functor

: WD — Lense

wires.

Proof. This is just Proposition 1.3.1.7 (and Proposition 1.3.2.4) applied to ev¢ : Arity —
C from Proposition 1.3.3.7. m]

The upshot of Proposition 1.3.3.8 is that we may interpret a wiring diagram as a lens
in whatever cartesian category we are working in. There is, however, a slight issue; in
most of our previous examples, there have been many different types of signals flowing
along the wires. We can fix this by using typed arities. We will keep track of what type
of signal is flowing along each wire, and only allow ourselves to connect wires that
carry the same type of signal.

Definition 1.3.3.9. Let 7 be a set, elements of which we call types. The category Arity.
is the free cartesian category generated by objects X; for each type © € 7. Explicitly,
Arity g has:
* Objects [];c; X, for any finite set I and typing function Ty : I — . We interpret
7; € J as the type of index i € I.
* Maps f* : [ljej Xr; = [lier Xv, for any function f : I — ] which preserves the
typing: i = 1.
e Composition is given by g* o f* = (f o g)* and the identity is given by id := id
That is, Arity, = (Fin | 7)° is dual to the category Fin | T of T -typed finite sets, the
slice category (a.k.a. comma category) of the inclusion Fin < Set over the set 7 of

types.

*

Exercise 1.3.3.10. We blew through that isomorphism Arity, = (Fin | 7)° quickly,
but its not entirely trivial. The category Fin | J has objects functions 7 : I — 7 where
I is a finite set, and a morphism is a commuting triangle like this:

This is a function f : [ — ] so that 75; = 7; forall i € I.
Expand the isomorphism out in full and check that you understand it. o
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Note that Arity = Arity, is the special case where we have a single type. Just as we
wrote the morphisms in Arity as (x1, x2 — X2, X1, X2), we can write the morphisms in
Arity as

(X1 1T1, X2 1T, X3 :Tp > X2 :Tp, X1 :T1, X2: T1)

where 71, 72, 73 € T are all (fixed, not variable) types.
We check that Arity, as we defined it does indeed have the correct universal prop-
erty.

Proposition 1.3.3.11. For any 7 -indexed family of elements C(_) : ¥ — C in a cartesian
category C, there is a cartesian functor evc : Arity; — C sending X; to C;. The functor
evc is the unique such functor up to a unique natural isomorphism.

Proof Sketch. Just like in Proposition 1.3.3.7, we define

eve (ﬂ xTi) =[]c O

i€l i€l
Exercise 1.3.3.12.  Complete the proof of Proposition 1.3.3.11. ¢

As before, we note that this functor sends a map in Arity. to the function that does
exactly that. For example,

(xli’[l, X2 i Tp, X3 T X2 T2, X1: 11, xzzﬁ)

gets sent by evc to the function Cr, X Cr, X Cr; — Cq, X Cr; X Cr, which sends (c1, ¢3, ¢3)
to (CZ/ C1, CZ)

Corollary 1.3.3.13. For any function f : & — J7’, there is a change of type functor
evx; : Arity; — Arityg.

Proof. We apply Proposition 1.3.3.11 to the family X;_) : T — Arity;, of objects of

[ [%e =] [Xerin: =

i€l i€l

Arityg,. That is, we send

We can now define the category of typed wiring diagrams to be the category of
lenses in the category of typed arities.

Definition 1.3.3.14. For a set 7 of types, the category WDy of T -typed wiring diagrams
is the category of lenses in the category of 7 -typed arities:

WDy := Lensg.

As with the singly-typed case, we can interpret any typed wiring diagram as a lens
in a cartesian category of our choosing.
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Proposition 1.3.3.15. For any family C(_) : 7 — C of objects in a cartesian category C,
indexed by a set 7 of types, there is a strong monoidal functor

evc
evc

which interprets a typed wiring diagram as a lens in C with appropriately typed values

: WDg — Lense

flowing along its wires.

Proof. Combine Proposition 1.3.3.7 with Proposition 1.3.1.7. m]

Remark 1.3.3.16. Because the action of evc is so simple, we will often just equate the
typed wiring diagram with the lens it gives when interpreted in our category of choice.

Example 1.3.3.17. We can describe the wiring diagram

a.m./p.m.

Hour (1.37)

i

from Example 1.3.2.5 as a lens in a category of typed arities using Proposition 1.3.3.15.

We have two types: a.m./p.m. and Hour. So, 7 = {a.m./p.m., Hour}. Then

w = (t : Hour, m : a.m./p.m. +— t : Hour, m : a.m./p.m.)

wh = (f : Hour, m : a.m./p.m. — £ : Hour)

giving us a wiring diagram in WDg. We can then interpret this wiring diagram as the
lens from Example 1.3.2.5 by sending the types a.m./p.m. and Hour to the actual sets
{am.,p.m.} and {1,2,...,12}. That is, we define the function C_ : ¥ — Set used in
Proposition 1.3.3.15 to send a.m./p.m. and Hour to the sets {a.m., p.m.} and {1,2, ...,12}
respectively.

1.3.4 Wiring diagrams with operations as lenses in Lawvere theories

The wiring diagrams we have described as lenses in categories of arities are pure
wiring diagrams. But in Example 1.3.2.6, we used a wiring diagram (Eq. (1.27)) with
little green beads representing multiplication by a constant scalar, and in Section 1.3.2
we used a wiring diagram with little green beads representing multiplication by a
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matrix (Eq. (1.33)). It is very useful to be able to perform operations on the exposed
variables we are passing to parameters.

In this section, we will see that if we have an algebraic theory of the kinds of operations
we want to perform on our variables while we wire them, we can describe wiring
diagrams with green beads representing those adjustments as lenses in the Lawvere
theory of that algebraic theory.

Algebraic theories are theories of operations that are subject to certain equational
laws.

Informal Definition 1.3.4.1. A algebraic theory T consists:
* Aset T, of n-ary operations for each n € N.
* A set of laws setting some composites of operations equal to others.

Example 1.3.4.2. The algebraic theory of real vector spaces can be described like this:

e There is a binary operation (—) + (=) of vector addition, and for every r € R a
unary operation r - (=) of scalar multiplication, and a nullary operation (a.k.a.
constant) 0.

* These satisfy the laws that make + and 0 into an abelian group with addition
inverses given by —1 - (—), and which satisfy associativity and distributivity with
regards to scalar multiplication.

(a+b)+c=a+b+c) r-(s-a)=(rs)-a
O+a=a (r+s)-a=r-a+s-a
a+b=b+a l-a=a

a+(-1-a)=0 0-a=0

We can use an algebraic theory to organize the sorts of operations we are will-
ing or able to perform on the values flowing through the wires of our wiring dia-
grams.

Informal Definition 1.3.4.3. A wiring diagram with operations from an algebraic the-
ory T is a wiring diagram where operations from the theory T can be drawn in little
green beads on the wires.

Example 1.3.4.4. The wiring diagram (1.27) (reproduced below) is a wiring diagram in
the algebraic theory of real vector spaces. The little green beads have scalar multipli-
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cations drawn in them.

We want to make these informal definitions precise. Ultimately, we want to be
able to say that “wiring diagrams with operations from T are lenses in such and such
cartesian category”. We can do this with the notion of Lawvere theory.

Lawvere introduced his theories in his 1963 thesis “Functorial Semantics of Alge-
braic Theories” [Law04] as the invariant concepts of algebraic theories, freed from any
particular presentation by symbols and their relations. In Example 1.3.4.2, we pre-
sented the algebraic theory of real vector spaces in a particular way; but we could have
done it differently, say by avoiding the vector 0 entirely and adding the law (0-a)+b = b.
Lawvere wanted to avoid these petty differences in presentation. He focuses instead on
the cartesian category freely containing the operations of the theory (satisfying their
laws). This gives an invariant of the concept of real vector space that is independent of
how that concept is presented axiomatically.

A Lawvere theory is, in some sense, a category of arities “with extra maps”. We
think of these extra maps as coming from the operations of some theory.

Definition 1.3.4.5. A 7 -sorted Lawvere theory £ is a cartesian category equipped with
a bijective-on-objects functor Arity, < L.
If 7 has a single element, we refer to this as a single sorted Lawvere theory.

Where we wrote the objects of Arity as X! to suggest the genericness of the generating
object X, we will see that the objects of Lawvere theories are often A’ for some “actual”
object A in some cartesian category.

Example 1.3.4.6. The single sorted Lawvere theory Vect of real vector spaces is the
category of finite dimensional vector spaces, which can be defined as follows:

* For every finite set I, it has an object R € Vect.

e Amap f : Rl - R/ is a linear map, or equivalently a | X [ matrix.

* The cartesian product Rl x R/ is RI*/.

Since Vect is a cartesian category, it admits a functor X — R from Arity. By
construction, this functor is bijective on objects; we just need to show that it is faithful. If
g%, f*: X! - X are such that g* = f* asmaps R! — R/, then in particular g*(e;) = f*(e;)
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for all standard basis vectors ¢; defined by

) 1 ifi=j,
i(j) :={ J

0 otherwise.

But g*(e;)(j) := ei(g(j)) and f*(e;)(j) == ei(f(j)), so by varying i we can test that g(j) =
f(j) for all j € ], and therefore that g* = f* as maps X! — X/.

How do we know that the extra maps in a Lawvere theory really do come from the
operations of an algebraic theory? We show that the Lawvere theory satisfies a certain
universal property: cartesian functors out of it correpond to models of the theory. If
this is the case, we say that the Lawvere theory is presented by the algebraic theory.

Informal Definition 1.3.4.7. Let T be an algebraic theory. A model of T in a cartesian
category C is an object C € C together with maps m(f) : C" — C for each n-ary
operation f € T, such that the maps m(f) satisfy the laws of the theory.

Definition 1.3.4.8. A model of a Lawvere theory L in a cartesian category C is a cartesian
functor M : L — C.

We say that a Lawvere theory is presented by an algebraic theory if they have the
same models in any cartesian category. We can show that our Lawvere theory Vect of
vector spaces is presented by the theory of vector spaces of Example 1.3.4.2.

Proposition 1.3.4.9. Let C be a cartesian category. Then for every real vector space in
C, by which we mean an object V € € with a binary addition + : V> — V, a unary
scalar multiplication r- : V' — V for each r € R, and a nullary 0 : 1 — V which satisfy
the laws of a vector space, there is a cartesian functor V : Vect — C sending R to V.
Moreover, this functor is unique up to a unique isomorphism among functors sending
RtoV.

Proof Sketch. We define the functor 1% by sending Rl to V!, and sending the operations
+:R? >R, 7 :R—>R,and 0: R? — R to the corresponding operations on V. Given a
general linear map f : R! — R/, f can be expressed as a composite of these operations;
therefore, we can define V(f) to be the corresponding composite of the operations on
V. O

Definition 1.3.4.10. Let L be a Lawvere theory. The category WD  of wiring diagrams
with operations from [ is the category of lenses in .L':

WD = Lens .
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Remark 1.3.4.11. The bijective-on-objects functor Arity; — L lets us interpret every
T -typed wiring diagram as a wiring diagram with operations from £ by Proposi-
tion 1.3.3.15.

In order to interpret a wiring diagram with operations from .£" as a lens in a cartesian
category C, we need a cartesian functor L — C. These are precisely the models of the
Lawvere theory. So, if our interpretation of the wires of our diagrams are models of
our Lawvere theory ', we can interpret diagrams with operations from (.

Example 1.3.4.12. The wiring diagram Eq. (1.33) is a wiring diagram with operations
from Vect, the theory of vector spaces. This is why we are able to put matrices in the
beads.

1.4 Summary and Futher Reading

In this first chapter, we introduced deterministic and differential systems and saw how
they could be composed using wiring diagrams. The trick is that both systems and
wiring diagrams are examples of lenses — systems are lenses with a special domain,
and wiring diagrams are lenses in free cartesian categories.

We will build on these ideas through the rest of the book. Most directly, in Chapter 2,
we will see how non-deterministic systems can be seen as a variant of lenses: monadic
lenses.

Our notion of deterministic system is commonly known as a Moore machine
[Chu58]. The idea of composing dynamical systems — deterministic and differen-
tial — using lenses can be found in [VSL15]. Further exploration of this idea for
both deterministic and differential systems can be found in the work of Bakirtzis and
collaborators: [Bak21][BVF21][BSF21].

Lenses were first defined by Oles in Chapter 6 of his thesis [Ole83] as a “category of
store shapes”. These lenses are the “lawful lenses” of [Fos+07], used to solve the view-
update problem in program design. A group of Haskell programmers including but
not limited to Palmer, O’Connor, Van Laarhoven, and Kmett then generalized lawful
lenses to the sorts of lenses used in this section. See this blog post for more on the
history of lenses: [Hed].






Chapter 2

Non-deterministic systems theories

So far, we have seen how deterministic systems of the discrete- and continuous-time
variety can be wired together. But modelling a system deterministically can be a bit
hubristic: it assumes we have taken account of all variables that act on the state of the
system, so that we can know exactly what will happen next or exactly how the system
is tending to change. Often we know that the way we’ve modeled state is incomplete,
and so knowing the state in our model might not tell us exactly what will happen next.

As an example, consider a person typing out an email. We know that the output
of this system over time will be a stream of ASCII characters, and we won't model the
various sorts of inputs that might be affecting the person as they write the email. The
particular email written will depend on the person’s state, but this state is extraordi-
narily complex and modelling it to the point that we would know exactly which email
they will write is nigh impossible.

So, instead, we could use what we know about how this person usually writes
emails to predict what the next character will be. This would give us a stochastic model
of the email-writer system.

In this section, we will see a variety of non-deterministic (discrete-time) systems
theories. The kind of non-deterministism — possibilistic, stochastic, etc. — will be
encoded in a commutative monad (Definition 2.1.0.5).

2.1 Possibilistic systems

Suppose that we are observing a deterministic system S from the outside. We can
choose what input i € Ing to put into the system, and we observe from that what
output 0 € Outs comes out as a result. Can we understand how the system works
from knowing this alone? In other words, can we construct a new system S’ just from
knowing how inputs relate to outputs in S?

In full generality, the answer is of course “no”; if there was only one possible output,
for example, we have no chance to understand what’s going on inside the system. But

45
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if we do observe a bunch of different changing outputs, we can give it a shot.

As a first guess, we might try to model how an input i € Ing changes the output
o € Outs that we are seeing. That is, we might try and make Statess = Outs, and then
define the new dynamics updateg, (0, i) be the new output S gives when fed input i
while it is exposing output 0. There’s just one problem with this idea: we won’t always
get the same output when we feed i in to S while it’s exposing o.

For example, consider the following transition system:

true

blue — ~ red

falseC @ @ Dtrue

true false
S = (2.1)
false

blue x— ~ green

falseC @ @
~

true

The inputs to this system are from the set Ins = {true, false}, and the outputs are
from the set Outs = {red, blue, green}. Suppose that we can only see what the system
is outputting, and that it is outputing blue. If we feed the system false, we will see
blue. But, if we feed the system true, what happens depends on whether the system
was in state 1 or state 3; if we were in state 1, then we will see red, but if were were
in state 3, we will see blue. So, the next output is not uniquely determined by the
current output and current input — there are many possibilities. We are tempted to
say that blue will transition to either red or blue in our model S’ of the system S. That
is, we want the update of S’ to tell us what is possible, since we can’t know just from the
outputs of S what is determined to happen. We can do that by having the update of S’
give us the set of possibilities:

updateg, (blue, true) = {blue, red}.

In this section, we will see two systems theories which, instead of telling us the next
state, tell us which states are possible or which are probable. Both are examples of
non-deterministic systems theories, since the current state doesn’t determine precisely
the next state.

Definition 2.1.0.1. A possibilistic system S, also written as

updateg ‘ Stateg - Ing
. — 7
Outs

Stateg
* aset Outs of values for exposed variables, or outputs for short;

exposeg

consists of:
® a set Stateg of states;
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e aset Ing of parameter values, or inputs for short;

* afunction exposeg : States — Outs, the exposed variable of state or expose function,
which takes a state to the output it yields; and

* afunction updateg : States X Ing — PStates, where PStates is the set of subsets of
States. This is the dynamics or update function which takes a state and a parameter
and gives the set of possible next states.

Remark 2.1.0.2. While Definition 1.2.1.2 can be interepreted in any cartesian category
because it only used maps and the cartesian product, Definition 2.1.0.1 makes use of
the power set operation P which sends a set to its set of subsets. This can’t be interpreted
in any cartesian category — we need something resembling P in order for it to make
sense.

Example 2.1.0.3. A possibilistic automaton can be presented as a transition diagram as
well. Consider, for example, the following diagram:

true

n true
blue R red

false (

(@]
/o
s = i e 2.2)
false
green

O

This system resembles system S of Eq. (2.1), except that it has a single state for
each output. We can tell that this transition diagram represents a possibilistic system
because there are two arrows leaving blue both labeled true. Since the dynamics of
a transition diagram are given by following the arrow labeled by the input along to a
new state, we see that here we will end up at a set of states:

updateg, (blue, true) = {blue,red}.

Example 2.1.0.4. In Example 1.2.1.10, we saw that deterministic finite automata (DFAs)
are examples of deterministic systems. There is another common notion in automata
theory: non-deterministic finite automata (NFAs).

An NFA is a possibilistic system S with finitely many states whose output values
are Booleans: Outs = {true,false}. As with DFAs, the exposed variable exposeg :
States — {true, false} tells us whether or not a state is an accept state.

Again, NFAs are question answering machines. But this time, since they are non-
deterministic, we ask whether or not it is possible to accept a given sequence of inputs.
Suppose we have a sequence of inputs iy, . . ., i, and we start in a state sp. Now, because
an NFA is possibilistic, we don’'t have a “next state” s1. Rather, we have a set of states
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Sy = updates(so, ip). Now, we need to interatively define the next evolution: S, should
be the set of states that are possible to get to from any state in S;. Generally,

Si+1:={s"| s € Sj,s’ € updateg(s, ij)} = U updateg(s, ;)

SES/'

We then say that the machine accepts the input sequence if there is any accept state in
S‘Vl .

Example 2.1.0.4 contains an answer to an interesting question: how do we iterate
the behavior of a possibilistic system? For a deterministic system whose update has
the signature updateg : States X Ing — States, we can compose to get

updateg XIng updateg
Stateg X Ing X Ing ————— Stateg X Ing —— Stateg

which sends (s, (io, 71)) to updateg(updateg(s, ip), i1). We can do this as many times as
we like to apply an entire sequence of inputs to a state.

But for a possibilistic system, the update has signature updateg : States X Ing —
PStates. Now we can’t just compose, if we tried the trick above we would go from
Stateg X Ing X Ing — PStateg X Ing, and we’re stuck.

But from updateg : States X Ing — PStates we can define a function U : PStates x
Ins — PStates by

U(S,i):={s"|s €S, s’ € updateg(s,i)} = Uupdates(s,i)

seS

Then we can define the iterated action of the system to be the composite

updateg u
Stateg X Ing X Ing ——— PStateglng — PStates.
This process of lifting a function A X B — PC to a function PA X B — PC is
fundamental, and worthy of abstraction. This operation comes from the fact that P is a
commutative monad. Take a deep breath, because here comes the definition.

Definition 2.1.0.5. Let C be a cartesian category. A monad (M, 1) on C consists of:
¢ An assignment of an object M A to every object A € C.
* For every object A € C,amap na : A — MA.
e Foreverymap f : A — MB, alift fM: MA — MB.
This data is required to satisfy the following laws:
¢ (Unit) For any object A,
1]5\4/1 = idM A-

¢ (Identity) For any map f : A — MB,

fMona=f.
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¢ (Composition) Forany f : A - MBand g : B — MC,
MOfM — (gMOf)M-

From this data, we note that we can extend M into a functor M : ¢ — C by sending
f:A—> BtoMf :=(ngofYM: MA — MB. Thenn: A — MA is natural in A, and we
get another natural transformation y : MMA — MA defined by lifting the identity:
it := id™. In fact, a monad may be equivalently defined as a functor M : C — C with
natural transformations 7 : A — MA and u : M2A — MA for which the following
diagrams commutes:

MA —1 m24 2 MA M3A 1y M24

N S wl e

M?A — v MA

For f : A — MB, we can recover fM : MA — MB from this definition of the monad

M
Mas Ma 2, m2B Y MB.

A monad M is said to be commutative if there is a natural transformation o : MA X
MB — M(A x B) for which the following diagrams commute:

MA x 288014 x 1)
[ 2.4)

XMA)gGl M(l A)

\ le (2.5)

MA x MB x MC 25 MA x M(B x C)
GA,BXMCJ/ J/GA,BXC (2.6)
M(AXB)Xx MC ——— M(AXBxC)

O0AxB,C

nXn
AXB —— MA X MB

X} la 2.7)

M(A X B)
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M2A x M2B ZM% M2(A x B)

#Xul ly (2.8)

MA X MB T) M(AXB)

Remark 2.1.0.6. If you are familiar with the programming language Haskell, you will
likely be familiar with the notion of monad. What we have called 14 here (which is
traditional in the category theory literature) is called or . What we have called f for
f : A — MB would, in haskell, be called and be defined by

What we have called 1 is called . A monad in haskell is commutative if the following
two programs have the same results: That is, a monad is commutative when its order
of execution doesn’t matter.

Proposition 2.1.0.7. The powerset P is a commutative monad on the category of sets,
with the following data:

* n1: A — PAsendsa € A to the singleton set {a}.

e For f : A — PB, f¥ : PA — PB is defined by

FFx) = fl@).

aeX

® 04 :PAXPB — P(A x B) is defind by

oap(X,Y)={(a,b)|aeX,beY}

Proof. We just need to check the laws.
¢ The function '} takes a set X € PA and yields [ J,.x{x}, which is equal to X.
e Letf: A — PBbeafunction. Then fF({a}) = Uwefay f(a') = f(a) for any element
a€A.
e Letf:A—PBandg:B — PC. For X € PA, we have

g offx)= | g

befP(X)

- J o

beUan f(a)

=-J U 9w

aeX bef(a)
— (gP Of)P.

It remains to show that the powerset monad is commutative. We note that P acts as
a functoron f : A — B by

Pf(X) = (s o /P(X) = | J{f@)} = FIX].

aeX
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sending a subset of A to its image in B. We also note that i : P2A — PA defined by
u = idp, sends a set S of subsets of S to its union | J s € Ss.
¢ (Eq. (2.4)) Beginning with (X, *) € PA X 1 (taking 1 = {+}), we need to show that
Prti 0 041(X, {#}) = X. Now, 04 1(X, {#}) = {(a,b) | a € X, b € {+}}; since there
is just one b € {+}, every a € X is paired with some b, so projecting out the first
component gives us all of X.
* (Eq. (2.5)) This is the same as the above, but on the other side.
e (Eq. (2.6)) If we have (X,Y, Z) € PA x PB x PC, both sides of this diagram will
giveus {(a,b,c) |lae X,beY,ce Z}.
* (Eq.(2.7)) For (a,b) € A x B, we have n(a,b) = {a, b}, and o(n(a), n(b)) = {(x, y) |
x € {a}, y € {b}).
* (Eq. (2.8)) Let S be a set of subsets of A and T a set of subsets of B. The bottom

path gives us
X € Us, y € U t}

sesS teT

o(u(S), w(T)) = {(x,y)

while taking the top path, we first get 6(S,T) = {(s,t) | s € S, t € T} and then
Mo of that to get

a[{(s,t)|seS, teT={{(x,y)|xes, yet}[seS, teT}
Finally, we take the union over this to get

u(Pa(a(S,T))) = U {x,y)|x€es, yet}.

seS, teT

We end out proof by noting that

{(x,y) xEUs,yGUt}: U {(x,y) | xes, yet}.

seS teT seS, teT
Remark 2.1.0.8. While the powerset monad is commutative, the list monad is not. For

O

the list monad, Eq. (2.8) does not hold since the two lists end up in a different order in
the end.

Using the commutative monad structure of P, we can see that U : PStates X Ing —
PStates is the composite

idxn o updateg
PStateg X Ing — PStateg X Plng — P(Stateg X Ing) —— PStates.

This lets us iteratively apply the update function to a starting state or set of states.

It also lets us get the exposed variable out at the end. If we've been iteratively
running a possibilistic system , then we won’t know which state we are in but instead
have a set S € PStates of states we could possibly be in. Because of this, we can’t
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directly apply exposeg : States — Outs, since it takes in a single state. But the monad
structure of P gives us a function Pexposeg : PStates — POuts. Applying this to our
current set of possible states gives us a set of possible outputs, which is the best we
could hope to know.

Do Notation If we have a function f : X — Y, we can think of this as mapping x
in X to f(x) in Y using “generalized elements” (see Remark 1.3.1.3). The do notation
extends this way of writing morphisms in a cartesian category to include the action
of a commutative monad M. The do notation is based on this simple equation for
f:X - MY:

do x —m|:= fM(m) (2.9)

fx)
where m is an element of MX and f : X — MY. For M = D, we can understand the
do notation in this way: m is a subset of X, fM(m) is the subset {f(x) € Y | x € m}. We
see this reflected in the do notation; we can read it as saying “get an element x from

m, and then apply f(x) to it; join together all the results.” As we see more monads, we
will see that a similar story can be told about them using the do notation.

There are a few rules for do notation which correspond to the laws for a monad.
We can discover them by using Eq. (2.9) to expand out a few terms. First of all, since
nm = idumx, if m is an element of M X, then

do
X—m|=m

n(x)

Next, since 1§ fM = f, we find that

do
x" —n(x) = f(x)

f(x)

Finally, since f™ § g™ = (f 5 g™)M, we find that

do do
do X —m
Y < Xe—mi— do
f(x) y < f(x)
g(y) 9(y)

Because these two expressions with nested do’s are equal, we can simplify our notation
by writing them as:

do
X —m

y— f(x)
9(y)
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So far, we haven’t used any pairs (x, y) in our do notation. To use pairs, we need
our monad to be commutative. We can write down two expressions, assuming 1 is
an element of MX and m; is an element of MY. A monad is commutative precisely
when these two expressions are equal:

do do
X «— myq Yy« myp
Y —my|— X «— mq
n(x,y) n(x,y)

When they are both equal, they are o(m1, my), where 0 : MX X MY — M(X X Y) is
from the definition of a commutative monad. This lets us describe morphisms quite
nicely. For example, given f : X - MY,g:Z — MW,and h : Y X W — MQ, we may
define

do
Yy f(x)

w « g(2)

h(y,w)

which desugars to the composite

fxg o M
XXZ— MYXMW — MY xW)— MQ.

In particular, to iterate a system S with update updateg : States X Ins — DStates,
we can define

do
ues,i) = s« S

updateg(s, )

2.2 Stochastic systems

Possibility is not the only kind of non-determinism. When studying how things change
in the world, we often notice that we can only predict how likely some change will be,
and not precisely which change will occur. If instead of asking whether a change is
possible, we ask how probable it is, we arrive at a notion of probabilistic or stochastic
system.

The notion of a stochastic system is based on the idea that there should be a prob-
ability of a given change occuring, conditioned upon the current state. A useful way
to formulate the notion of conditional probability is the notion of stochastic map. A
stochastic map from A to B is a function which takes an a € A and yields a probability
distribution p(— | a) on elements of B which we think of as likelyhoods conditioned on
a. We can make this more precise using the notion of monad.



54 CHAPTER 2. NON-DETERMINISTIC SYSTEMS THEORIES

Definition 2.2.0.1. For a set A, the set DA is the set of finitely supported probability
distributions on A. A probability distribution on A is a function p : A — [0, 1] which
takes non-zero values at only finitely many elements of A, and for which

Z p(a) = 1.
aeA

This sum makes sense because only finitely many elements of A give non-zero p(a).
The elements of DA can be identified with formal convex combinations of elements of

ZAua

aeX

A. A formal convex combination

of elements of A consists of a finite and inhabited” subset X C A of elements together
with a function ALy : X — (0,1] assigning each a2 € X a coefficient A, such that

ZaEX Aﬂ =1

DA = {Z Aqa

aeX

X C A, X finite and inhabited, A : X — (0,1], Z Ag = 1} .
aeX

“That is, there is some a € X.

Example 2.2.0.2. Let’s see what DA looks like for a few different sets A:

1. If A = {a} has a single element, then there is only one inhabited subset X € A
(namely X = A) and since the coefficients of any convex linear combination must
sum to 1, the coefficient of the single element mustbe 1. So D{a} = {1-a} contains
a single element.

2. If A = {a, b}, things get more interesting. Now there are three inhabited subsets
X: {a}, {b}, and {a,b}. A convex combination with a single element must have
coefficient 1, so we at least have the convex combinations 1 - a and 1 - b. But for
the set {a, b}, we have the convex combination A,a + Ayb where A, + A, = 1 and
Aa, Ap > 0. If we make the association of 1-4 with1-a + 0 - b, and similarly for
1- b, then we can see that

D{a,b} ={Aa+(1-A)b | Ae]|0,1]}

which is bijective with the closed interval [0, 1].

3. In general, if A is a finite set with n + 1 elements, then DA can be identified with
the standard n-simplex, that is, the set of solutions to the equation Z?:ll A; =1 for
Ai € [0, 1].

n+1

Dn+1={(Ay,...,Anp1) €[0,1]"1 | ZM - 1).
i=1



2.2. STOCHASTIC SYSTEMS 55

Definition 2.2.0.3. A stochastic map from a set A to a set B is a function f : A — DB,
assigning each a € A to a probability distribution f(a) on B.

If the sets A and B are finite, then we can write a stochastic map f : A — DB as
a stochastic matrix. This is an B X A matrix whose ba-entry is f(a)(b). Any matrix
of positive entries where every column sums to 1 arises as the stochastic matrix of a
stochastic map.

We think of a stochastic map f : A — DB as giving a bunch of conditional proba-
bilities

p(b | a) = f(a)(b).

Example 2.2.0.4. If I see someone enter the office soaking wet, it is likely to have been
raining. If they are dry, it may be less likely that it was raining; but, if they have an
umbrella, then they might be dry but it is still more likely that it was raining. We can
express these various conditional probabilities as a stochastic function

{wet,dry} X {umbrella, no-umbrella} — D{raining, not-raining}.
We can describe this stochastic function in full by giving its stochastic matrix:

(wet,umbrella) (wet,no-umbrella) (dry,umbrella) (dry,no-umbrella)
raining 9 9 .5 3
A 1 .5 7

not-raining

A stochastic system is a system whose dynamics is given by a stochastic map.

Definition 2.2.0.5. A stochastic system S, also written as

updateg ‘ Stateg - Ing
. — 7
Outs

Stateg
* aset Outs of values for exposed variables, or outputs for short;

exposeg

consists of:
® a set Stateg of states;

¢ aset Ing of parameter values, or inputs for short;

* a function exposeg : States — Outs, the exposed variable of state or expose function,
which takes a state to the output it yields; and

* afunction updateg : States X Ins — DStates, where DStates is the set of subsets of
States. Thisis the dynamics or update function which takes a state and a parameter
and gives the set of possible next states.
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Remark 2.2.0.6. Note that the exposed variable of a stochastic system is not a stochastic
function. This is theoretically important for wiring stochastic systems together, because
it is necessary for stochastic lens composition to be well defined. We will return to this
point in Section 2.6.

Remark 2.2.0.7. A stochastic system is often called a Markov process.

Example 2.2.0.8. A simple but entertaining example of a stochastic system is a text
generator. Suppose we have a big pile of text — say, the plays written by a famous
author — and we want to generate some text that looks like it was written by the same
author. There are many sophisticated ways to do this, but here’s a very bone-headed
approach. We will look at the text in 5-character length sequences, and ask: how likely
is for a given character to follow this 5-character sequence.

For example, if our text is

To be or not to be, that is the question.

Then we can see that there is a 50% chance that “ ” and a 50% chance that “,” follows
the 5-character sequence “to be”. Of course, such a small sample wouldn’t give us
very useful statistics, but if we use the combined works of Shakespeare, we might get
a better sense of what is likely to occur next.

Now we build a stochastic system S which will generate text. We take States to be
length 5 sequences of characters from our alphabet Alphabet: States = Alphabet®. We
will expose the first character in the sequence: Outs = Alphabet and exposeg(s) = s1.
We don’t need any input to the system: Ins = {*}. Now, updateg(s) will assign to
a sequence (s, 3, 54, 55, ) the probability that the character ¢ follows the sequence
s = (s1, 52, 53, 54, 55) in our sample text, and assign all other sequences the probability
0.

If we run our stochastic text generator over time, it will produce a stream of char-
acters that have the statistical properties of our sample text. As simple minded as this
approach is, it can produce some fun results:

HAMLET

Whose image even but now appear’d again!
HORATIO

From top to toe?

FRANCISCO

Bernardo, on their promise, as it is a course to any moment leisure, but to
persever Than the cock, that this believe Those friend on Denmark Do not
dull thy name with a defeated him yesternight.
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Example2.2.0.9. A stochastic source process is a stochastic system S with no inputs Ing = 1.
Such a stochastic system would be boxed up like this:

These are means by which random streams of outputs can be generated. In Ex-
ample 2.2.0.8, we described a stochastic source process that produced Shakespearean
writing (of a stunted sort). In his seminal paper “A mathematical theory of commu-
nication”, Claude Shannon imagined communicators as stochastic source processes
sending somewhat random language through various communication channels. This
point of view is still used today to model communications that have some complicated
structure which, not knowing how that structure is generated in particular, are best
modeled as somewhat random processes.

Example 2.2.0.10. We can model a faulty wire as a stochastic system of the following

Bit H{ FaultyWire [- Bit

We will define FaultyWire as follows:

sort:

¢ A faulty wire will either have good contact, partial contact, or missing contact,
and it will be carrying a high or low charge:

Statefaultywire := {high, low} X {good, partial, missing}.
¢ The faulty wire will take in either a high or low:
InFaultywire = OutFauiywire = Bit = {high, low}.
¢ The faulty wire exposes its current charge:
eXposer, i, wire(b, ) = b.

¢ The faulty wire will try and set its charge to the charge on the incoming wire, but
if it is has bad contact, this won't succeed and it will have low charge. It’s contact
also has a small chance to decay.

updater, . wire (b, g00d), i) = .99(i, good) + .01(i, partial),
updater, i wire((b, partial), i) = .50(i, partial) + .49(1low, partial) + .01(1ow, missing),

updater, ;. wire((b, missing), i) = (1ow, no).



58 CHAPTER 2. NON-DETERMINISTIC SYSTEMS THEORIES

When wiring up our systems, if we put a faulty wire in between, we will introduce
the probability of the failure of this wire to communicate into the model.

Example 2.2.0.11. We can draw transition diagrams for stochastic systems, just like we
do for deterministic and possibilistic systems. This time, we will label each transition
with the probability that it occurs. We just have to make sure that the probability labels
on all the outgoing transitions with the same input label on any state sum to 1.

For example, here is a stochastic system drawn as a transition diagram:

true,.3 true,.1

m false,.4n
blue T red (2.10)

o

Iy

false,.6 true,.9 false,.9

The set D of probability distributions is a commutative monad, like the powerset P
monad.
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Proposition 2.2.0.12. The assignment of a set A toits set DA of probability distributions
is a commutative monad with the data:
* na : A — DA sends every element a to its Dirac delta distribution na(a) = 1-a
which assigns probability 1 to a and probability 0 to everything else. As a convex
linear combination, it looks like this:

na(a) = Z 1-a'

a’e{a}

* Given a stochastic map f : A — DB sending a € A to f(a) = Ycy, prab, we
can push forward a probability distribution p = }},cx Asa on A to a probability
distribution

IROENDY (Z pma) b= pradab

belyex Yo \aeX aeX beY,

on B. In classical terms, this says that given conditional probabilities p(b | a) =
f(a)(b) and any prior distribution p(a) := A,, we can form a posterior distribution

p(0) = Loeap(t [ 2)p(a).
¢ Given a probability distribution },,.x A;a on A and ),y upb on B, we can form
their joint distribution

>0 Aaw(a,b)

(a,b)eXxY

on A X B. This gives us ¢ : DA X DB — D(A X B). In classical terms, this says that
the probability of two independent events is the product of their probabilities:

p(a,b) = p(a)p(b).

Proof. We check the laws:
¢ If we push forward a distribution p = },cx A,a along n4 : A — DA, we get

)= > 1-Apa’ = Aqa.

aeX a’e{a} aeX

¢ For a stochasticmap f : A — DB, we aim to show that pushing forward the Dirac
delta distribution n4(a) along f gives f(a) = X ;cy, Apab. The definition of push
forward gives us

fFPaa@)= D7 > Awe-1-b= " Aub.

a’e{a} beYy beY,

¢ Given stochastic functions f : A — DB and g : B — DC, we need to show that

g°(fP(p)) = (g° o /)P(p). Let

p= Z/\a, fla) = Z peab, g(b) = Z YebC.

aeX bey, ceZy
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Then we see that

°f@) = > Yeopwc

c€lUpeUpex Ya

so that, finally

g°(fP(p) = g° (Z > pba/\aC)

aeX bey,

= Z Z Z VebPbaAaC

aeX beY, ceZy

= (9" o HP(p).

Next, we check that the laws of a commutative monad hold. We note that for a
function f : A — B, the function Df = (11 o f)P is defined by

Z/\aa :Z Z /\ab:Z/\af(u).

aeX aeX be{f(a)} aeX

Df

Furthermore, p : D?A — DA sends a formal convex combination 2. Aipi of proba-
bility distributions to the actual convex combination of those probability distributions,

b (Z Aipi) (a) i= ), Aipi(a).

* (Eq. (24)) The unit on 1 = {*} sends * to the distribution 1 - . So, o(p,1) =
2(aexx1Aa - 1+ (a, %), and projecting out again gives us p = 3 ,cx Aqd.

¢ (Eq. (2.5)) The same, but on the other side.

* (Eq. (2.6)) Suppose that we have

p=Zpaa, q=qub, r=Zrcc.

aeX beY ceZ

namely the distribution

The both paths of Eq. (2.6) give us the distribution

Z paqure(a, b, c).
(a,b,c)eXXYXZ
* (Eq. (2.7)) This is asking whether 6, ) = 0,0y as distributions on A X B, which
they are.
* (Eq. (2.8)) Let X; Aip;i be an element of DDA, and similarly let }}; pjg; be an
element of DDB. Following the bottom path around, we get

o (u (Z Aipi |, 1 (Z quj)) (a,b) = (Z /\ipi(a)) (Z Pqu(b)) = Z Z Aipjpi(a)q;(b).
i j i j j

i
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Meanwhile,

o Z/\ipi,zpjcﬁ :ZZ/\in(PiIEIj)-
i j j

i
and taking Do of that gives
Z Z Aipjpidj
i

which means that finally

ulDo|o Z/\ipi,ijq]‘ (a,b)=ZZ/\iiji(ﬂ)ﬂlj(b)~
; 7 A

Exercise 2.2.0.13. Let f : n — Dm and g : m — Dk be stochastic maps. Note that we
can interpret f as an m X n stochastic matrix F, and similarly g as a k X m stochastic
matrix G. Show that the stochastic map g o f is associated to the stochastic matrix
GF. 0

Just as the commutative monad structure of P helped us iterate possibilistic systems
and get the set of possible output values from them, so the commutative monad
structure of D helps us iterate stochastic systems and get a probability distribution of
likely output values from them.

Given a stochastic system S, we have updateg : States X Ing — DStates. From this,
we can get a stochastic map:

idxn o updateg
DStates X Ing —— DStateg X DIng — D(Stateg X Ing) ——— DStateg

which will let us iterate. We can see that this sends a probability distribution p on
states and an input i to the distribution

S Z p(s")updateg(s’, i)(s).

s’€Stateg

2.3 Monadic systems theories and the Kleisli category

We have now seen two sorts of non-determinism expressed by commutative monads.
To each of these we associated a systems theories:
¢ To the powerset monad P, we associated the systems theory of possibilistic sys-
tems. This is because a map f : A — PB is a possibilistic map — it assigns a set of
possible images to each element a € A.
¢ To the probability distribution monad D, we associated the theory of stochastic
systems. This is because a map f : A — DB is a stochastic map.
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In general, for any commutative monad M we call a map of the form f : A — MB a
Kleisli map. The structure of a monad on M lets us compose Kleisli maps, giving us the
Kleisli category of the monad. The commutativity then makes the Kleisli category into
a symmetric monoidal category.

Definition 2.3.0.1. Let M : C — C be a commutative monad on a cartesian category.
The Kleisli category KI(M) is defined as follows:
* The objects of KI(M) are the same as those of C.
e Amap f: A~ BinKI(M)isamap f : A — MBin C.
¢ Theidentity idg : A > Aisna : A - MA.
e For f : A~ Band g : B w C, their composite is f g™ : A —» MC. In do
notation, the Kleisli composite is given by

do
(f59)(a) = b f(a)|.
g(b)

Since gM = Mgy, the Kleisli composite may be equivalently defined as f Mg p.
The Kleisli category of M becomes a symmetric monoidal structure with with the
tensor A X B and 1. Note that although A X B is cartesian in C, it will rarely be cartesian
in KI(M).

We can understand Kleisli composition a bit better if we introduce a graphical
language for monads.! This will also help us later in Section 2.6.4 when we learn about
biKleisli composition. We will draw an object of our category X € C as a string:

and amap f : X — Y as a bead:

%

Composition is drawn by connecting strings, and the identity map on X is represented
by the same string which represents X. We will draw our monad M : ¢ — C as a red
string;:

We can draw the natural transformations 17 : ide = M and i : M? = M as

R and >_

respectively. The laws Eq. (2.3) can be written as:

o O

1f you know of it, this is just the usual string diagram language for 2-categories.
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The map Mf : MX — MY on objects is written:

—D—

Note that functoriality is baked in to this string diagram notation; the following diagram
could either be interpreted as M f § Mg or M(f §g), which are equal by the functoriality
of M:

FH—®

% L

The naturality of 7 and u is also baked into this notation; it just means we can move

them independently of the beads representing functions:

® &

With these conventions in hand, we can now represent a Kleisli map f : X — MY as

~a

*——

The unitn : X — MX is written

The composition of Kleisli maps f : X — MY and g : Y — MZ is then given by

(fr—)

We can use these string diagrams to easily check that KI(M) is actually a category. We
use the monad laws Eq. (2.3):

»&7 /fbﬁ
) ) e—y

(F) g h
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Example 2.3.0.2. The Kleisli category KI(P) of the powerset monad P is the category of
multi-valued maps. A Kleisli map f : A — PB assigns to each a € A a subset f(a) C B
of possible images of 4. Given another Kleisli map g : B — PC, their composite in the
Kleisli category g¥ o f : A — PC sends a € A to the union |, () 9(b). In other words,
a possible image of g o f is any possible image of g of any possible image of f.

Example 2.3.0.3. The Kleisli category K1(D) of the probability monad D is the category
of stochastic maps. A Kleisli map f : A — DB assigns to each 2 € A a probability
distribution f(a) on B. Given another Kleisli map g : B — DC, their composite
gP o f: A — DC in the Kleisli category sends a to the probability distribution ¢
Ywe f(a)(b) - g(b)(c). That is, since c is the image of a under g o f if there is a b which
is the image of a under f and c is the image of b under g, the probability that c is the
image of a is the probability of their being such a b.

Thinking of stochastic maps as conditional probabilities, where f : A — DB ex-
presses the conditional probability p(b | a) = f(a)(b), then we see that p(c | a) =
2ep P(U | a)p(c | b) as we expect from conditional probabilities.

Now we encompass all our non-deterministic examples in a single definition.

Definition 2.3.0.4. Let M : C — C be a commutative monad. A (discrete-time) M-

system S, also written as
Ing
S ,
Outs

is a system whose dynamics is given by a Kleisli map for M. It consists of:

updateg| (States
" | States

exposeg

* an object States of states;

* an object Outs of values for exposed variables, or outputs for short;

* an object Ins of parameter values, or inputs for short;

* amap exposeg : States — Outs, the exposed variable of state or expose map, which
takes a state to the output it yields; and

¢ aKleisli map updateg : StatesxIns — MStates. Thisis the dynamics or update map
which takes a state and a parameter and gives the next state in a non-deterministic
way determined by M.

This will let us more swiftly describe new non-deterministic systems theories.

For example, suppose that our system is free to choose which state it transitions to
next, but there’s a catch. For any state s and input parameter i, there will be a cost
updateg(s, i)(s”) € [0, o] associated to each other state s” — the cost of transitioning
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from s to s’ given the parameter i. A cost of 0 means that this transition is free; a cost
of co means it is prohibitively expensive, or impossible.

Definition 2.3.0.5. We will define a monad Cost on the category of sets. We think of a
Kleisli map f : A — Cost(B) as assiging the best-case cost of producing a b € B from
a given a € A. For practical reasons, we assume that only finitely many b € B are
possible (that is, have finite cost) to produce from an a € A.

e ForasetA,

Cost(A) :={c: A —[0,00] | {a € A| c(a) < oo} is finite}

is the set of cost functions ¢ : A — [0, co] which assign finite values to only finitely
many elements of A.

* ForasetA, ncost : A — Cost(A) assumes that we can only produce what we have,
but that if we already have it, it’s free. Formally:

0 ifa=da

oo otherwise

WCOSt(a)(a’) = {

e For a map with cost f : A — Cost(B), we define f°t : Cost(A) — Cost(B) by
FEH(e)(b) = minc(a) + f(a)(b).
ae

That s, given costs on elements of A and conditional costs on elements of B given
by f, the cost of an element of B is the cost of getting an a € A together with the
cost of producing b from that a. So, the best case cost of such a b is the minimum
over all a € A of the total cost of producing b from a. We note that the minimum
is achieved because only finitely many of the costs are finite.

* Given sets A and B, the cost of having an element of A and an element of B is the
sum of their costs.

o(c,c’)(a,b) = c(a) + (D).

Remark 2.3.0.6. We will prove that Definition 2.3.0.5 does indeed give a commutative
monad in the upcoming Proposition 2.3.0.11.

Now we can quickly define our new sort of non-determinism.

Definition 2.3.0.7. A (discrete-time) system with costs is a Cost-system.

Example2.3.0.8. Suppose we are trying to complete a project Proj that involves a number
of steps. Let Steps be the set of steps involved. The state of our project at any given
time is the set of steps we have completed so far: Statep,,; = PSteps. Now, we
may not want to show everyone exactly how our project is going, just that it has hit
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certain milestones. So we can let Outp,,; := Milestones be our set of milestones and
exposep,; : Statep,,; — Outp,oj send each project state to the most recent milestone
completed.

Now, in any project, there are some external conditions to be dealt with. Let
Inpro; = Externalities be the set of these externalities. We can assume that there is
a cost associated to choosing a next step to take which depends not only on what
steps have been completed so far but also on the current external conditions: that is,
we can assume we have a function cost : Statep,o; X Inpro; — Cost(Steps), and that
cost(s,)(x) = 0 whenever x € s is a step we have already completed.” Given this, we
can define the update of our project system as

updateproj(s,i)(s’) = Zcost(s, i)(x).
xes’
This tells us that the cost moving from having completed the steps s to having completed
the steps s’ given external conditions i is the sum of the cost of completing each step
in s’ which is not in s.

The crucial question we want to ask of this model is: how much will the project
cost in the best case scenario, given a sequence of external conditions? That is, we
will iterate the action of the system through the sequence of paramters starting at
(0 € Statepyoj, and then ask the cost of Steps € Statep,; at the end.

7 Although one could imagine this instead as a “maintenance” cost of maintaining the completion of
that step.

We took Cost to be the monad of best case costs. Let’s show that there is also a

max
t

monad Cos of worst case costs. Everything will be the same, but instead of

FEH(e)(b) = minc(a) + f(a)(b),

we will have

fCostmax(C)(b) = IZIGEX( c(a) + f(a)(D).

It is worth noting that this formula has a formal similarity to the following formula:

FRE®) = )" e(a)- f(a)b).
a€A
which resembles matrix multiplication. This is indeed the case; for any sort of (com-
mutative) scalars, we get a monad that reproduces matrix arithmetic with those scalars.
An appropriate set of scalars is called a commutative rig.

Definition 2.3.0.9. A commutative rig (for “ring without negatives””) is a set R equipped
with a commutative monoid structure (R, +,0) and a commutative monoid structure
(R, -, 1) such that

a-b+c)=a-b+a-c
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foralla, b, c € R.

“Rigs are also sometimes referred to as “semirings”.

Example 2.3.0.10. The following are important examples of rigs:

1. The natural numbers N with their usual addition and multiplication form a rig.
Similarly, the non-negative rationals and reals form rigs with their usual addition
and multiplication.

2. Any ring is a rig. In particular, Z, Q, and R are all rigs with their usual addition
and multiplication.

3. The tropical rigs are rigs where “addition” is actually minimum or maximum,
and “multiplication” is actually addition. In particular, the rig of best-case costs
[0, 00] is a rig with min as its addition and + as its multiplication. In this rig,
distributivity looks like

a+min{b,c} =min{a +b,a + c},
and a linear combination looks like
minc; + x;.
i€l
The additive unit is co, and the multiplicative unit is 0.
Similarly, there is a rig of worst-case costs on [0, co] with max as addition and + as
multiplication. This rig is remarkable in that its additive and multiplicative unit
are the same; they are both 0.

4. In fact, any ordered commutative monoid (M, +,0, <) (where if 2 < b, then
¢ +a < ¢ +b) which admits joins a V b (that is, least upper bounds) can be made
into a commutative rig with addition given by vV and multiplication given by +.

Proposition 2.3.0.11. For any commutative rig R, there is a commutative monad R®— :
Set — Set defined by

* R ® X is the set of R-linear combinations of elements of X.

* 11: X — R ® X sends x to the linear combination -x.

e For f: X > R®Y,wehave fR: R® X —» R®Y defined by

Z rixi | = Z rif (xi).

1 1

fR

* Forsets X and Y, wehave 0 : (R® X) X (R®Y) = R ® (X X Y) defined by

o Zrixi, Zs]-yj = eris]'(xi,yj)-
i i i
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2.4 Adding rewards to non-deterministic systems

A common way to think of a discrete-time system is as a decision process. We think of
the system A as an agent who needs to make a decision. The agent can choose an action,
an element of Ina, and will then transition into a new state — although it may not know
precisely which. We then ask the question: what is the best action for the agent to take
in a given situation?

Clearly, an answer to this question will depend on what it means for one action to be
better than another. The most common way to model this is by associating each action
with a real number reward. The bigger the reward, the better the action (and negative
rewards are harmful actions). If the agent is going to take a sequence of actions, we
want the rewards to accumulate so that the total reward of a sequence of actions is the
sum of each reward.

We can handle this accumulation of rewards, even in a deterministic system, with a
commutative monad.

Definition 2.4.0.1. Let (R, +,0) be a commutative monoid (such as the real numbers).
The R-valued reward monad or monad of R-actions is defined by the following data:
* To each set A, we associate the set R X A of pairs of a reward and an element of A.
* Foreachset A, wehaven, : A — RXA givenby yielding noreward: n4(a) = (0, a).
¢ For a function f : A — R x B which yields an element of B and a reward, we give
the function
fR:RxA—RxB

defined by fR(r,a) = (r + 1 f(a), naf (a)). This accumulates the reward 711 f(a)
from applying f to a onto a current reward r
e For sets A and B, we have

0:(RXA)X(RXB)— RxX(AXB)

given by o((r,a),(+’,b)) = (r +1’',(a,b)). The reward for doing two actions
simultaneously is the sum of their rewards.
We remark that this works not only in the category of sets, but in any cartesian
category.

Exercise 2.4.0.2. Show that the monad of R-valued rewards is really a commuativative
monad. That is, show that the above data satisfies all each of the laws in Defini-
tion 2.1.0.5. Do you see where the commutativity comes into the mix? o

We can then describe a system with reward as having an update updateg : States X
Ins — R X States which sends the current state and action to the next state together
with the reward for taking that action (in that state).
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Definition 2.4.0.3. A deterministic system with R-valued rewards is an (R X —)-system
in the sense of Definition 2.3.0.4

We would really like to mix our rewards with non-determinism. In particular, when
thinking of a system as an agent making decisions with imperfect information of its
environment, we would like to use stochastic systems to model this lack of perfect
information. The agent doesn’t know exactly what will happen when it performs an
action, but it has a good idea of what will probably happen.

The reward our agent gets should depend on what state the agent actually ends
up in, and not just the action it takes. Therefore, we want to know the probability of
transitioning to a next state and getting a certain reward. This has signature

States X Ing — D(R X Stateg).

We will show that the assignment A — D(R X A) forms a commutative monad. We
will show that more generally, if M is any commutative monad and R any commutative
monoid, then M(R X —) is a commutative monad again. We say that we can “put the
rewards R into the monad M”. We can do this explicitly using the map A : RXx MA —
M(R x A) defined to be the composite

I]MXid gM
A:=RxMA —— MRXxMA <5 M(R x A)

Intuitively, this takes a reward r € R and a non-deterministic 2 € MA and gives us the
non-deterministic pair (r, a).

Proposition 2.4.0.4. Let M be a commutative monad and (R, +,0) a commutative
monoid. Then the assignment A — M(R X A) is a commutative monad with the
following structure:

* Nmrx-) : A — M(R X A) is the composite A BrRxaA 2, M(R X A).

* Given f : A — M(R x B), we define fM(R*~) to be the following composite:

M(R
MR x A) 22D MR x MR x B) 25 MM(R x R x B)

uM MR
—> M(R X R X B) —— M(R X B).

Intuitively, this takes a non-deterministic pair (v, 2) and, gets the non-deterministic
pair f(a) = (fi(a), f2(a)), and then returns the non-deterministic pair (v + f1(a), f2(a)).
e Givensets A and B, we define ¢M®*7) : M(RxA) — M(RXB) tobe the composite

M T MoR
MR XA)— (RXB)— M((RXA)X(RXB))—> M(R XA XB).
Proof. It is not obvious that this will satsify the monad laws, but it is a rather straight-

forward check using the laws of M and R X —. We will not prove this result explicitly.
However, we will give a slick proof for experts.
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A monad structure on M (R X A) arising via a distributive law suchas A : Rx MA —
M(RxA)is equivalent to a lift of the monad M to the category of Rx— algebras —that s,
the category of R-actions. But M : C¢ — C is a commutative monad, and so in particular
it is a symmetric monoidal functor; therefore, it preserves commutative monoids and
their actions. For this reason, M extends to the category of (R x —)-algebras, giving
us the desired monad structure on M(R X —). This is again commutative as it is the
composite of monoidal functors and so also monoidal. m]

Example 2.4.0.5. Let’s see what this general theorem looks like in the case that R = R
and M = D. In this case, A : RXDA — D(R x A) sends the pair (7, p) of a reward and a
probability distribution and yields the probability distribution 6,p. Let’s see how this
lets us iterate the dynamics of a D(R X —)-system S. We have updateg : States X Ing —
D(R X States), giving us a probabilities updateg(s, i)(r, s") of transitioning from state s
on action i into state s” and receiving reward r. To iterate this, we form the composite

ao(idxn) updatesD(RX_)

D(R X Stateg) X Ing —— D(R X Stateg X Ing) —————— D(R X States)

which sends a pair (p, i) of a prior probability distribution on states and an an action to
the distribution (r,s) > Yo estates P(s")updateg(s’, i)(r, s) which gives the probability
of receiving the reward r and transitioning into the state s conditioned upon the prior
p. To iterate, we can continually apply this map to many inputs; let’s just do i and ;.
Then we end up with the distribution

(r,s) Z Z Z p(s) - updates(s”, i)(r”, ") - updateg(s’, /)(', s)

s’ eStateg s’€Stateg r”+r'=r

which is the probability that we transition to s in two steps and receive a cumulative
reward of .

2.5 Changing the flavor of non-determinism: Monad maps

In the same way that 0 is a number — or that commutative rings are non-commutative
rings — deterministic systems are non-deterministic systems, just with a trivial sort of
non-determinism. Deterministic systems are M-systems for the identity monad id(X) =
X. No matter what kind of non-determinism we are considering, we can always
consider a deterministic system as a non-deterministic system, because we can take the
update : State XIn — State and post compose by 1 : State — MState. This operation of
turning a deterministic system into an M-system has a few nice properties; for example,
if we iterate the system and then turn it into an M-system, we get the same result as if
we had iterated it as an M-system.

In general, if we have a commutative monad map M — N, then we can turn
M-systems into N-systems.
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Definition 2.5.0.1. A commutative monad map ¢ : M — N is a natural transformation
for which the following diagrams commute:

L]
nMm

A — MA

m l(,) (2.11)
NA

Mm2A 2% 24
“Ml l‘*N 2.12)

MATNA

Px¢
MAXMB —— NAXNB

GMl L,N (2.13)

M(A X B) T) N(A x B)

Proposition 2.5.0.2. There is a unique commutative monad map id — M, and it is
given by 1.

Proof. Let ¢ be such a map. Then condition Eq. (2.11) says precisely that ¢ = ny. So it
just remains to check that 1 is a commutative monad map. Now, Eq. (2.11) commutes
trivially, and Eq. (2.12) is in this case one of the diagrams defining M from Eq. (2.3).
Finally, Eq. (2.13) is in this case Eq. (2.7). |

We can then turn any deterministic system S into an M-system by defining its new
update to be 1)1 o updateg. For possibilistic systems, this says that only the state that S
actually transitions into is possible. For stochastic systems, this says that the probability
that the system transitions into the state it actually transitions into is 1.

Intuitively, stochastic non-determinism is a refinement of possibilistic non-determinism:
it not only tells us what is possible, but how likely it is. We can package this intuition
into a commutative monad morphism ¢ : D — P.

Proposition 2.5.0.3. There is a commutative monad morphism ¢ : D — P given by
sending a probability distribution to the set of elements with non-zero probability:

¢(p) ={a € A|p(a)# 0}.

Proof. We check that this satisfies the laws.
* (Eq. (2.11)) The only element which 6, assigns a non-zero probability is a.
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¢ (Eq.(2.12)) Given a formal convex combination }}; A;p; of probability distributions
pi € DA, we see that

Pu® (Z ?\iPi) ={aeAl Z/\iPi(ﬂ) # 0},
while

D¢

Zmpi) = D Aidac Alpi(a)#0)
i i
and so taking ¢ of that yields
{{a € A|pi(a)#0} | A; #0}
so, finally

i’ (9D

Z/\ipi)) = JtaeAlpia) =0}

Ai#0
Both paths around the square are equal since all of the A; and p;(a) are positive.

¢ (Eq.(2.13)) Let p be a probability distribution on A and g a probability distribution
on B. Then

P(o(p,9)) = {(a,b) | p(a)g(b) # 0}
while
a(¢(p), ¢(q)) = {(a,b) | p(a) # 04(b) # 0}.
These are equal since p(a)q(b) # 0 if and only if both p(a) and g(b) are not 0.

O

This lets us turn a stochastic system into a possibilistic system, saying that a transi-
tion is possible if it has non-zero probability.

Exercise 2.5.0.4. Show that Dngr : DA — D(R X A) is a commutative monad morphism.
That is, show that the following diagrams commute:

1.
A—" DA
mh |pe (2.14)
DR x A)
2.
p2A 22D R« DR x A))

‘uDl lHD(Rx—) (2.15)

DA —— 3 DR X A)
DT]R
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DA x DB 2P bR x A) x D(R x B)
aDl lgD(Rx—) (2.16)

D(A X B) T) D(R x A X B)
R

This shows that we can always consider a stochastic system as a stochastic system with
rewards by assigning every transition the reward 0. o

The reason we need all the laws for the monad morphism and not just an arbitrary
family of maps ¢ : MA — NA is that with these laws, we get functors KI(M) —
KI(N) which tell us that iterating and then changing our non-determinism is the
same as changing our non-determinism and then iterating. We begin with a useful
lemma.

Lemma 2.5.0.5. In the definition of a commutative monad map ¢ : M — N, the
commutativity of diagram Eq. (2.12) can be replaced by the commutativity of the
following diagram for any f : A — MB:

MA -2 NA

| Luson (2.17)

MBTNB

That is,
Mio=05( 50",

In do notation, this reads

do do
o xe—m||_ x — P(m)

69 H(F(x)

Proof. Before we begin, we note that, by the naturality of ¢, M § ¢ = ¢ § N¢:

Pma

M2A —25 NMA

M(bAl lNQJDA

MNA —— N2A
PNA

That is, we can take the top of Eq. (2.12) to be ¢ § N¢ rather than M@ § ¢.
We recall that fM = M f 5 uM, and similarly (f § )N = N(f 5 ¢) s u. So we may
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rewrite Eq. (2.17) as the solid outer diagram in

MA —2 4 NA

M fl lN f3No

] [

Now we are ready to prove our lemma. We note that the top square in this diagram
always commutes by the naturality of ¢. Eq. (2.12) is the lower square in this diagram;
so, if it commutes, then the outer square (which is Eq. (2.17)) commutes. On the other
hand, if Eq. (2.17) commmutes for all f : A — MB, we may take f =id : MA — MA
to find that the outer square of Eq. (2.18) becomes just Eq. (2.12). m]

Proposition 2.5.0.6. Let ¢ : M — N be a commutative monad morhpisms. Then there
is a strict symmetric monoidal functor

¢. : KI(M) — KI(N)

acting as the identity on objects and sending the Kleisli map f : A — MB to the

composite

é.f = AL MB L NB.

Proof. We will check that this is a functor; that it is strictly symmetric monoidal follows
from this and from the fact that it acts as the identity on objects. The identity ny : A —
MA in KI(M) gets sent to ¢.nm = nm § ¢. This equals ny : A — NA by Eq. (2.11).
Given f : A — MBand g : B— MC, their composite is f § g™ : A — MC, so that
o(f39M) = fs9" 50
=fs503(g50)N by Lemma 2.5.0.5
= (@-F)dug)".

O

We can also check that ¢. is a functor using our string diagram notation for monads.
In that notation, ¢ : M — N is written as

and would satisfy the laws:

=
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ST

(As before, these diagrams are not really equipped to describe the commutativity of
monads, and so we are only using the laws concerning the unit and multiplication.)
The action of ¢. on a Kleisli map f : X — MY is then written as

(f)

We can check that ¢. is functorial quickly and diagrammatically:

=7

T G
fg

2.6 Wiring together non-deterministic systems: the

generalized lens construction

We can imagine, as Claude Shannon did, that this source is an interlocutor commu-

Consider a stochastic source process

nicating over a wire. Suppose we have another interlocutor who reads the signal
generated by our source and generates their own signal in repsonse:

Transformer

Having these two models, we can form a new stochastic source by considering them

Source @ Transformer

We imagine that the Transformer listens to the signal generated by the Source, but with

together:

noise p on the wire. This wiring diagram
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can be described as a monadic lens (j}ﬁ ) : (Azc ) s ((1: ):
¢ f:AXC — Cis the projection ;.
e f#: AxCx1— DBispomn; where p: A — DB is the stochastic function
describing the noise on the wire.
This new notion of monadic lens which lets us wire together non-deterministic systems
will be the focus of this section.

In Section 1.3, we saw how to wire together systems deterministically, and using
functions from an algebraic theory on the wire. This worked because wiring diagrams
could be interpreted as lenses, and deterministic and differential systems were also
lenses; then we could just compose them.

But non-deterministic systems are not lenses in a cartesian category; they have that
monad sitting over the states in the codomain of update:

updateg : States X Ing — MStates.

It may appear that we could consider this as a map in the Kleisli category, and just take
lenses in the Kleisli category. But in the Kleisli category, the operation X is rarely a
cartesian product, and we can only describe lenses in cartesian categories. The reason
we can only describe lenses in cartesian categories is because in the formula for the
passback of a composite of lenses, we use a variable twice; that is, we use the diagonal
map A : AT — A* X AT, a feature of cartesian categories.

We will need a new perspective on lenses and lens composition which suggests how
to change the passback of the lenses. It is worth noting that we only need to duplicate
in the passforward direction; we should be free to change the passback direction.

In this section, we will give a new perspective on the category of lenses using the
Grothendieck construction. This perspective constructs the category of lenses out of an
indexed category Ctx_ : C°P — Cat of objects of the cartesian category C in context. This
construction works for any indxed category A : C°? — Cat, which lets us define a
notion of A-lenses using any indexed category. By choosing an appropriate indexed
category, we will arrive at the notion of M-lenses for a commutative monad M; this will
give us the wiring diagram calculus for non-deterministic systems that we wanted.

First, we introduce the abstract categorical notions of indexed category and the
Grothendieck construction.

2.6.1 Indexed categories and the Grothendieck construction

An indexed category A : C°P — Cat is a family of categories A (C) that varies functo-
rially with an object C € C of the base category C. We will intepret the base category
C as the category of passforward maps, and the categories A (C™) as the categories of
passback maps that take C* as an extra argument.
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Definition 2.6.1.1. A strict indexed category A : C°? — Cat is a contravariant functor.
We call the category C the base of the indexed category 4. Explicitly, an indexed
category A has:

* A base category C.

e For every object C € C of the base, a category A(C).

e For every map f : C — C’ in the base, a pullback functor f* : A(C’) — A(C),
which we think of as “reindexing” the objects of A(C’) so that they live over
A(C).

e Reindexing is functorial: (f $¢)* = ¢*$ f* and id" = id.

Remark 2.6.1.2. We have given the definition of a strict indexed category. A general
indexed category is a pseudo-functor A : C°°? — Cat, which is like a functor but
functoriality only holds up to coherent isomorphism. As in the case of monoidal
categories, the coherences in the isomorphisms are often just bookkeeping trivialities.

However, the theory of strict indexed categories is noticeably easier, and most of
our examples will be strict. Since we will mostly be using strict indexed categories, we
will often refer to them simply as “indexed categories”.

Indexed categories are quite common throughout mathematics. We will construct
a particular example for our own purposes in Section 2.6.2, and more throughout the
book.

Example 2.6.1.3. Recall that a dependent set is a function X : A — Set from a set into the
category of sets. We have an indexed category of dependent sets

Set!™) : Set®® — Cat

which is defined as follows:

e To each set A, we assign the category Set” of sets indexed by A. The objects of
Set! are the sets X : A — Set indexed by A, and amap f : X — Y is a family
of maps f; : X, — Y, indexed by the elements 2 € A. Composition is given
componentwise: (f $g), = fa $ ga-

¢ To every function f : A” — A, we get a reindexing functor

f*:Set! — Set?’

Given by precomposition: X — X o f. The indexed set X o f : A” — Set is the set
Xy on the index a” € A’. The families of functions get reindexed the same way.
* Since our reindexing is just given by precomposition, it is clearly functorial.
We will return to this example in much greater detail in Chapter 4.

If we have an family of sets A : I — Set indexed by a set I, we can form the disjoint
union );c; A;, together with the projection m : }};.; A; — I sending each a € A; to
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i. The Grothendieck construction is a generalization of this construction to indexed
categories. Namely, we will take an indexed category A : ¢ — Cat and form a new
category

A(C)

which we think of as a “union” of all the categories A(C). But this “union” will not
be disjoint since there will be morphisms from objects in A(C) to objects in A(C’).
This is why we use the integral notation; we want to suggest that the Grothendieck
construction is a sort of sum.2

Definition 2.6.1.4. Let A : C°? — Cat be an indexed category. The Grothendieck
construction of A

A(C)
is the category with:
¢ Objects pairs (‘é) of objects C € C and A € A(C). We say that A “sits over” C.
* Maps ()}) : (é) =3 (‘é:) pairsof f:C - C'inCand f, : A — f*A’ in A(C).

¢ Given (J}b) : (é) = (é:) and (Z;) : (‘é:) = (é::),their composite is given by

(fb) . (gb) _ (fb 5 f*%)
9 =

f] \g fiy
Written with the signatures, this looks like

AifAQMWMZUWM"

Ci)c/i)c//

¢ The identity is given by (ij? ) : (é) = (é)

Exercise 2.6.1.5. Check that Definition 2.6.1.4 does indeed make f “Ca (C) into a
category. That is, check that composition as defined above is associative and unital.
o

Pure and cartesian maps. A map in a Grothendieck construction is a pair (J}b) :

(é) =3 (é:) ofmaps f: C = C’and f, : A — f*A’. Itis not too hard to see that a map

2The Grothendieck construction is an example of a lax colimit in 2-category theory, another sense in
which it is a “sort of sum’.
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is an isomorphism in a Grothendieck construction if and only if both its constituent
maps are isomorphisms in their respective categories.

Proposition 2.6.1.6. Let A : C°°? — Cat be an indexed category and let ({ﬁ’ ) : (/é ) =
(é: ) be a map in its Grothendieck construction. Then (Jj? ) is an isomorphism if and

only if f is an isomorphism in C and f;, is an isomorphism in A (C).

Proof. First, let’s show that if both f and f, are isomorphisms, then (j}b) is an iso-
morphism. We then have f™! : C’ — C and fb‘1 : ffA” — A. From fb‘l, we can
form (f71)*(f,") : (f ') f*A” — (f ')A, which has signature A’ — (f~!)"A because
flsf=id:
—1ys( -1
A==y pa 0 ya

Now, consider the map ((f _;)j]f a ) : (é: ) = (‘é) We’ll show that this is an inverse to
(f;" ) Certainly, the bottom components will work out; we just need to worry about the
top. Thatis, we need to show that f*((f ™) f;)o f, = idand (f ) (fy)o(f ') (f;!) = id.
Both of these follow quickly by functoriality.

t J}’ ) is an isomorphism with inverse (g; ) Then

On the other hand, suppose tha
gf =id and fg = id, so f is an isomorphism. We can focus on f,. We know that
f*gy o fy = id and g*f, o g, = id. Applying f* to the second equation, we find that

fv o f*gy =1id, so that f} is an isomorphism with inverse f*g,,. m]

This proposition suggests two interesting classes of maps in a Grothendieck con-
struction: the maps (J;'Z ) for which f is an isomorphism, and those for which f, is an

isomorphism.

Definition 2.6.1.7. Let A : C°P — Cat be an indexed category and let (?’3 ) be a map in

its Grothendieck construction. We say that (?b ) is
* pureif f is an isomorphism, and
e cartesian if f, is an isomorphism.

The pure maps correspond essentially to the maps in the categories 4 (C) at a given
index C, while the cartesian maps correspond essentially to the maps in C.

Remark 2.6.1.8. The name “pure” is non-standard. The usual name is “vertical”. But
we are about to talk about “vertical” maps in a technical sense when we come to double
categories, so we've renamed the concept here to avoid confusion later.

Example 2.6.1.9. We have often seen systems that expose their entire state, like Time of
Example 3.3.0.7. We will soon see that lenses are maps in a Grothendieck construction.



80 CHAPTER 2. NON-DETERMINISTIC SYSTEMS THEORIES

Considered as lenses, these systems are pure in the sense that their expose function is
an isomorphism.

Exercise 2.6.1.10. Let (Jj[? ) and (Z; ) be composable maps in a Grothendieck construc-
tion,
1. Suppose that (Z;) is cartesian. Show that (J}" ) is cartesian if and only if their
composite is cartesian. Is the same true for pure maps?

tfb

2. Suppose tha ( ¥ ) is pure. Show that (gg” ) is pure if and only if their composite

is pure. Is the same true for cartesian maps?
%

2.6.2 Maps with context and lenses

In this section, we'll see the category Lense of lenses in a cartesian category C can
be described using the Grothendieck construction. To do this, we need some other
categories named after their maps (rather than their objects): category of maps with
context C for some a given C € C.

Definition 2.6.2.1. Let C be a cartesian category and let C € C. The category Ctxc of
maps with context C is the category defined by:

* Objects are the objects of C.

* Maps f : X w» Yaremaps f :CxX — Y.

* The compositego fof f : X w» Yand g :Y ~ Zis the map

(c,x)—glc, f(c,x):CxX — Z.

Diagrammatically, this is the composite:

AcxX Cxf g
CXX— (CXCXxX—D>CXxY—>Z.

¢ The identity id : X ~» X is the second projection 1 : C X X — X.

We can prove that Ctxc is a category using a similar string diagrams to those we
used in Section 2.3. We have a functor X — C X X : ¢ — C which we can draw as a
blue string:

If we represent X € Cby thestring _ then we represent C X X as

We can therefore represent a morphism f : C X X — Y in the context of C as a bead

like this:
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To compose maps in context, we need the diagonal map Ac X X : Cx X - CxCx X
and the second projection 112 : C X X — X. Since these maps are natural in X, we can
draw them as

and .

A

Then the composition in Ctxc of mapsincontext f : CXX — Yandg:C XY — Zis
drawn as:

(F) (9)

\

and the second projection 115 : C X X — X is drawn

—e

This is exactly dual to the story about Kleisli composition we saw in Section 2.3! To
show that Ctxc is a category, we need to note that the following equations hold:

—
<

(Ac X X)§ (2 x X) =idexx = (Ac x X) 5 (C x m2)

G

These say that

and
(Ac X X)5(CXAcxX)=(AcxX)s(Ac X X X C).

These hold by some simple work in the cartesian category C (see Exercise 2.6.2.2). On
elements, the first says that the composite x - (x,0) — x and x +— (0,x) — x are
both the identity function x + x. The second says that x — (x, x) — ((x, x), x) equals
x — (x,x) = (x,(x,x)), at least when we forget about the inner parentheses.

With these laws in hand, we can prove associativity and identity of composition in
Ctxc by appealing to the following diagrams:

e
F) (9) (h) (f) (9) (h)



82 CHAPTER 2. NON-DETERMINISTIC SYSTEMS THEORIES

Exercise 2.6.2.2.  Show that the following composites are equal in any cartesian cate-

gory:
1.
(Ac X X) 5 (m2 X X) = (Ac X X) § (C X 112)

These are both maps C x X - C xC x C x X.
2.
(Ac X X)5(CXAc xX)=1idexx = (Ac X X) § (Ac X X x C).

These are all maps C x X — C x X.

Exercise 2.6.2.3.  Show that Ctx; is equivalent to the underlying cartesian category C.
In other words, maps in the context 1 have “no context”. ¢

Together, we can arrange the categories of maps with context into an indexed cate-
gory.
Definition 2.6.2.4. The indexed category of maps with context

Ctx_ : C°P — Cat

is defined by:
¢ For C € C, we have the category Ctxc of maps with context C.
® Foramapr:C" — C, we get a reindexing functor

r*: Ctxc — Citxcr

given by sending each object to itself, but each morphism f : C X X — Y in Ctxc
to the map r*f := f o (r X X):

C’XXB-(—X—)CXXLY.

On elements,
rf(c’,x) = f(r(c), x).

We note that this is evidently functorial.

To see that to every r : C" — C we get a functor r* : Ctxc — Ctxc/, we can use string
diagrams. We can draw r as

so that the action of r* is given by

@_
7
=
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If we note that r satisfies the following laws:

we can then prove that r* is a functor graphically:
(9)

()

Those laws mean that x + r(x) = Ois equal to x = 0 and x — r(x) — (r(x), 7(x))
equals x - (x, x) = (r(x), r(x)).

Proposition 2.6.2.5. The category Lensc of lenses in C is the Grothendieck construction
of the indexed category of opposites of the categories of maps with context:

CeC
Lense = / Ctxgp.

Proof. We will expand the definition of the right hand side and see that it is precisely
the category of lenses.
The objects of / ceset Ctxgp are pairs (2; ) of objects of C. All good so far.

A map in /Cec Ctx(():p is a pair (fu ) with f : A* — B*and f*: A=~ f*B”in Ctx2p+.

f
Now, f*B~ = B~ so f# has signature A~ ~» B~ in Ctlei, which means f* has signature
B~ ~» A7 in Ctx4+, which means that f fisa really a function A* X B~ — A™. In other

. rCes . . . . .
words, a map in f eset Ctx(ép is precisely a lens. We note that the identity map is the
identity lens.

. .. rcee . o
Finally, we need to check that composition in f © Ctxgp is lens composition. Sup-

pose that (J;ﬁ) : (ﬁ:) S (g;) and (9;) : (g;) S (g) are lenses. In fcesetCtxgp,

their composite is
(f ‘ghof '*)
gof |
The bottom is all good, we just need to check that the top — which, remember, lives

in Ctx?fi — is correct. Since the composite up top is in the opposite, we are really
calculating f¥ o f*g# in Ctxa+. By definition, this is

(a*,c7) = fAa*, gt (f(ah), )

which is precisely their composite as lenses! m]
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Exercise 2.6.2.6.  Make sure you really understand Proposition 2.6.2.5. ¢

We take Proposition 2.6.2.5 as paradigmatic of the notion of lens, and use this idea
to define lenses from any indexed category.

Definition 2.6.2.7. Let A : C°? — Cat be an indexed category. The category of A-
lenses is the Grothendieck construction of 1 °P:

CeC
Lens ; = A(C)°P.

Example 2.6.2.8. Recall the indexed category Set™) : Set — Cat of dependent sets

from Example 2.6.1.3. A Set(-lens (/;u ) : ( a?jﬁ) S (bgér ) consists of
* A passforward function f : A* — B*, and

¢ A family of passback functions faﬂ :B™ — A” foreverya € A*.
We call these dependent lenses.

2.6.3 Monoidal indexed categories and the product of lenses

To describe wiring diagrams, it is not enough just to have the category of lenses; we
also need the monoidal product

A-
®
At

B_
B+

At x B*

A~ X B‘)

We need this product to put systems together before wiring them. In order to wire
together non-deterministic systems, we will need to generalize this product of lenses
to generalized lenses. For this, we will need the notion of an monoidal indexed category
and the associated monoidal Grothendieck construction as defined in [MV18].

Definition 2.6.3.1. A monoidal strict indexed category (A : C°P — Cat, ®, 1, R, 1) consists
of:
¢ A strict indexed category A : C°P — Cat,
¢ A monoidal structure (®,1) on C,
* A natural family of functors ® : A(C) x A(C’) — A(C ® C’) and 1 € A (1) with
natural isomorphisms

A1 X (Az EA3) =~ (Al IZIAQ) IZAg,

iRA=2A=2Ax].
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These natural isomorphisms are required to satisfy coherences reminiscent of
those of a monoidal category.

Theorem 2.6.3.2 ([MV18]). Let A : C°P — Cat be a monoidal indexed category. Then
the Grothendieck construction f “a (C) may be equipped with a monoidal structure

A_
A+

B-
®
B*

A X B~
AT ® BT

If the base of indexing C is cartesian, then there is a simpler way to describe a
monoidal structure on an indexed category A : C°P — Cat.

Theorem 2.6.3.3 ([Shu08]). Let C be a cartesian category. Then a monoidal structures
on a strict indexed category A : C°P — Cat whose underlying monoidal structure on
C is given by the cartesian product may be equivalently given by the data:
¢ A monoidal structure ® : A(C) X A(C) —» A(C)and 1 € A(C) foreach C € C,
¢ A lax structure on each reindexing r* : A(C) — A(C’) foreachr : C’ — C, so
that the lax structure on (1, o r1)* is the composite of the lax structures on r, and
.

Proof Sketch. We define the product ® : A(C)x A(C) — A(C)as®oA* where A: C —

C x C is the diagonal. We similarly define 1 € A(C) as !*(1). O

We use Theorem 2.6.3.3 and Theorem 2.6.3.2 to recover the product of lenses.

Lemma 2.6.3.4. Let C be a cartesian category and let C € C. The category Ctxc has a
monoidal structure givenby X ® Y .= X XY, 1 :=1, and

F®g=CxXXYBCxCxXxYSCxXxCxyYZhxxy.

In terms of elements,

(fe®g)c,x,y) = (f(c,x),g(c, y)).

Proof. We begin by showing that ® is functorial:

(f o f)®(g og)ic,x,y) = ((f" o f)c,x),(g" og)c,y))
= (f'(c, flc,x)),9'(c,g'(c,y)))
=(f'®g')(f(c,x),9(c,y))
=(f'®g)o(f®g)(x,y)

Next, we need associators X®(Y®Z) = (X®Y)®Z and unitors 19X = X = X®1. We
may get these by applying !" : ¢ — Ctxc (whichsends f : X — Yto fom; : CxX —7Y)
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to the associators and unitors of C. It is straightforward to see that these are natural
with respect to maps in Ctxc. O

Proposition 2.6.3.5. Let C be a cartesian category. Then Ctx_ : C°° — Cat may be
endowed with a monoidal structure so that the induced monoidal structure on the
Grothendieck construction is the product of lenses

A_
A+

B~
®
B+

A~ X B~
At x Bt|’

Proof. By Lemma 2.6.3.4, there is monoidal structure on each Ctxc. We note that by
definition, each reindexing r* : Ctxc — Ctxcr alongr : C" — C preserves this monoidal
structure strictly.

r(f®g)c, (x,y) = (f ® g)(r(c), (x,v))
= (f(r(c"), %), g9(r(c"), v))
=" ferg)c, (x,y)).

The rest then follows by Theorem 2.6.3.3 and Theorem 2.6.3.2. m]

2.6.4 Monadic lenses as generalized lenses

Now we are ready to define monadic lenses. We have a formula for getting lenses out
of an indexed category; we just need to find the right indexed category. We will do
this by modifying the definition of Ctxc so that a map is of the form C x X — MY. If
the resulting categories Ctx' remain indexed over C, we have a ready made notion of
monadic lens and monadic lens composition given by the Grothendieck construction!

We will be able to define composition in the categories Ctxl(\:/I by making use of the
natural map

ﬂXMX o
A:CXMX —— MCXMX — M(C X X)

Using string diagrams, we may draw this map as

<

Using do notation, we may describe this map as

do 1
(c,m) ¢ en@)) 1%y
X —m
1, %) e
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Definition 2.6.4.1. Let C be a cartesian categoryand M : C — € a commutative monad.
For an object C € C, there is a category C’cxlgI (called the biKleisli category of C X — and
M) with:

* Objects the objects of C.

®* Map f: X w Yaremaps f : C XX — MY in C.

* The identity X ~» X is 7 § 7).

¢ The composite f§gof f : X ~> Yand g : Y ~» Z is given by

fsg=(AcxX)s(Cxf)sAsMgspu.
CxX—->CXCxX—-CxXxMY - M(CXxY)— MZ—>MZ

Here, A := (n X MX) $ 0. Using do notation, we may describe the composite f § g
as

do

X ¢« m
y — f(c,x)
g(c,y)

(c,m) —

We can show that Ctx' is indeed a category using string diagrams. In string
diagrams,amap f : C X X — MY in Ctxl(\:/I is drawn

=

and composition is drawn

The identity is drawn

In order to show that this composition is unital and associative, we will need to show
that the following four laws hold relating A to the structure of M and of C x (-):

K - (2.20)
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We will prove these laws in the upcoming Lemma 2.6.4.2.3 Using them, we can see

that composition in CtxlgI is unital and associative.

A Ta s

< >Z/f\>—</@>ﬁt

This shows that Ctx]gI is a category. We now prove the crucial laws which undergird

the above graphical arguments.

3 And we will re-express them as commutative diagrams there.
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Lemma 2.6.4.2. Let M : C — C be a commutative monad on a cartesian category C.
Then the map A : C x MX — M(C x X) defined by

A=MxMX)so

is natural in both X and C. Furthermore, the following four diagrams commute:

Cxn
CxX — CxMX

x lA (2.23)

M(C x X)

CxMX —2 M(C x X)
2.24
X anz (224)
MX

C
C x M2X ot y Cx MX

/\l lA (2.25)

M(C x MX) —— M?(C x X) — M(CxX)

CxMX A y M(C x X)

ACxMXl [Maacx) (2.26)
CXCXMX —— CxM(CxX) — M(C xC xX)

Exercise 2.6.4.3. Prove Lemma 2.6.4.2 by showing that the diagrams commute. This
uses the properties of the commutativity o and naturality. You may find the do notation
helpful. ¢

In order to wire diagrams together, we also need the monoidal product on lenses.
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Lemma 2.6.4.4. Let C be a cartesian category and let M : ¢ — C be a commutative
monad. Then for any C € C, there is a symmetric monoidal structure on CtxlgI given
by X ® Y := X XY, with unit 1, and

F®g=CxXXYDCXCXXXYDCxXxCxYZE MX x MY 5 M(X xY).

With the do notation, f ® g may be defined as

do
z « f(c,x)

w —g(c,y)
n(z, w)

(c,x,y) =

Proof. We will use the do notation to argue this. The proofs in the do notation can,
with some care, be extended out into diagram chases if the reader desires to do so.

We will show that ® is functorial. Let f : X1 = Y1, 9: Xo = Y, f': Y1 — Z; and
g’ : Yz - Zz. Then

do
y1 < f(c,x1)

y2 < g(c, x2)
z1 < f'(c, 1)
z2 < g'(c,y2)
n(z1,z2)

do
1« f(c,x1)

z1 < f'(c,y1)
y2 < g(c, x2)
z2 < g'(c, y2)
n(z1,22)

(fegs(f®g)=(c,x1,x)mH

=(c,x1,x2)

=(f3f)®@gsg)
Note the use of commutativity.
Next, we need to give associators a : (X ®Y)®Z — X ® (Y ® Z) and unitors
0:18X > Xandr: X®1— X.
a(cl (x/ y)/ Z) :: T?(x/ (y’ Z))'
t(c, (+,x)) = n(x)
r(c, (x,%) = n(x)

These can easily be seen to satisfy the required coherences, and they are just defined
by shuffling the parentheses about. m]
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From this, we may finally prove the following theorem.

Theorem 2.6.4.5. Let M : C — C be a commutative monad on a cartesian category.
Then there is a monoidal strict indexed category

CtxM . %P — Cat

which sends an object C € C to the category Ctxj(\:/[ and which sendsamapr : C" — C
to the functor

r': CixM — CtxY]
which acts as the identity on objects and which sends a morphism f : C x X — MY to

the composite C’ X X X exX N MY.

Proof. All that remains to be proven is functoriality in C. Letting r : C’ — C, we get a
functor r* : Ctx¥' — Ctx¥) given by sending f : CxX > MY to fo(rxX): C'x X —
MY. In terms of elements, this means

A, %) = fr(e),x)

Using the do notation, we can quickly show that this is functorial:

(g o ), x) = (g0 f)r(c"), x)

do
= Yy« f(?’(C'), X)

g(r(c),y)

do
= y —r1rf(c, x)

rg(c’,y)
(r'gorf)c’, x)

To show that it is monoidal, we may also use the do notation:

r(feg)c,x,y)=(f ®g)r(c), x,y)

do
z « f(r(c), x)

w — g(r(c’), y)
n(z, w)

do
z — 1 f(c, x)

w—rg(c,y)
n(z, w)
= (" f)®(rg)c’, x,y)
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O
With Theorem 2.6.4.5 in hand, we may now define the category of monadic lenses.

Definition 2.6.4.6. For a commutative monad M : ¢ — C on a cartesian category, we
define the symmetric monoidal category of M-lenses to be the symmetric monoidal
category of CtxM-lenses:

c.c o
M ._ M
Lens; .—/ Ctxc

Exercise 2.6.4.7. Show that the category of M-lenses may be described as follows:
¢ Its objects are pairs (ﬁ: ) of objects of C.
¢ Its maps are M-lenses (f;ﬁ) : (2;) = (g;) where f : A* — B* and f* :
AT xXB™ - MA™.
o The identity is | ";3” ).
¢ Composition is defined by

[)E)- 1

where & is defined in the do notation as

do
ha*,c7) = b~ — g*(f(a*),c7)
fHa*,b7)

2.7 Changing the Flavor of Non-determinism

In Section 2.5, we saw how commutative monad maps ¢ : M — N let us change
the flavor of non-determinism. In particular, since the unit n : id — M is always a
commutative monad map, we can always interpret a deterministic system as a non-
deterministic system.

In this section, we’ll show that any commutative monad morphism ¢ : M — N
induces a symmetric monoidal functor Lenslc\fI - Lensg . We will do this using the
functoriality of the Grothendieck construction: any indexed functor induces a functor

on the Grothendieck constructions.

Definition 2.7.0.1. Let A : C°? — Cat and B : D°P — Cat be strict indexed categories.
A strict indexed functor (F, F) : A — B is a pair consisting of
e Afunctor F: C — @, and
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e A natural transformation F : A — ® o F°P. Explicitly, this is a family of functors
Fc : A(C) = B(FC) so that for any r : C" — C, we have that For = (FryoF.
If 4 and B are monoidal strict indexed categories, then an indexed functor (F, F):
A — B is strict monoidal if F(C; ® C;) = FC; ® FC; and F(A1 R A;) = F(A;) R F(A»),
and F and F send associators to associators and unitors to unitors.

Proposition 2.7.0.2. Let (F ,f) : A — B be a strict indexed functor. Then there is a

functor .
F c.e D:D
(F) : A(C) —>/ B(D)

)7 (27)

If furthermore (F, F) is strictly monoidal, then so is (i)

given by

Proof. We will show that this assignment is functorial. Recall that

(fb) . (%) _ (fb Ef*gb)
9 = .
£l \g fs9
We may therefore calculate:

(f) ((fb) . (%)) _ E(fp ‘9’f*,%))
FI\\F) g F(f39)
(FfisE(f*g)
|\ Ffsrg

_[ERs(FEfy(Egy)
- Ff3Fg

Do

We end by noting that (E) ( d ) = ( ;j ) by functoriality of F and F.

If (F,F) is strictly monoidal, then so is (i) because the monoidal structure of

the Grothendieck constructions are defined by pairing the monoidal structures of the
base. o
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Proposition 2.7.0.3. Let ¢ : M — N be a commutative monad morphism. Then there
is a strict monoidal indexed functor

(id, ¢.) : CoM — CblY.

Proof. We need to give a family of strict monoidal functors ¢. : Ctxl(\:/I — Ctxlg , natural
in C. We take ¢. to act as the identity on objects, and for f : C X X — MY/, we define

¢uf =[5

We now show that this is functorial using the do notation:

O(fsg)=f395¢

do
=(c,x)— ¢ Yy« f(c,x)
g(c,y)
do
=(c,x) y — ¢(f(c, x)) by Lemma 2.5.0.5
P(g(c, y))

= Guf 599
We also note that ¢.id = id since
$.(id) =23 M 3 P
= T2 51N
=id
We may also use the do notation to prove strict monoidal-ness. We begin by noting

that the functor is strictly monoidal on objects since it is identity on objects and the
monoidal structures are defined identically.

do
1« f(c,x1)

Y2 < g(c, x2)

M1, y2)

O«(f ®g) = (c,x1,x2) — ¢

do
y1 < ¢(f(c, x1))

y2 — ¢(g(c, x2))
dnmy1, y2)

do
y1 < ¢(f(c, x1))

y2 < ¢(g(c, x2))
nn(y1, v2)

=(c,x1,x2)

=(c,x1,x2)
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= Quf ® Pug.
O

Corollary 2.7.0.4. Let ¢ : M — N be a commutative monad morphism. Then there is

a strict monoidal functor

¢. : Lensé/I — LensY

(-7

Proof. We may apply Proposition 2.7.0.2 to Proposition 2.7.0.3 (or, more precisely, to

Given by

the pointwise opposite (id, ¢.")). ]

The theorem has a useful corollary: we can always wire together non-deterministic
systems with wiring diagrams.

Corollary 2.7.0.5. For any commutative monad M : C — C, there is a strictly monoidal

functor

. M
1. : Lensc — Lens; .

Example 2.7.0.6. Suppose we have two people S; and S, flipping coins. S; flips a single

{heads,tails}

1 1
updateg (L) = Eheads + Etalls

fair coin and exposes its value:

That is, States, = {heads, tails}

exposeg = id.

On the other hand, S, will flip either a left coin or a right coin, and expose the resulting
value. But these coins are biased in different ways The coin that S flips is determined
by whether it sees heads or tails.

{heads,tails}

That is, States, = {heads, tails} and

1 3 .
updateg (_, heads) = Zheads + Ztalls
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i 3 1 .
updateg (_, tails) = Zheads + L—Ltalls

exposeg, = id.

We can now imagine that S; sends the result of their coin flip over a channel to S,. But

this channel has noise given by

9 1 .
p(heads) = —heads + —tails

10 10
(t '1)—lh ds + —tail
pals—loeas 108.13

Explictly, we will compose with the wiring diagram:

i 4 () B! ic
S B A ]
We can describe this as a D-lens
wh : |n51 X |n52 - {*}
w Ou’cs1 X Ou’cs2 Outs2

e w : Outs, X Outs, — Outs, is the projection m,.
e w?: Outs, x Outs, X {*} — D(Ins, X Ins,) is given by

wh(x, y,%) = (+, p(x)).

We may now form the composite system:

DECeoN

This has states States, X States,, exposes just the state of States,, and updates in the
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following way:

1 (il + lE) (heads, heads)
21104 104 ’
+ 1 (lé + o1 (tails,heads)
21104 104 ’
update((_,_),*) =
+ 1 (i% + 11 (heads, tails)
21104 104 ’
n 1 (lé + o1 (tails, tails)
21104 " 104 ’

2.8 Summary and Further Reading

In this chapter, we extended the notion of lens to monadic lenses to accomodate non-
deterministic systems. We saw how any commutative monad gave rise to a theory of
non-determinism, from possibilistic to probabilistic to costs and rewards. One nice
thing about monads is that you can play with them in Haskell. There are plenty of
places to learn about monads in Haskell (perhaps too many), so I won't make any
specific recommendations. For more about monads in category theory, check out
Chapter 5 of [Per21].

We then saw how the notion of lens could be generalized to any indexed category.
This notion of generalized lens is due to Spivak in [Spi19]. This generalization of lens
will underly our formal notion of systems theory, which will be introduced in the next
chapter.

Monads were first introduced as “standard constructions” by Huber [Hub61], and
were often called “triples” in early category theory. The name “monad” was coined
by Bénabou in [Bén67]. Kleisli defined his eponymous categories in [Kle65], and
Moggi’s seminal work [Mog89] [Mog91] showed the usefulness of Kleisli’s categories
in functional programming.






Chapter 3

How systems behave

3.1 Introduction

So far, we have seen how to wire up dynamical systems. But we haven't seen our
dynamical systems actually do anything. In this section, we will begin to study the
behavior of our dynamical systems. We will see particular kinds of behaviors our
systems can have, including trajectories, steady states, and periodic orbits.

Informal Definition 3.1.0.1. A behavior of a dynamical system is a particular way its
states can change according to its dynamics.

There are different kinds of behavior corresponding to the different sorts of ways that
the states of a system could evolve. Perhaps they eventually repeat, or they stay the
same despite changing conditions.

In Section 3.3, we will give a formal definition of behavior of dynamical system.
We will see that the different kinds of behaviors — trajectories, steady states, periodic
orbits, etc. — can each be packaged up into a single system! that represents that kind
of behavior. This system will behave in exactly that kind of way, and do nothing else.
Maps from it to a system of interest will exhibit that sort of behavior in the system of
interest.

We will then investigate the definition of behaviors in terms of a double category
which merges together the category of lenses with a category of charts (which are
important for defining behaviors). We will see that behaviors are certain squares in
this double category, and see what using this double category can tell us about how
behaviors of component systems relate to the behaviors of composed systems.

1Or family of systems.

99
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3.2 Kinds of behavior

3.2.1 Trajectories

A trajectory is the simplest and freest sort of behavior a system can have. A trajectory
is just “what a state does”. In this section, we will see what trajectories look like in the
deterministic and differential systems theories.

Trajectories in the deterministic systems theory

In the introduction, we saw that the Clock system Eq. (1.2) has behaves in this way if it

].1 > 12 > 1 > 2 >

This sequence of states of the clock system, each following from the last by the
dynamics of the system, is called a trajectory. When our systems have input parameters,
we will need to choose a sequence of input parameters to feed the system in order for
the states to change.

Definition 3.2.1.1. Let

update Stateg Ing
Si= o ok S
exposeg Stateg Outs
be a deterministic system. Suppose that p : N — Ing is a sequence of parameters for S.
Then a p-trajectory of S is a sequence s : N — States of states so that
updates(si, Pz’) = Si+1

foralli € N.
If additionally v : N — Outs is a sequence of output values for S, then a ( P )—tmjectory
is a sequence of states s : N — States so that

updates(si, Pi) = Sit+1

exposes(s;) = v;

for all i € N. We call the pair (Z ) the chart of the trajectory s.

Its worth noting that a trajectory s : N — States in a deterministic system is
determined entirely by its start state so. This is what makes deterministic systems
deterministic: if you know the dynamics and you know what state the system is in,
you know how it will continue to behave.
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Example 3.2.1.2. Consider the SIR model of Example 1.2.1.7. Suppose that we let our
parameters (a,b) : N — Ingir be constant at .2 and .3 respectively: that is, a; = .2
and b; = .3 for all t. Then a trajectory for SIR with parameters (a, b) is a sequence of
populations (s, i, r) : N — Stategir such that

St+1 St — .25¢1;
i1 | = iy + 2541 — 344
Tt4+1 re + .30;

Here is an example of such a trajectory with a 1000 total people and one infected
person to start, that is (s, 7o, 79) = (999, 1, 0).

(s,i,7)
1000
900
800
700
600
500
400
300
200

100

Jaz: I don’t know how to actually plot this...

Example 3.2.1.3. If a deterministic system is written as a transition diagram, then the
trajectories in the system are paths through the diagram. Recall this system from
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Example 1.2.1.8:

/\g

dé‘)/

Suppose that p : N — {green, } alternates between green and . Then

a
o

starting at the top right state, a trajectory quickly settles into alternating between the
top two states:

§ 8585858

— —

Knowing about trajectories can show us another important role that deterministic
systems play: they are stream transformers. From a stream p : N — Ing of inputs and a
start state s € States, we get a trajectory s : N — States given recursively by

st+1 = updateg(st, pr).
We then get a stream v : N — Outs of output values by defining
vy 1= exposeg(st).

The system S is a way of transforming streams of input parameters into streams of
output values.

Proposition 3.2.1.4 (Deterministic systems as stream transformers). Let

update Stateg Ing
S= o ok S
exposeg Stateg Outg
be a deterministic system. Then for every sy € States, we get a stream transformation

function
. 1N N
transforms : Ing¢ — Outg

Given by

transforms(p)o = exposeg(so)

transforms(p);41 = exposeg(updateg(s;, pt))

where s;41 = updateg(s;, p;) is the trajectory given by so.

Exercise 3.2.1.5. Say how the system of Example 3.2.1.3 acts as a stream transformer
on the following streams:
1. por = greenand poi41 =
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2. p; = green.
3. po = greenand p; = forallt > 0. o

Later, in Section 5.3, we will see that given trajectories of component systems, we get
a trajectory of a whole wired system. Even better, every trajectory of the whole wired
system can be calculated this way.

Trajectories in the differential systems theory

In a differential system, there is no “next” state after a given state. All we know is
how each state is tending to change. So to define a trajectory in the differential systems
theory, we can’t just pick a state and see how it updates; instead, we are going to pick
a state s; for every time t € R which are changing in the way described by the system.

- updateg : Stateg - Ing
exposeg Stateg Outg

be a differential system. Suppose that p : R — Ins is a differentiable choice of parame-

Definition 3.2.1.6. Let

ters for all times t € R. Then a p-trajectory is a differentiable function s : R — States so
that

d
updateg(s, pr) = d_i(t)'

for all + € R. Here, % is the vector of derivatives % fori € {1,...,n} where n is the
number of state variables.

If, additionally, v : R — Outs is a differentiable choice of outputs, then a (Z)-
trajectory is a differentiable function s : R — States so that

d
updateg(s¢, pr) = d_i(t)

exposeg(s¢) = vy

for all t € R. We call the pair (Z ) the chart of the trajectory s.

Remark 3.2.1.7. A p-trajectory of a differential system is also referred to as a solution of
the differential equation it represents which choice of parameters p.

The definition of trajectory is what makes our differential systems actually describe
differential equations. Consider the Lotka-Volterra predator prey model from Sec-

tion 1.2.2:
dr
df = PRabbits * 7 — C1f7
Z} abbits f (3 1)
i = Cer — dFoxes f
Strictly speaking, this is not how we represent the system of differential equations
as a differential system. Instead, we would describe its update function update , :
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R3xR? - R3 as

51 lo b f
i its* T —C1fr
updateLK I , Rabbits — Rabbits 1
R dFoxes Cer — dFoxes * f

The differential equations Eq. (3.1) are the defining equations which make the function

S(t)
te | I(t) | R > R
R(t)
b .
a | Rabbits -trajectory. That is, we interpret a differential system (25;2;:: ) as a system
Foxes

of differential equations by considering the equations which define what it means for
as : R — States to be a trajectory.

Unlike deterministic systems, it is not necessarily the case that a state uniquely
determines a trajectory through it for differentiable systems. This is the case, however,
if the differential equations are linear.

Example 3.2.1.8. Consider the following variant of an SIR model proposed by Norman
Bailey in [Bai75]:

ds  _ —bSI

dt = 5+

dl  _ bSI

a Tt

dR  _

o =10l

That is,
—bSI
5 S+1
updategz [ [I || = % - bl|.

R bl

We note that the total population N = S + I + R will always be constant. Suppose, for
simplicity, that b is a constant. Suppose that 5o and Iy are initial values for susceptible
and infected populations respectively, and let x := é—% Then the function

S(t) Spe T
bxt

1 (l) = Ipe™ 1+¢
R [N~ (So+ et
will be a b-trajectory for SIR. This can be solved in greater generality, for variable

parameter b and for two separate parameters governing the transition from susceptible
to infected and infected to removed; see [BST19].



3.2. KINDS OF BEHAVIOR 105

Example 3.2.1.9. In this example, we will consider a simple RL-circuit:

vi R

The voltage across the resistor is Vg = IR while the voltage across the inductor is
Vi = L%. By Kirchoff’s voltage law, the total voltage differences, summed in an
oriented manner, must be 0. Therefore, —V + Vg + V[ = 0, or, in terms of %:

dl _V-RI
- L

We can express this RL-circuit as a differential system

updateg, | (R R2 x R*
: =
id R R
where o
v V —RI
updateg, | I, |R| | = T
L

We can then see that I : R — R defined by
1) = (1~ e7E

14
gives a | R |-trajectory for the RL system.
L

3.2.2 Steady states

A steady state of a system is a state which does not change. Steady states are important
because they are guarantees of stability: you know what they are going to keep doing
once you know what they are doing. A vase in a steady state is doing great, a heart in
a steady state is in need of attention.

Steady states in the deterministic systems theory

A steady state in the deterministic systems theory is a state which transitions to itself.
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Definition 3.2.2.1. Let
update Stateg Ing
S = o e S
exposeg Stateg Outs
be a deterministic system. For input parameter i € Ing and output value 0 € Outs, an

( ; )—steady state is a state s € States such that

updateg(s, i) = s,

exposeg(s) = o.

We call the pair ( ; ) the chart of the steady state.

Remark 3.2.2.2. Its important to note that a steady state is relative to the input parameter
chosen. For example, in Example 1.2.1.8, the top left state is steady for the input
parameter but not for the input parameter green.

Unlike with trajectories, a system might not have any steady states. For example,
the Clock has no steady states; it always keeps ticking to the next hour.

In the transition diagram of a finite deterministic system, steady states will be loops
that begin and end at the same node. Since such a system is finite, we can arrange the
steady states by their chart into a Ing X Outs matrix. For example, in Example 1.2.1.8,
we get the following {green, } x {a, b} matrix:

green

] 0 { z }
(3.2)
b {d g } 0

This is a “matrix of sets”, in that the entries are the actual sets of steady states. If we
just counted how many steady states there were for each input-output pair, we would
get this matrix:

green
a | 0 1

3.3
b[l O] (3)

In Section 5.2, we'll see that each wiring diagram gives a formula for calculating the
matrix of steady states of the composite system from the matrices of steady states of
the inner systems.

Exercise 3.2.2.3.  What are the steady state matrices of systems S; and S, from Exer-
cise 1.3.2.7? What about the combined system S? ¢
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Steady-looking trajectories. The reason we are interested in steady states is that they
are highly predictable; if we know we are in a steady state, then we know we are always
going to get the same results. But it is possible for us to always get the same outputs
for the same input even though the internal state keeps changing. These are special
trajectories, and we call them steady-looking trajectories.

Definition 3.2.2.4. Fori € Ins and o0 € Outs of a system S, a (; )—steady looking trajectory
is a sequence of states s : N — States such that

updateg(st, 1) = st41

exposeg(s;) = 0

for all t € N. We call the pair ( (l) ) the chart of the steady-looking trajectory s.

Remark 3.2.2.5. While the steady states of a wired together system can be calculated from
those of its components, this is not true for steady-looking trajectories. Intuitively, this
is because the internal systems can be exposing changing outputs between eachother
even while the eventual external output remains unchanged.

Exercise 3.2.2.6.  Consider the wiring diagram:

S =

llllll
Find systems S; and S, and a steady-looking trajectory of the wired system S which
is not steady-looking on the component systems. ¢

Steady states in the differential systems theory

A steady state in the differential systems theory is a state which has no tendency to
change.

Definition 3.2.2.7. Let
update Stateg Ing
S = . 3. S
exposeg Stateg Outg
be a differential system. For input parameter i € Ins and output value 0 € Outs, an

( ; )—steady state is a state s € States such that

updateg(s, i) =0,

exposeg(s) = o.
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We call the pair ( ; ) the chart of the steady state.

Example 3.2.2.8. Let’s see if there are any steady states of the Lotka-Volterra predator
prey model:

f dFoxes Cer — dFoxes f

r [bRabbits]) . leabbits -r—cifr

update, (

r

We are looking for a state whose update is 0. That is, we want to solve the system

of equations
0 = bRabbits - 7 — €17 f
0 = C2”f — dFoxes f

bRabbits

0
If the parameters are both zero, then any state is a steady state. Clearly, 0 isa

Foxes
steady state for any choice of parameters; this steady state could be called “extinction”.

But if the populations and parameters are non-zero, then
d Ooxes
rl_ b—FCZ
f Racl;blts

Example 3.2.2.9. Recall the RL circuit from Example 3.2.1.9:

is a steady state.

V —-RI
T

updateg, | I,

=R <
I

We can see that I = ¥ is a steady state for this system given the parameters V and R.

3.2.3 Periodic orbits

Even if the behavior of a system isn’t perfectly steady, it may continually repeat. To a
reasonable approximation, the position of the earth around the sun follows a cycle that
repeats every year. Using this as a paradigmatic example, we call these behaviors that
repeat periodic orbits.

Periodic orbits in the deterministic systems theory
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Definition 3.2.3.1 (Periodic orbit). A (Z)-trajectory s : N — States is periodic if there
exists a time ¢y € N1, called the period, such that s;, = s¢. If the sequence of parameters
p : N — Ins is also periodic with the same period (in that ps, = po as well), then we say
that s has periodic parameters.

Remark 3.2.3.2. Note that when we say that a periodic orbit has periodic parameters,
we assume that they are periodic with the same period. This has important but subtle
consequences for our theorems concerning the composition of behaviors in Section 5.3.
We explain the difference between a periodic orbit and a periodic orbit with periodic
parameters in a more precise manner in Remark 3.3.0.11.

Remark 3.2.3.3. Note that a steady state is a periodic orbit (with periodic parameters)
that has a period of 1.

Exercise 3.2.3.4. Describe a periodic orbit with period 1 that does not have periodic
parameters; how are they different from steady states? Are there any of these in systems
S; and S, of Exercise 1.3.2.7? 0

Example 3.2.3.5. The Clock system is an exemplary periodic system with a period of 12.
The ClockWithDisplay of Eq. (1.6) has period 24.

Exercise 3.2.3.6. What are the periodic orbits in the systems S; and S, of Exercise 1.3.2.7
with periodic parameters, and what are their periods? What about the combined
system S? ¢

Exercise 3.2.3.7.  Can you think of any periodic orbits in S; and S, of Exercise 1.3.2.7
which don’t have periodic parameters? o

Periodic orbits in the differential systems theory

Definition 3.2.3.8. A p-trajectory s : R — States for a differential system S is a periodic
orbit if there is a number k such that

s(t) =s(t + k)

for all t € R. We refer to k as the period of the orbit s. If p is periodic of period k as well
(thatis, p(t) = p(t + k) for all ), then we say that s has periodic parameters.
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Example 3.2.3.9. Recall the Lotka-Volterra predator prey model of Section 1.2.2:

{%:a-r—bfr
d
Y~ crf —df

We may take the Jacobian of this system to get the “community matrix”

a—-bf —br

We may investigate the stability of the steady states (from Example 3.2.2.8) by looking
at the Jacobian. In particular, we find that

d a 0o -«
](2’5)2(% 0)

whose eigenvalues are +iVad. Since the eigenvalues are purely imaginary and conju-
gate, this steady state is elliptic. Therefore the trajectories around this steady state are
ellipses, which is to say, periodic.

Eventually Periodic Orbits A trajectory might not get back to where it started, but
may still end up being periodic. We call these trajectories eventually periodic orbits,
since they eventually end up in a repeating cycle of states.

Definition 3.2.3.10 (Eventually periodic orbit). Working in a deterministic systems
theory, a (5 )—trajectory s : N — States is eventually periodic if there are times tg < t; € N
such that s 4+ = s4,4¢ for all t € N. If the sequence of parameters p : N — Ing is also
eventually periodic with the same period (in that p;ys = ps 4+ for all t), then we say
that s has eventually periodic parameters.

The period of an eventually periodic trajectory is the smallest difference 1 —to between
times such that sy, = s,.

Exercise 3.2.3.11. Formulate an analogous definition of eventually periodic orbit in the
differential systems theory. o

3.3 Behaviors of systems in the deterministic theory

In the previous Sections 3.2.1 to 3.2.3, we saw a number of different kinds of behaviors
of dynamical systems. Not only were there a lot of definitions in those sections, each
of those definitions had slight variants (like periodic orbits versus periodic orbits with
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periodic parameters, or steady states versus steady-looking trajectories). In this section,
we’ll define a general notion of behavior and see that we can package each of the above
sorts of behavior into a single system? in its own right, one that represents that sort of
behavior. The representative system of a certain kind of behavior behaves in exactly
that way, and does nothing else.

We will begin, for concreteness, with the deterministic systems theory. We will then
return in the next section to see how we may formulate a general definition which also
encompasses the differential systems theory.

We begin with a general definition of chart. A behavior is defined relative to its
chart, which is the choice of parameters and the values of the variables it will expose.
For example, the chart of a steady state was a parameter and an output value so that
the state is steady given that parameter and it exposes that output value.

Definition 3.3.0.1. A chart (j}b ) : (g;) = (g;) in a cartesian category C is a pair of
maps f : A* — BT and f, : A* X A~ — B~. Note that this is not a lens. We refer to the
category of charts by Charte

Exercise 3.3.0.2.
1. How many lenses are there (J} ) (

|

=3

<

3
2
3
2

SN—— ——

2. How many charts are there (ff )

Exercise 3.3.0.3.

1. Show that a chart ( i ) = (ﬁ; ) is given by the data of a pair of elements 4~ € A~
and a* € A*. Compare this to the notion of chart used in the definition of steady
state (Definition 3.2.2.1).

2. Show that a chart (&) = (2; ) is given by the data of a sequence s : N — At
and a sequence a* : N — A*. Compare this to the notion of chart used in the
definition of trajectory (Definition 3.2.1.1)

Definition 3.3.0.4 (Behavior of deterministic systems). Let T and S be deterministic

systems. Given a chart of interfaces (’}" ) : (c;:; ) = (olzis ), a (J}b )-behavior of shape T
in S, written ¢ : T — S, is a function ¢ : Stater — States sending states of T to states
of S which preserves the dynamics and exposed variables by satisfying the following
equations:

exposes(¢(t)) = f(expose,(t)),

3.4
updateg(¢(t), fy(exposer(t),i)) = ¢p(update(t,i)) G4

20r a family of systems.
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for all t € Statet and i € InT. We say that (j}b ) is the chart of the behavior ¢.

Remark 3.3.0.5. If you prefer commutative diagrams to systems of equations, don't fret.
We'll reinterpret Eq. (3.4) in terms of commutative diagrams in Section 3.5

Remark 3.3.0.6. Suppose that we have transition diagrams for systems T and S. Then a
behavior of shape T in S will correspond to part of the transition diagram of S which
is shaped like the transition diagram of T. See the upcoming examples for examples of
how this looks in practice.

Let’s make this definition feel real with a few examples.

Example 3.3.0.7. Let Time be the system ( “_i)éﬂ ) : (g) S ( {t§k} ), i.e. with
® StateTime = N,
® OutTime := N,
® InTime = {tick},
* exposer;,. = id,
e updater; (t,*)=1t+1.
As a transition diagram, Time looks like this:

8 tick | (1) tick % tick g tick g tick

7 7 7 7 7

Let’s see what a behavior of shape Time in an arbitrary system S will be. We will
expect the shape of Time to appear in the transition diagram of S, like this:

T T

4
o= |7 lo—r0—o0

+~ A~ /

O
“+
O

(O)en]
or
OoN
oW

First, we need to know what a chart (J}") 2 (OIEI'T"I‘;) = (olzis) is like. Since

OutTime = N and InTime = 1, this means f : N — Outs is a sequence of outputs, and
fv : N X1 — Ing is a sequence of input parameters. We might as well instead call f our
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sequence of exposed values v, and f;, our sequence of input parameters p, so that we
have a chart (5) : (111) =3 (C;Eis )
Now, let’s see what a ( )—behav1or y : Time — Sis. Itis a function y : StateTime —

States satsifying some properties. But Statetime = N, so y : N — States is a sequence
of states in S. Now, Eq. (3.4) becomes the equations:

exposes(y(t)) = v(t)
updateg(y(t), p(t)) = p(t +1).

which are exactly the equations defining a ( ) -trajectory from Definition 3.2.1.1!

Example 3.3.0.8. Consider the simple system Fix with:
e Statefix = {*}

Outrix = {*}.

InFix = {*}.

* exposeg, = id.

* updateg, (x,*) = *.
As a transition diagram, this looks like:

*

+ o

A behavior s : Fix — Sin an arbitrary system S should be a loop of this shape within
the transition diagram of S: a steady state.

o<\_/op

=7

Let’s check that this works. First, we need to know what a chart ( J}’ ) c ( InFix ) =

Outrix

Ing
Outg

value of S and f;, : {#*} X {#*} — Ins is simply an input parameter. Therefore, we might
as well write o for f and i for f, to see that a chart (;) : (}3) =3 (Ol?js ) is a pair of
elements i € Ing and o € Outs.

) is. Since Outrix = InFix = {*}, we have that f : {*} — Outs is simply an output
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Now, let’s see what a ( (l) )-behavior s : Fix — Sis. Itisa function s : Statef;, — Stateg
satisfying a few properties. But States = {+} so s : {*} — States is a single state of S.
Then, Eq. (3.4) becomes the equations

exposeg(s) = o

updateg(s,i) = s

which are precisely the equations defining a ( ; )-steady state from Definition 3.2.2.1.

Example 3.3.0.9. Let 0 < n € N be a positive natural number, and consider the system
Clock, having:
L4 Stateqockn =n= {1, vy }’l}.
* Outclock, = N.
InClock, = {*}.
* exposec;,y. = id.

t+1 ift<mn
updatec,. (£, %) = . .

This is the clock with 7 hours. Our example system Clock from Example 1.2.1.4 is
Clocki, a clock with 12 hours. Here’s what Clocks looks like as a transition diagram:

*

1 —~ 2
o )
3

OK_/

*

OH~

A behavior y : Clock, — S should be a cycle like this in the transition diagram of S:
a periodic orbit. We can see the Clocks-behavior inside the system shown right:

1 —2
(\O Ol domo@
—
3 o0

Let’s check that this works. First, we need to know what a chart (J}’ ) g ( Inclockn ) =

Outclockn

Ing
Outs

values of S while f; : n X {#} — Ing is a sequence of n parameters. Therefore, we might

is. Since Outcjock, = nand Inciock, = {#}, f : n — Outs is a sequence of n exposed
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as well write v for f and p for f, to find that a chart (Z) : ({;}) = (c;:is) consists of
an n-length sequence of parameters and an n-length sequence of exposed values.

A (5 )-behavior y : Clock, — S, then, is a function y : Statecjock, — States satisfying
a few properties. Since Stateciock, = N, 7 : 1 — States is a n-length sequence of states

of S, and Eq. (3.4) become the equations

exposeg(y(t)) = o(t)
y(t+1) ift<n

. ’ _ :
updateg(y(t), p(t)) {y(l) ift =n

As we can see, this determines a sequence of length n of states of S which repeats when
it gets to the end. In other words, this is a periodic orbit with periodic parameters as
in Definition 3.2.3.1!

If we have a certain kind of behavior in mind, and we find a system T so that
behaviors of shape T are precisely this kind of behavior, then we say that T represents
that behavior. For example, we have just seen that:

¢ The system Time = (—;11) : (g) S ({1:],}) represents trajectories.

® The system Fix = (712) : (}3) S (}3) represents steady states.

e The systems Clock, = (—” l’il’cliOd " ) : ( " ) S ( {:} ) represents periodic orbits with
periodic parameters whose period divides 7.

Note that there is always a particularly simple behavior on a system: the identity
behaviors id : Stater — Stater. This says that every system behaves as itself. In
particular, Time has a trajectory behavior given by id : Time — Time (namely, the
trajectory s; = t), and Fix has a steady state behavior given by id : Fix — Fix (namely,

the steady state ), etc. We refer to the identity behavior of T as the generic behavior of
type T.

Exercise 3.3.0.10.  Find a representative system for the following kinds of behavior.

1. An eventually periodic orbit (see Definition 3.2.3.10) that takes n steps to get to a
period of size m.

2. A steady-looking trajectory (see Definition 3.2.2.4).

3. A periodic orbit of period at most n whose parameters aren’t necessarily also
periodic (see Definition 3.2.3.1).

4. A trajectory which yields the same output value at every 10t step, but can do
anything else in between. ¢

Remark 3.3.0.11. As Exercise 3.3.0.10 shows, the difference between a periodic orbit and
a periodic orbit with periodic parameters can be surmised precisely by noting that they
are represented by systems with different interfaces. The dynamics of the systems are
the same, but the interfaces (and accordingly, the exposed variable) are different; this
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explains how the difference between a periodic orbit and a periodic orbit with periodic
parameters is all in the chart.

Exercise 3.3.0.12.  What kind of behaviors do the following systems represent? First,
tigure out what kind of charts they have, and then see what a behavior with a given
chart is. Describe in your own words.
1. The system Plus with:
e Statep)ys = N.
e Qutpys = N.
L4 |np|us =N.
* exposep,, = id.
* updatep, (t,]) =t +].
2. The system T, with:

e Stater, = N.
L4 OutTn:{O,...,n—l}.
° |n-|-n = {>(-}

* exposer (t) =t mod n.
* updater (t,%) =t +1.
3. The system XOR with:
e Statexor = Bool = {true, false}.

Outxor = Bool.

Inxor = Bool.
* exposeyqg = id.

updatey g (true, true) = false,
updateyr(false, true) = true,
updatey g (true, false) = true,

updatey,z(false, false) = false.

4. The system Listc for a set of choices C with:
e Stateyjst. = Listc is the set of lists of elements in C.
L4 OUtListc = Listc.
O InL;stC =C.
* expose  =id.
* update ;, (¢, c) = ¢ :: {, that is, we update a list by appending the character
¢ € C to the start.
0

While every system T represents some kind of behavior — just take the kind of
behavior to be exactly described by behaviors T — S — we are most interested in those
simple systems T whose behavior we can fully understand.
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We have written a behavior of shape T in S with an arrow ¢ : T — S. This suggests
that there is a category with deterministic systems as its objects and behaviors as its
morphisms; and there is!

Definition 3.3.0.13. The category Chartc of charts in C has

¢ Objects the arenas (2; ), pairs of objects in C.
* Maps the charts (5?) : (2;) = (g;)
¢ Composition the composite of a chart (j}b ) : ( a3 (g:) with a chart (gg b) .

(gl) = (EI) is
(fb) : (gb) _ (<a+,a-> = gy(f(a”), fb<a+,a->>)
£l \a) fig '

¢ The identity chart is ( d ) (i: ) = (2; )

Exercise 3.3.0.14. Check that Chartc is indeed a category. That is,

- osaans () () (1 (7): (5) 3 (5 o (3): (1) = (31
show that

FRERCD-(E )

2. Forachart () : () = (5 ) show that
ARG

In Proposition 2.6.2.5, we showed that the category of lenses is the Grothendieck
construction of the pointwise opposite of the indexed category of maps with context.
This may lead you to wonder: what is the the Grothendieck construction of the indexed
category of maps with context, without taking the pointwise opposite. It is in fact
precisely the category of charts.

Proposition 3.3.0.15. The category Charte of charts in C is the Grothendieck construc-
tion of the indexed category of maps with context:

c:e
Charte = / Ctxc.
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Proof. This comes down to checking that the definitions line up. The two categories
have the same objects and the same morphisms. It remains to check that composition
in the Grothendieck construction is as defined above in Definition 3.3.0.13. To that end,
note that the function

(a+/ a’) - gb(f(u+)/ fb(&l+, a”))
may be written as

o5 (f7gp)

in Ctx A+ O

Exercise 3.3.0.16. What are the charts of the following forms in simpler terms?
L (7):()= (5)

2 () (k)= ).
o
f

s (1):(4)= 3

Proposition 3.3.0.17. There is a category Sys with deterministic systems as its objects

and where a map T — S is a pair consisting of a chart (J;?) 5 ( ot ) =3 ( s ) and a

Qutt Outg

(J}” )-behavior ¢ : T — S. Composition is given by composing both the charts and the
functions on states, and identities are given by the generic behaviors: the identity chart
with the identity function id : Stater — Stater.

Proof. We just need to check that the composite ¢ o ¢ of two behaviors ¢ : T — S
and ¢ : S — U with charts (/}b) : (OIEIT) = (Olr;is) and (g;) : (olzis) 3 (Olzltju) isa
behavior with chart (g; ) o (J}b ) That is, we need to check that Eq. (3.4) is satisfied for
Y o . We can do this using the fact that it is satisfied for both 1) and ¢.

expose(P(@(t))) = Y(exposes(¢(t)))
= P(Pp(expose(t))).

update ((P(t)),g,(f (expose(t)), fy(exposer(t),i)))
= update,,(((1)), g, (exposes(§ (1)), filexposer (1), 1)
= i (updateg (¢ (t), fi(expose(t),i)))
= p(¢(update(t, ))). O

There are two different ways to understand what composition of behaviors means:
one based on post-composition, and the other based on pre-composition.
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¢ We see that any behavior S — U gives a way of turning T-shaped behaviors in S
to T-shaped behaviors in U.

* We see that any behavior T — S gives a way of turning S-shaped behaviors in U
into T-shaped behaviors in U.

Example 3.3.0.18. Any steady state s can be seen as a particularly simple trajectory:
s = s for all t. We have seen in Example 3.3.0.8 that steady states are Fix-shaped
behaviors. We can use composition of behaviors to understand how steady states give
rise to trajectories.

The generic steady state * of Fix (that is, the identity behavior of Fix) generates a
trajectory s : N — Statefix with input parameters p; = * and s; = *. This gives us a
behavior s : Time — Fix.

Now, for every steady state  : Fix — S, we may compose to get a trajectory
yos:Time—S.

Exercise 3.3.0.19.  Adapt the argument of Example 3.3.0.18 to show that
1. Any eventually periodic orbit gives rise to a trajectory.
2. If n divides m, then any orbit of period at most n gives rise to an orbit of period
of most m. ¢

Isomorphisms of Systems Now that we have a category of systems and behaviors,
category theory supplies us with a definition of isomorphism for systems.

Definition 3.3.0.20. An isomorphism of a system T with a system S is a a behavior
¢ : T — S for which there is another behavior (i)‘l :S— Tsuchthat¢go qb_l = idg and

qf)_l o (P =idT.
Let’s see that this is indeed a good notion of sameness for systems.

Proposition 3.3.0.21. A behavior ¢ : T — S is an isomorphism if and only if the
following conditions hold:
1. The map ¢ : Stater — States is an isomorphism of sets — a bijection.

2. The chart (j}b ) : (OIEIT) = (Olzis) of ¢ is an isomorphism in Chartse;. That is,

f : Outr — Outs 1s a bijection and there is a bijection f : In — Outr such that

fo =1, oma.

Proof. Since composition in the category of systems and behaviors is given by compo-
sition of the underlying charts and maps, ¢ is an isomorphism of systems if and only
if its action on states is a bijection and its chart is an isomorphism in the category of
charts. It just remains to see that our description of isomorphism of charts is accurate,
which we leave to Exercise 3.3.0.22. m|
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Exercise 3.3.0.22.  Show that a chart (f? ) : ﬁ; ) = (g;) is an isomorphism if and

only if f is an isomorphisms and there is an isomorphism f/ : A~ — B” such that
fy = flom. o

3.3.1 Simulations

While we will often be interested in behaviors of systems that change the interface in
the sense of having non-trivial charts, we will also be interested in behaviors of systems
that do not changed the exposed variables at all. These behaviors play a very different
role in the theory of dynamical systems than behaviors like trajectories and steady
states. Because they don’t change observable behavior (since they have identity chart),
they say more about how we model the observable behavior than what that behavior is
itself. For that reason, we will call behaviors with identity chart simulations.

Definition 3.3.1.1. Let ( CI) ) be an arena. The category

Sys
yO

of deterministic (é)—systems has as objects the systems (:fﬁg:g:) 3 (22::2) S (é)

with interface ( (I) ) and as maps the simulations ¢ : T — S, those behaviors whose chart

is the identity chart on ( (I) )

Example 3.3.1.2. Recall the ( {gree{na’ b} i )-system S from Example 1.2.1.8:

a b
o~ o

/

If we had built this system as a model of some relationships between input colors

b
0

and output letters we were seeing in the wild, then we have made this system a bit
redundant. If the output is a4, and we feed it green, the output will be b; if we feed it

, the output will be a. Similarly, if the output is b — no matter which of states
2 or 3 the system is actually in — and we feed it green, the output will again be b, and
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if we feed it , the output will be 2. And there really isn’t much else going on in
the system.

We can package this observation into a behavior in Sys( {gree{nu’,b} ) ) Let U be the
system

a b
oM

We can give a behavior g : S — U with identity chart as follows defined by

q(1) =1
q(2)=2
q(3) =2

We can check, by cases, that this is indeed a behavior. That it is a behavior in

Sys( {gree{na’ b) ; ) means that it doesn’t change the observable behavior.

Example 3.3.1.2 also gives us an example of an important relation between systems:
bisimulation. We saw what it means for two systems to be isomorphic: it means they
have isomorphic states and the same dynamics and output relative to those isomor-
phisms. But this is sometimes too strong a notion of sameness for systems; we want to
know when two systems look the same on the outside.

Let’s see what this notion looks like for deterministic systems; then we will describe
it in a doctrinal way.

Definition 3.3.1.3. In the deterministic systems theory, a bisimulation ~ between (é )—
systems S and U is a relation ~: States X Statey — {true,false} between states of
these systems such that s ~ u only when s and u have related dynamics:

s ~ u implies exposeg(s) = expose;(u)
s ~ u implies updateg(s, i) ~ update;(u, i) forall i € I.
If ~ is a bisimulation, we say that s and u are bisimilar when s ~ u.

A bisimulation ~ is said to be fotal if every s € States is bisimilar to some u € Statey
and vice-versa.

Bisimilarity is a strong relation between states of systems. For deterministic systems,
this implies that they act the same on any input.
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Proposition 3.3.1.4. Let S and U be deterministic ( é )-systems, and let ~ be a bisimu-
lation between them. If sy ~ 19 are bisimilar, then they induce the same transformation
on streams of inputs into streams of outputs:
transformg’ = transform,’.

Proof. Leti: N — I be a stream of inputs. Let s : N — States be the stream of states
generated by sy and similarly, let u : N — Statey be the stream of states generated by
up.

We first show that s, ~ u, forall n. Our base case holds by hypothesis; now suppose
that s, ~ u, seeking s,+1 ~ u,4+1. Well,

su+1 = updateg(sy, in) ~ update;(uy, in) = Uns1

because ~ is a bisimulation.
Finally,

transforms(i),, = exposeg(s,) = expose|;(u,) = transformy(i),
because s, ~ u,,. O

We can talk about bisimilar states without reference to the particular bisimulation
between the systems they are a part of because, as it turns out, being bisimilar is
independent of the particular bisimulation. To see this, we need to introduce an
interesting system: the system of trees.

Definition 3.3.1.5. Let ( é ) be an arena in the deterministic systems theory. An (é )—
tree 7 (or a O-labeled, I-branching tree) consists of:

e A root root(7) € O.

e For each parameter i € I, a child tree child(z, 7).

Definition 3.3.1.6. Let ( (I) ) be an arena in the deterministic systems theory. The ( (I) )—

system Tree ( I ) of (é )-trees has
o

e StateTiee is the set of ( é )-trees.

* Each tree exposes its root: exposer,..(7) = root(7).
¢ The system updates by following a tree down the i branch: update,. (7,i) =
child(z, 7)

We can think of an ( (I) )—tree as a stream of possible outputs of an ( é )—system. In
the current state, we see the root of the tree. When we transition to the next state with
parameter i, we will see the rest of the output. This observation suggests a universal

characterization of the system of ( (Ij )-trees.
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Proposition 3.3.1.7. The (é )-system Tree ( I ) of ( é )-trees is terminal in the category
0

of ( é )-systems.

Proof. We will show that there is a unique simulation !s : S — Tree, ;| for any ( é )—
O
system S. For any s € States, we will define a tree !s(s) of outputs visible from the state

s. We define this as follows:
* The root of !s(s) is the variable exposed by S:

root(!s(s)) = exposeg(s).
o The i child of !s(s) is the tree of outputs visible from the next state updateg(s, 7):
child(!s(s), i) =!s(updateg(s, 7)).

Now, we can show that this is a simulation and that it is the unique such similation by
noticing that this definition is precisely what is required to satisfy the defining laws of
a simulation. ]

Now we can express the idea that bisimilarity of states is independent of any par-
ticular bisimulation between their systems with the following theorem.

Theorem 3.3.1.8. Let S and U be (é )-systems. A state s € States is bisimilar to a state
u € Statey for some bisimulation ~ between S and U if and only if !s(s) =!y(u).

Proof. First, let’s show that if s is bisimilar to u# via some bisimulation ~, then !s(s) =
'u(u). Now, to show that two trees are equal, we need to show that they have equal
roots and equal children.

* The root of !Is(s) is exposes(s), and the root of !y(u) is expose (). But since s ~ u
by hypothesis, these are equal.

e Similarly, the ih child of !s(s) is !s(updateg(s, i), while the i*" child of ly(u) is
'y(update;(u,i)). But since ~ is a bisimulation, we have that updateg(s,i) ~
update;(u, i), and so by the same argument we are giving, we will find that
Is(updateg(s, i)) =!y(update;(u, 7)).3

On the other hand, suppose that !s(s) =!y(u). We now need to define a bisimulation

~ between S and U for which s ~ u. For any sequence of inputs i : n — I, we can evolve
a system in state s by the entire sequence i to yield a state updateg(s, ) in the following
way:

e If n =0, then updateg(s, i) = s.

3This style of proof is called proof by co-induction. Where induction assumes a base case and then
breaks apart the next step into a smaller step, co-induction shows that the proof can always be continued
in a manner which covers all possible options.
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* For n + 1, then updateg(s, i) = updateg(updateg(s, i|n), in+1)-
We may then define ~ in the following way.

x ~ y if and only if thereis ann € Nand i : n — I with x = updateg(s, /) and
y = update;(u, 7).

It remains to show that this is a bisimulation.
For any ( é )-tree T and any n-length sequence i : n — [ of parameter (for any
n € N), we can follow the path i through the tree 7 to get a new tree subtree(, i):
e If n =0, then subtree(t, i) = 7.
e For n + 1, subtree(t, i) = child(subtree(t, i|,)) is the i child of the tree found by
following i for the first n steps.
Note that !s(updateg(s, i)) = subtree(!s(s), i) by a quick inductive argument. Now we
can show that ~ is a bisimulation.
* Suppose that x ~ y, seeking to show that exposeg(x) = expose|;(y). By hypothe-
sis, x = updateg(s, i) and y = updatey;(u, i). But then

exposeg(x) = root(!s(x))
= root(subtree(!s(s), 7))
= root(subtree(!y(u), 7))
= root('y(y))

= expose (V).

* Suppose that x ~ y, seeking to show that updateg(x,j) ~ update;(y,j). By
hypothesis, x = updateg(s, i) and same for y = update;(«,7). Then letting i’ :
n+1— Nbedefinedby i , =jandi} =i, otherwise, we see that updateg(x, j) =
updateg(s, i) and update(y, j) = update|;(y,i’), so that by definition they are
related by ~.

O

3.4 Dealing with two kinds of composition: Double
categories

In this section, we will introduce the notion of double category to help us deal with
our two kinds of composition: the composition of systems, and the composition of
behaviors. By revealing that Definition 3.3.0.4 can be expressed as a square in a double
category of arenas, we will find a generalization of this definition of behavior which
applies to the differential systems theory as well. Itis at this point that we will introduce
the formal definition of a theory of dynamical systems.
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Definition 3.4.0.1. A double category © has:

* A class ob® of objects.

* A horizontal category hD whose objects are those of . We call the maps in h®D
the horizontal maps of @.

* A vertical category v whose objects are those of 0. We call the maps in v@ the
vertical maps of D.

e For vertical maps j : A — Band k : C — D and horizontal maps f : A — C and
g : B — D, there is a set of squares

L

® Squares can be composed both horizontally and vertically:

O¢—F—w

.
—F

fi f2 fh

Ay > Ao > Az Al ————— Aj
Bq TR B> 5 > Bj B B a— Bs

f
i1 a k1 Ay —— Ay
v 7 v
By ———— By P ) % koky
J2 ﬁ k C1 - s Cy

Cl—h)CQ

¢ For every vertical map j : A — B, there is an identity square

A A
[
B B

which we will also refer to as j, for convenience. Similarly, for every horizontal
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map f : A — B, there is an identity square

which we will also refer to as f, for convenience.
¢ Vertical and horizontal composition is associative and unital, and the interchange
law holds. That is:
— For horizontally composable squares «, 5, and y,

(@[B) [y =al@ly)

For vertically composable squares «, 8, and y,*

L)

For a square a with left and right vertical edges j and k respectively,

jla=a=alk.

For a square a with top and bottom horizontal edges f and g,

f ay

— = =

! g
— For four appropriately composable squares «, 8, y, and 0, the following

interchange law holds:
alp _aly

y1o  Blo

1f you're seeing this and feeling worried about fractions, you can put your mind at ease; we promise
there will be no fractions. Only squares next to squares.
bThere aren’t any fractions here either.

Phew, that was quite the definition! The reason the definition of a double category
is so much more involved than the definition of a category is that there is more than
twice the data: there’s the vertical category and the horizontal category, but also how
they interact through the squares.

Remark 3.4.0.2. Just like we notate the identity square on a vertical morphism j by j and
the identity square on a horizontal morphism f by f, we will often denote composition
of vertical morphisms by ;—( and of horizontal morphisms by j | k. This notation agrees
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with the composition of their respective identity squares, and will be much more
pleasant to look at when writing equations.

Let’s see a few important examples of double categories.

3.4.1 The double category of arenas in the deterministic systems theory

Finally, we are ready to meet the double category of arenas in the deterministic systems
theory. This is where our dynamical systems live, and where they behave.

Definition 3.4.1.1. The double category of arenas in the deterministic systems theory is a
double category which has:

e Its objects are the arenas, pairs of sets (ﬁ; )

¢ Its horizontal category is the category of charts.

e Its vertical category is the category of lenses.

¢ There is a square of the following form

i

A~ B~
At Bt
j* i 3.5
AT &
o) =
c+ :; +
b
)
if and only if the following equations hold:
9(j(@) = k(f(a™)) (3.6)
K (f(a*), go(j(a*),c7)) = fy(a*, j*(a*, c7) (3.7)

forallat € Atand ¢ € C™.

It’s not obvious from this definition that we actually get a double category with
this definition. It’s not even clear that we have defined a way to compose the squares
vertically and horizontally.

It turns out we don’t need to know anything else to know that we can compose these
squares, at least in principle. This is because there is at most one square filling any two
charts and two lenses that line up as in Eq. (3.5); to compose these squares just means
that if we have two such squares lining up, the defining equations Eq. (3.6) hold also
for the appropriate composites. We call double categories with this property thin.
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Definition 3.4.1.2. A double category is thin if there is at most one square of any
signature.

So long as composition is well defined in a thin double category, the laws of asso-
ciativity and interchange for square composition come for free; there is at most one
square of the appropriate signature, so any two you can write down are already equal.
We do still have to show that composition is well defined in this way, which we’ll do a
bit more generally in Definition 3.5.0.6

Remark 3.4.1.3. While the definition of double category we gave treated both horizontal
and vertical directions the same, we will often want to see a square

S
o5

]

s,
o k
g

T

as a sort of map «a : j — k from its left to its right side, or a map a : f — g from its
top to its bottom side. For example, the systems themselves are certain lenses (vertical
maps), and the behaviors are squares between them. On the other hand, we can also
see a square as a way of wiring together charts.

Example 3.4.1.4. A square

| =
(s
S

can be seen as a chart between lenses, that is, two charts which are compatible according
to the wiring pattern the lenses describe. For example, consider a square of the
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following form where ( ZZf ) is a wiring diagram:
)
1\ ") (B-
=)
#
I )
1 D~
It
n

By Exercise 3.3.0.16, we know that the charts in this diagram are pairs of elements ( Z: )

and (Z; ) in the arenas (;) and (g; ) respectively. The square then says that (i;)
are the values you would get if you passed ( Z: ) along the wires in the wiring diagram
wh .
w |°
wb®) =d",
wh(b®,d7) = b~
Taking for granted that the double category of arenas is indeed a double category,

what does this mean for systems? Well, behaviors are particular squares in the double
category of arenas.

Proposition 3.4.1.5. Let T and S be dynamical systems. A behavior ¢ : T — S is
equivalently a square of the following form in the double category of arenas:

)
Stater ¢ Stateg
Stater Stateg

update updateg (39)
(expose-r )lT lT(exposeS )
InT Ing
(Out-r) (fﬂ) (Outs)
f
Proof. This is a simple matter of checking the definitions against eachother. The

defining equations of Definition 3.4.1.1 specialize to the defining equations of Defi-
nition 3.3.0.4. O
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This re-expression of the notion of behavior in terms of the double category of
arenas will let us generalize from the deterministic systems theory to other systems
theories.

3.4.2 The double category of sets, functions, and matrices

Now we turn to our second double category of interest, the double category of sets,
functions, and matrices of sets.

Jaz: Where did I first define a matrix of sets? If it’s before this, I should reference it.
If it’s after this, I should just introduce it here instead.

Definition 3.4.2.1. The double category Matrix of sets, functions, and matrices of sets
is defined by:
¢ Its objects are sets.
e Its horizontal category is the category of sets and functions.
e [tsvertical category is the category of sets and matrices of sets, where composition
is given by matrix multiplication. We write M : A — B to say that M isa B X A

matrix.
¢ For functions f : A — Band g : C — D and matrices M: A —- Cand N :B — D,
a square
A—L B
Ml a N
C —— D

is a family of functions ap, : Mp; — Nyp)f(a) foralla € Aand b € B.
¢ Horizontal composition of squares is given by composition of the families:

(@]B)ba = Byv)f(a) © Xba-

¢ Vertical composition of squares
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is given by

1 1
( ) Z Mcb1 XMy, — Z Nh(c)bz X Ny, ¢(a)
ac  p,eBy br€By

(b1, ma, my) = (g(b1), (m2), a(my)).

Exercise 3.4.2.2.  We can see that horizontal composition of squares is associative and
unital since it is basically just function composition. Show that Matrix is a double
category by checking that
1. Vertical composition of squares is associative and unital (up to isomorphism).
2. The interchange law holds.
o

There is another useful way to express the double category of matrices in terms of
pullbacks: spans. A span of sets from A to B is a diagram

S
A B

We can think of this as a matrix of sets by sending any 2 € A and b € B to the set
Spa = {x € S| a =sa(x)and sg = b}. And to any (B X A)-matrix M of sets, we can
associate the span

Z(a,b)eAxB My,
y X
A B

with the disjoint union of all M;, at the top, with the two maps begin the projections
onto A and B respectively.

The composition of matrices can be represented in terms of spans as well. Given
the spans S from A to B and T from B to C, we can define their composite span % from
A to C by taking the pullback:

——- SxpT ===

()A V \
/ \ / Y‘

SxpT ={(x,y) € SXT |sp(x) = tp(y)}.

A bit of thinking shows that this corresponds to the composite of matrices.

where
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Exercise 3.4.2.3. Let M be an (A X B)-matrix and N be a (B X C)-matrix. Consider the
following diagram:

Z(”Z/C) (%)C(Z

- N
- A ~
- ~

e S
2 (a,b) Mba 2(b,¢) Neb

y x / X
A B C
Show that there are dashed maps as in the above diagram so that the square is a

pullback. This shows that the composition of matrices corresponds to the composition
of spans. o

One nice feature that spans have over matrices is that they work for things other
than sets. We can take spans in any category with pullbacks. We’ll record the double
category of spans here.

Definition 3.4.2.4. Let C be a category with pullbacks. The double category Span(C)
is defined by:

¢ Its objects are the objects of C.

¢ Its horizontal category is C.

Its vertical category has as morphisms S : A — B the spans

v
A B
and these are composed by pullback.
¢ A square
PR AL,
— st s
Ml o N 1samap a so that S - Y5 T commutes.

sed 4

C—>D C——D

Horizontal composition of squares is by composing in C.
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* Vertical composition of squares follows from the functoriality of the pullback:

A -2 B
T T A
Sl L) Tl Al —_— Bl
+ 1 T a T
Ar T) B> = S1 XA, Sy ——/3—-) T; XB, T
Ty 1 1 I
S, —— D A3 —— Bj
f3
+ 1
A3 — Bg

3.4.3 The double category of categories, profunctors, and functors

Now we come to the primordial double category: the double category of categories,
profunctors, and functors. This is an important double category because it is in some
sense the setting in which all category theory takes place. Before we describe this
double category, let’s define the notion of profunctor and their category.

Definition 3.4.3.1. A profunctor P : A —+ B is a functor P : A°P X B — Set. Given
objects A € A and B € B, we write an elementp € P(A,B)asp : A — B.

In terms of this, the functoriality of P can be seen as letting us compose p : A —+ B
on the left and right by f : A” - Aand g : B — B’ to get fpg : A” - B’. In other
words, we can interpret a diagram of this form

alalglp

as an element of P(A’, B’).

If we call maps f : A” — Aina category A homomorphisms because they go between
objects of the same form, we could call elements p : A —+ B — thatis, p € P(A, B) —as
heteromorphisms, maps going between objects of different forms.

We can’t necessarily compose these heteromorphisms, which we can see right away
from their signature: for p : A =+ B, there is always an object of A on the left and
an object of B on the right, so we’ll never be able to line two of them up. However,
if we have another profunctor Q : 8 -+ C — another notion of heteromorphism —

then we can “compose” heteromorphisms A X Bin P with B-5C in Q to get a
heteromorphism A % B4 Cinanew profunctor P© Q : A —+ C.

Definition 3.4.3.2. The composite P © Q of a profunctor P : A -+ B with a profunctor
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Q : B -+ C is defined to be the following quotient:

Y.seg P(A,B) X Q(B, C)
(wf,q)~ @ fq)

(PO Q)A,C):= (3.10)

We write an element [(p, )] € (P © Q)(A,C) as A A B C, so that the relation we

quotient by says that
f

ABL B L
has a unique interpretation as an element of P © Q.
The identity profunctor A : A —+ A is the hom-functor sending A and A’ to the
set (A, A’) of maps A — A’.

We can see that composition of profunctors is associative (up to isomorphism)
because the objects of P © (Q ® R) and (P © Q) ® R can both be written as

AXsBLcD.

The reason the hom profunctor A : A -+ A is the identity profunctor is because the
elements of A © P would be written as

alalsp
but by the functoriality of P, this is already an element of P(A’, B), which is to say more
precisely that every equivalence class [(f, p)] € (4 © P)(A’, B) is equally presented as

[(idar, fp)].

Exercise 3.4.3.3. Let P : A — B be a profunctor.
1. Show that there is a natural transformation A © P — P given by the naturality
of P on the left.
2. Show that there is a natural transformation P © 8 — P given by the naturality of
P on the right.
3. Show that both of these natural transformations are isomorphisms.

Example 3.4.3.4. A profunctor 1 — A is the same thing as a functor 4 — Set, and a
profunctor A —+ 11is the same thing as a functor A°? — Set. Profunctors are therefore
intimately related with presheaves.

Now, we are ready to put functors and profunctors together into a double cate-
gory.
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Definition 3.4.3.5. The double category Cat of categories, profunctors, and functors
has

¢ Objects the categories.

* Horizontal category the category of categories and profunctors.

* Vertical category the category of categories and functors between them.

L

Is a natural transformation « : P — Q(F, G), where Q(F, G) is the profunctor

FPxG
ﬂ"PX@——X—%GXCDHSet For p : A —+ B, we have a(p) : FA —+ GB, and

naturality says that a(fpg) = (Ff)a(p)(Gg).
¢ Vertical composition of squares is given by composing the natural transforma-

e A square

®<—®

_’—)
_Q_)

tions.
* Given squares a : P1 — Qi(F1,F2) and B : P, — Qa(F», F3), we define their
horizontal composite a | f : P1 - P, — (Q1 - Q2)(F1, F3) by

a(py) B(p2)

(Oé | ﬁ)(A1 —pbl—) Az —p&) A3) = F1A1 FzAz F3A3

and checking that this descends correctly to the quotient.

Remark 3.4.3.6. We are using “Cat” to refer to the category of categories and functors
and to the double category of categories, profunctors, and functors. The one we mean
will be clear from context, and the category of categories and functors is the vertical
category of the double category of categories.

Remark 3.4.3.7. We omit full proofs of associativity and unitality for profunctor compo-
sition because they are best done with the coend calculus, and this would take us quite
far afield. See [Gral9] and [Lor21] for more about profunctors and double categories.

However, we will note that there is always a unique coherent isomorphism between
any two sequences of profunctors which would be equal if unity and associativity held
on the nose. We will do an example, since the general principle is always the same.

Consider P : A + B and Q : B —+ C. We will give the canonical isomorphism
(A0P)O(QOC)S>PO(BO(BQ)).

First, we begin with an isomorphism (A © P) © (Q © C) — P © Q and then an
isomorphism P © Q - PO (B0 (B06Q)). The first will be given by naturality,
composition and re-associating; the second by inserting appropriate identities and
re-associating.

An element of (A © P) © (Q © C)(A, C) is an equivalence class [((f, p), (9,9))]. We
may therefore use the naturality of P and Q to give the class [(f-p, g-9)] € (POQ)(A, C).
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It is routine to check that this is indeed an isomorphism. It is hopefully clear how to
do this in general.

Now, we go the other way. Anelementof (POQ)(A, C)isanequivalenceclass [(p, 7)].
We may then insert identities to give the class [(p, (id, (id, 7)))] € PO(BO(BOQ))(A, C).

A crucial point about canonical isomorphisms constructed in this manner is that
they compose: the composite of a canonical isomorphism is the canonical isomorphism
of that signature.

Exercise 3.4.3.8. Describe the canonical isomorphisms between the following com-
posites of profunctors. First, flatten them out by removing all hom profunctors using
naturality; then expand them again by inserting identities. LetP : A -+ B,Q : B —+ C,
andR:C —+ D.

1. POB)O(BOQ)— A0 ((POB)GCLO).

22.P0((QOC)O(COR) - (PoQ)OC)O (RO D).

Remark 3.4.3.9. We will often need equalities between squares in the double category
Cat whose boundaries are not precisely equal, but which are canonically isomorphic.
The coming Lemma 3.4.3.11 is an example of this common scenario.

It would clutter already intricate proofs to keep track of the canonical isomorphisms
which are being introduced and cancelled at each step. For this reason, we’ll introduce
notation for “equal up to canonical isomorphism on the boundary”. We will write

aiﬁ

to mean that although a and p have different boundaries, these boundaries are canon-
ically isomorphic and whenever they are made to be the same by any canonical iso-
morphism (pre- or post-composing a and f as necessary), the resulting squares will be
honestly equal. We will see our first example in Lemma 3.4.3.11.

Before we move on from the double category Cat, let’s record an important rela-
tionship between its squares (natural transformations between profunctors) and nat-
ural transformations between functors. We will show that natural transformations
are the same thing as squares in Cat whose top and bottom sides are hom profunc-
tors.
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Proposition 3.4.3.10. Let F and G : A — B be functors. Then there is a (natural)
bijection

A =—— A
{Natural transformations F = G} = { Squares Fl a lG

B —— B

given by sending the natural transformation @ : F = G to the transformation & :
A(X,Y) = B(FX,GY) that sends any f : X — Y the diagonal af of the naturality
square:

FX 24 GX

| N Jo

FYy 25 GY

Proof. First, let’s check that the transformation @(f) = ay is natural. If x : X’ — X
and y : Y — Y’, then we can form the following commutative diagram of naturality
squares:

FX' — GX'

Fx Gx

~ v

Fy Gy

FY —5 GY’
The diagonal of the outer square is by definition @(x § f § y), but we can see from the
commutativity of the diagram that it equals Fx § af § Gy.
It remains to show that any natural transformation g : A(X,Y) = B(FX, GY)
arises uniquely as & for a natural transformation a : F = G. Given such a 5, define
ax = B(idx). We need to prove the naturality of a by showing that any solid square

X 2 GXx
Ffl \\l\i(f) le
0(y>(

Yy -2 GY

commutes. But note that if we put in the dashed B(f), we can see that both triangles
commute by the naturality of B(f):

B(f) = B(idx 5 f) = B(idx) 3 Gf = ax § Gf.

B(f) = p(f 3idy) = Ff 3 p(idy) = Ff 3 ay.
This also shows that B(f) = @(f), which completes the proof. m]
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There are two ways to compose natural transformations: vertically, and horizontally.
The above bijection respects both of these compositions. In the following lemmas we
take the notation from Proposition 3.4.3.10.

Lemma 3.4.3.11. Leta : F = Gand : G = H. Then

Tbl

sp=alp.

R

Proof. Here we are using the symbol “=" from Remark 3.4.3.9 for the first time; this
is because the two sides do not have equal signature, only isomorphic signature. To
correctly compare them, we must conjugate by the appropriate isomorphisms. Here,
with signature included, is the actual equality we will prove:

A=A =1 A == A =—— A
H = H Fl a Gl B H
T JI P QS R —
B ———— @ ®B : ®B

We leave the canonical isomorphisms without names. They can be described by the
process outlined in Remark 3.4.3.7. We note that both of these canonical isomorphisms
are given by composing two arrows, so in order to prove the equality above we will
show thatgiven f : X - Yandg:Y — Z,

(a 3ﬁ)f89 =arspPg.
We will do this by contemplating the following diagram:

FX—)GXLHX

Ffl \ le Hf

FY—)GY—)HY

LN [

az

FZ—)GZ—)HZ

The naturality square for the composite f § g under the composite « § f is the outer
square, and therefore its diagonal (a § §)fs; is the composite of the diagonals in the
diagram, which is af § B,. a
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Lemma 3.4.3.12. LetFi, G : 4 — B and F», G, : B — C be functors, and let a : F1 =
G1 and 8 : F = G be natural transformations. We may define their composite a * 8

by
(a*B)x = Frax §Bcx-

With this definition, we have

Remark 3.4.3.13. Note that the equality claimed here is a bona-fide equality, and not an
“equality up to canonical isomorphism” (=). This is because the two squares involved
have the exact same boundary, not merely a canonically isomorphic boundaries.

Proof. This time, we may prove the equality as stated. It comes down to showing that
(0( * ;B)f = ,Baf
forany f : X — Y. Consider the following diagram:

F2F1X _— P2G1X

Bryx <N
Fraxsfc, x
< Fz(l’f
Gy F1 X — GG X FoFif '
Gzaf
G2G1f FFiY ——— FrG1Y

-
Fray$Bey
© BGyy

GyFiY — GyG1Y

The back and front faces are the a naturality square of f pushed through F, and G;
respectively. The f naturality square of a is in the middle, colored in red. The a * 8
naturality square of f is in the middle, colored in blue. We note that the diagonal of
both these squares is the diagonal of the whole cube FF1X — G,G1Y, which means
that they are equal. But this is what we were trying to show.

O

3.5 Theories of Dynamical Systems

In Section 2.6, we saw how from the data of an indexed category A : C°? — Cat we
could define a category of A -lenses via the Grothendieck construction:

Lens 7 := /ﬂ(C)OP.

From this, we learned we could wire non-deterministic systems together because a

. updateg |\ . [ Stateg — Ing
system could be expressed as a monadic lens of the form ( expose. ) : ( States | S | oute |-
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Now, the form ( g ) s ( é ) is not something that be expressed for a general 4-lens

because in an A -lens (2; ), A" € C while A~ € A(C). In general, C and A(C) might
have different objects. This suggests that we need a way to assign an object TC € A(C)
to each object of C, so that we can define a system, in general, to be an 7-lens of the

updateg T'Stateg Ing
: S
exposeg Stateg Outs

At this point, your categorical nose should be twitching. We’ve given a assignment on

form

objects; how is this assignment functorial? We can discover what sort of functoriality
we need from considering the expression in Proposition 3.4.1.5 of behaviors as squares
of arenas in the deterministic systems theory:

)
Statert ¢ Stateg
(StateT) (States)

update lT lT updateg
exposer exposeg

o] Il o)

To express this square, we did not just use the fact that we could find States in both
the base C and in the category A (States) (recall that here, 7 = Ctx_ : C°P — Cat).
We also used the fact that to any map ¢ : Stater — States we can build a chart

(‘Pfj)n 2) : (gi’;izz) — (gt::zz ) This is the sort of functoriality we need to define the

notion of behavior in general.

Definition 3.5.0.1. Let A : C°P — Cat be a strict indexed category. A section T of A
consists of the following assignments:

¢ To every object C € C, an object TC € A(C).

e Toeveryp:C' —» C,amapT¢ : TC' — ¢*TC.
These are required to satisfy the following laws:

¢ Forany C € C, Tidc = idrc.

e Forp:C’"—>Candy:C" - C/,

T3¢ (T) =T 3 ¢).

We can express a section of an indexed category in terms of a functor into its
Grothendieck construction.
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Proposition 3.5.0.2. Let A : C°P — Cat be a strict indexed category. A section T of
A is equivalently given by the data of a functor T : C — / “Ca (C) for which the
composite C 5 f “Ca (C) 27, © with the projection is the identity on C.

Given a section T, we may more suggestively refer to T by (T((__)) )

Proof. Given a section T, we can form the functor
TC c.ec
Cr c :C— A(C)

sending ¢ to (T(g) ) The laws of the section show that this is a functor.

On the other hand, givena T : ¢ — f < (C) whose composite with the projection
is the identity, we see that T(C) must be of the form (TCC ) and that f“(qb) must be of the
form (Tf ), where TC and T'¢ are defined to be the components of T which live in the
categories A(C). It is straightforward to check that functoriality implies the laws of a
section. O

We can see that the assignmen ¢ — ¢ o7 isasection of Ctx_ : C°P — Cat.

Proposition 3.5.0.3. Let C be a cartesian category. Then the assigment C — C and
¢ = ¢ o 1y gives a section of Ctx_ : C°P — Cat.

Proof. We check that the two laws are satisfied.
1. id o mp = mp, which is the identity in Ctxc.
2. We may calculate:

(¢ o m2) § (¢ 0 m2)(c, x) = P*(¢p 0 m2)(c, P(x))
= ¢ o ma(p(c), P(x))
= ¢(y(x))
= (¥ 5 ¢) oma(c, x)

O

In order to define lenses, we need the data of an indexed category A : C°P — Cat.
In order to define dynamical systems as A -lenses, and to define the behaviors between
them, we need the data of a section T of A. Putting these two bits of data together, we
get the notion of dynamical system systems theory.

Definition 3.5.0.4. A theory of dynamical systems consists of an indexed category A :
C°P — Cat together with a section T.
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Having this definition of systems theory in mind, we can now define the notion of
dynamical system and behavior in complete generality.

Definition 3.5.0.5. A dynamical system in a theory of dynamical systems D = (A, T)

updateg T'States Ing
: S .
exposeg Stateg Outg
Explcitly, this consists of:

* An object States € C of states.
An object Outs € C of possible outputs.

is an A-lens of the form

* An object Ing € A(Outs) of possible inputs or parameters. What parameters are
sensible may therefore depend on the output (in the sense of being an object of a
category which depends for its definition on Outs).

* A map exposeg : States — Outs which exposes the output of a given state.

A map updateg : exposeglns — TStates which assigns to any parameter valid for
the output of a given state to a possible change in state.

In order to define the notion of behavior, we will need to generalize the double
category of arenas from the deterministic systems theory to an arbitrary systems theory.
To do this, we will define the Grothendieck double construction, which produces a double
category of arenas from an indexed category A.

Definition 3.5.0.6. Let A : C°P — Cat be an indexed category. The Grothendieck double

construction
CeC

A(C)
is the double category defined by:
¢ [ts objects are the pairs (‘é ) of an object C € C and an object A € A(C).
¢ Its horizontal category is the Grothendieck construction / < a (C) of A.

¢ Itsvertical category is the Grothendieck construction / “Ca (C)°P of the opposite
of 4.
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* There is a square of the following form:

)

A As
C1 — (03
o 7 .
T @11
As Ay
Cs Cy

—
]

if and only if the following diagrams commute:

#
Cl L) C2 fl*A3 fl R Al
A |2 fiom | G
Cs —)gz Cy ffg;A4 — gifz*Aél —>*fﬁ gIAz
12

We will call the squares in the Grothendieck double construction commuting
squares, since they represent the proposition that the “lower” and “upper” squares
appearing in their boundary commute.

¢ Composition of arrows in both directions is given as in the appropriate Grothendieck
constructions.

It just remains to show that commuting squares compose. The lower squares com-
pose because they are ordinary squares. It just remains to show that the upper squares
commute.

¢ For vertical composition we appeal to the following diagram:

e K . I
fif34s > ffA; —— Ay
fff;gsbl ﬁ lf;m.
* * * * * * f*g*f * *
fi139546 192/ 46 — f1954A4 b
9S> 14 Ae

s gt frAy — g Ay
Gifif PR g

The outer diagram is the “upper” square of the composite, while the “upper”
squares of each factor appear in the top left and right respectively.
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¢ For horizontal composition we appeal to the following diagram:

#
. h
fl A3 > A]
192 I1b
~ « o ~
* % & Lok gle *
f192A4 g1f2A4 ? 91A2
g{f;ml
f19594 g;f;!]ZAé 9193b

*

ffg;gz;AG

919555 —— 9195
919513

We can now check that this does indeed abstract the double category of arenas.

Proposition 3.5.0.7. The double category of arenas in the deterministic systems theory
is the Grothendieck double construction of the indexed category of sets and functions

in context Ctx_ : Set°? — Cat:
CeSet
Arena =# Ctxc.

Proof. By Propositions 2.6.2.5 and 3.3.0.15, the horizontal and vertical categories are
the same. It remains to show that the diagrams of Eq. (3.11) mean the same things as
Eq. (3.6).

Consider a square of the form

A-
A* B*
j* Kt
HIIR
C- D~
c* r 2 D*
i
The first diagram and first equation say:
Ar L B+
—— B
Ji lk g(j(a®)) = k(f(a*)) foralla* e A,

C+T>D+
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which mean the same thing. The second diagram, which takes place in Ctx+, is more
interesting. Here’s that diagram with the names we’re currently using:

]‘ﬁ

j°C > A”
]'*%l lfb
% *D— *k*D— *B—
19 — f W f

Let’s compute the two paths from the top left to the bottom right. Firstis f,o; bojrCm -
f*B~, which sends (a*, c™) to fy(a*, j*(a*,c™)). Thisis the right hand side of the second
equation, so we're on the right track. The other path is f*k* o j*g,,. Recall that j*g, sends
(a*,c7) to gy(j(a*), c”), and similarly f*k* sends (a*,d") to k*(f(a*),d"). Putting them
together, we send (a*, ¢™) to k*(f(a*), g,(j(a*), c™)). Therefore the commutation of this
diagram means the same thing as the second equation in the definition of a square of
arenas. ]

Building off of this proposition, we can think of the Grothendieck double construc-
tion as giving us a double category of arenas out of any indexed category.

Definition 3.5.0.8. Let A : C°? — Cat be an indexed category. Then the category of
A -arenas is defined to be the Grothendieck double construction of A:

Cec
Arenay := A(C).

The horizontal category of Arenay is the category Chart s of A-charts, and the
vertical category of Arena z is the category Lens 7 of A-lenses.

With this definition of the double category of arenas in hand, we can define a
behavior in a general systems theory.

Definition 3.5.0.9. LetD = (A, T) be a systems theory, and T and S two systems in this
systems theory. Given an A -chart

) fome) = om)

A (j}b )—behavior ¢ : T — Sisamap ¢ : Stater — States so that the following is a square
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in the double category Arena 7 of A-arenas:

2
TState ¢ T States
Stater Stateg

update \H\ \H~ updateg
expose exposeg

o] 7T o)

f

We will often refer to this square by ¢ as well.

In Section 4.2, we will see what composition in the double category Arena; of

A-arenas let’s us conclude about composition of systems and behaviors. For now, in

the rest of this section, we will formally introduce the theories of dynamical systems

we have been working with throughout the book, with some precise variations we can

now make clear.

But before we do that, let’s see how the above rather terse formal definition captures

the intuitive and informal definition given in Informal Definition 1.1.0.2:

Informal Definition 3.5.0.10. A theory of dynamical systems is a particular way to

answer the following questions about what it means to be a dynamical system:

1.
2.
3.

What does it mean to be a state?

How should the output vary with the state — discretely, continuously, linearly?
Can the kinds of input a system takes in depend on what it’s putting out, and
how do they depend on it?

What sorts of changes are possible in a given state?

What does it mean for states to change.

How should the way the state changes vary with the input?

Let’s see how choosing an indexed category A : C°P — Cat and a section T consti-

tutes a series of answers to each of these questions.

1.

We had to choose the base category €. Our space of states will be an object of
this category, and so choosing the objects of this category means choosing what
it means to be a state.

Our exposed variable exposeg : States — Outs will be a morphism of C, so
choosing the morphisms of € will mean choosing how the output will vary with
the state.

The input Ins will be an object of A (Outs), and therefore defining the objects
of A(Outs) — in particular, how they depend on Outs — will determine how a
system’s space of inputs may depend on its outputs.
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4. The our update map updateg : exposec] — TStates has codomain TStates.
Therefore, choosing object assignment of the section T tells us space of possible
changes which the system may make (as depending on the state it is in, in the
sense that T'States lives in a category A (States) which depends for its definition

on Stateg).

T

5. Since a behavior will involve the chart ( p ) : (TStateT) = (Tsmes

Stater Stateg
the action of T on maps ¢ will tell us what it means to interpret changes of state

), choosing

that arise from the dynamics of the system into whole behaviors of the system.
We will see an elaboriation of this idea when we discuss behaviors in systems
theories other than the deterministic systems theory.

6. By choosing the maps of A, we will determine what sort of map updateg is. This
will determine in what sort of way the changes in state vary with parameters.

3.5.1 The deterministic systems theories

We have been speaking of the deterministic systems theory throughout this book to
mean the theory of machines with discrete time whose next state is entirely deter-
mined by its current state and choice of parameters. But really, there have been many
deterministic systems theories, one for each cartesian category C.

Definition 3.5.1.1. Let C be a cartesian category. The deterministic systems theory Dete
in C is defined to be the indexed category Ctx_ : C°? — Cat together with the section
C — Cand ¢ — ¢ o iy defined in Proposition 3.5.0.3.

Remark 3.5.1.2. Proposition 3.4.1.5 Shows that behaviors in a deterministic systems
theory are precisely what we studied (and saw examples of) in Section 3.3.

There are many different deterministic systems theory, one for each choice of carte-
sian category C. For example:
* If C = Setis the category of sets, we have discontinuous, discrete-time, determin-
isitic systems. These are often called “Moore machines”.
¢ If C = Top is the category of topological spaces, we have continuous, discrete-
time, deterministic systems.
¢ If C = Man is the category of smooth manifolds, then we have smooth, discrete-
time, deterministic systems.
¢ If C = Meas is the category of measurable spaces and measurable maps, then we
have discrete-time, deterministic systems whose update is measurable.
¢ And so on...
Let’s see how to interpret the determistic systems theory in the case that ¢ = Set
answers the questions of Informal Definition 1.1.0.2.
1. A state is an element of a set.
2. The output varies as a function of the state, with constraints on what sort of
function.
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3. No, the kinds of inputs do not depend on the state — they live in a set which
does not depend on the current exposed variable.

4. From a state, one may transition to any other state (since T'States = States).

5. We treat the changes and the states in the same way, interpreting a change as the
next state.

6. The change in state is a function of the previous state and the input.

Exercise 3.5.1.3. Answer the questions of Informal Definition 1.1.0.2 in for the following
systems theories:

1. DETT0p.

2. DETMan.

3. DETArity-

3.5.2 The differential systems theories

We can now define the differential systems theories, which will finally let us see the
definitions of differential behavior given in Section 3.2 as different incarnations of a
single, general definition.

Unlike the case with deterministic systems theories, we will not be giving a single,
general definition of “differential” systems theory. We will be defining our different
differential systems theory ad-hoc.*

We begin with the differential systems theory used to define the notion of differential
system in Definition 1.2.2.1.

Definition 3.5.2.1. The Euclidean differential systems theory Euc is defined by the indexed
category Ctx_ : Euc®® — Cat together with the section T given by

e TR" :=R", thinking of R" as tangent space of a point in R".

¢ For a differentiable map f : R" — R™, we define Tf : R" X R" — R" to be

Tf(p,v) = Dfyv

dfi
where D f, is the matrix of partial derivatives ( a—f;, ) In other words, T f(p, v)
p

=
is the directional derivative in direction v of f at p. The functoriality law for the
section is precisely the multivariable chain law.

Exercise 3.5.2.2. Check that T as defined is indeed a section by referring to the multi-
dimensional chain law. I

“One can give a general definition of differential systems theory that specializes to these various
notions with the notion of tangent category with display maps (see e.g. [CC17]). But we prefer to just
describe the various categories as they come.
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Remark 3.5.2.3. Note thatif f : R — R" is a function, then

df

Tf(t,0)= Z(t) 0

The Euclidean differential systems theory Euc answers the questions of Informal
Definition 1.1.0.2 in the following way:
1. A state is a n-tuple of real numbers, which is to say a point in R".
The output is a differentiable function of the state.
The kind of input does not depend on the output.
A possible change in a state is given by a displacement vector, also in R".

SN

For a state to change means that it is tending in this direction. That is, it has a
given derivative.

6. The changes in state vary differentiably with the input.

Let’s see what behaviors look like in the Euclidean differential systems theory. Note
that since the indexed category of Euc is Ctx_ : Euc®® — Cat, its double category
of arenas is the same as for the deterministic systems theory Derg,.. However, the
definition of behavior will be different because the section is different. Let’s work out
what a general behavior is in Euc explicitly.

Proposition 3.5.2.4. Let T and S be systems in the Euclidean differential systems theory.

A chart (J;b ) : (OIEIT) = (olzis) consists of a pair of smooth functions f : Outt —

Outs and fb : Outt X InT — Ins.
A (J}’ )-behavior is a smooth function ¢ : Statet — States such that

exposeg(P(t)) = f(exposer(t)).
updateg(¢(t), fy(exposer(t), j)) = Dprupdate(t, j)

Proof. This is a matter of interpreting the square

(M)
TStater| \?/ [TStateg
—
Stater Stateg

update JJ\ lT updateg
exposer exposeg

InT Ins
OutT fo Outg

f

using by specializing Eq. (3.6) to the above case, using the definition of T¢p in Euc. O
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Example 3.5.2.5. Consider the following system Time in Euc:
¢ StateTime = R = OutTime, and expose, . = id.
L4 InTime = RO, and
update; (s,*) = 1.

This system represents the simple differential equation

ds
E_l'

Let S be another system in Euc. A chart (Z ) : (%O ) = ( O'Eis ) consists of a function
v : R — Outs and a function p : R X RY — Ing, which is to say p : R — Ins. This is
precisely the sort of chart we need for a trajectory.

A Z -behavior ¢ : Time — S consists of a differentiable function ¢ : R — States

such that the following is a square in the double category of arenas:

R Stateg

R

* Ing
(P) Outg

R
For this to be a square means that the following two equations hold:

R @; (TStates)

exposeg(p(t)) = v(t)
d¢

updateg(¢p(t), p(t)) = E(t).

That is, a behavior of this sort is precisely a trajectory as defined in Definition 3.2.1.6

Example 3.5.2.6. Consider the following simple system Fix:

e Stateri, = RY = Outfix and expose;, = id.

¢ Inrix = R%and updateg, (%, *) = *.
This system has no state variables. Nevertheless, a chart (; ) g (C;EE:X) = (C;Eis ) into
some other system S is not trivial; it is a pair of elements i € Ins and o € Outs.

A ; -behavior s : Fix — S consists of a differentiable function s : R — States —

which is to say a state s € States — such that the following is a square in the double
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category of arenas:

)
RO s TStates
RY States
0 updateg
(id)l lT(exposeS )

il o)

%

%

R

Now, s : R — States is a constant function, so T(s,*) = 0. Therefore, for this to be a
square means that the following two equations hold:

exposeg(s) = o.

updateg(s, i) = 0.

This says that S is not changing in state s on input 7, or that s is a steady state of S for
input 7 as in Definition 3.2.2.7.

The Euclidean differential systems theory Euc is a special case of a cartesian differ-
ential systems theory. The category Euc is a cartesian differential category, and for any
cartesian differential category we can make a cartesian differential systems theory. We
won't define the notion of cartesian differential category here, as the definition is a bit
involved. See [BCS09] for a comprehensive introduction.

Definition 3.5.2.7. For any cartesian differential category C with differential operator
T, we have a systems theory CartDirre, r defined by the indexed category Ctx_ : C°P —
Cat together with the section given by T.

Now, we would like to also show that periodic orbits are behaviors in a differential
systems theory, but we’re a bit stuck. In the Euclidean systems theory, there’s no way
to ensure that a trajectory ¢ : R — R" is periodic. Recall that ¢» being periodic means
that

o(t) = ot + k)

for some k € R called the period. If ¢ is periodic, then it descends to the quotient R/kZ,
which is a circle of radius % If we could define Stategybit, to be R/kZ, then a trajectory
qs : Stateorbiy, — States would be precisely a periodic trajectory ¢ : R — States.
To make this expansion of representable behaviors, we will need to move beyond
Euclidean spaces.

Our first guess might be to simply change out the category Euc of Euclidean spaces
for the category Man of smooth manifolds in the definition of Euc. Certainly, Man is
a cartesian category and so Ctx : Man°® — Cat is a perfectly good indexed category.
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But the tangent bundle of a general smooth manifold is not necessarily a product like
it is for R"”. So we would need to change our indexed category as well!

Now, strictly speaking we don’t have to do this if we only want to add circles, because
circles have a trivial tangent bundle. But it will turn out that defining the section T will
involve choosing, once and for all, a particular trivialization of the tangent bundle of
the circle and expressing all derivatives in terms of this. It will end up much easier to
simply jump over to general manifolds in a single leap.

We recall that to any manifold M there is an associated tangentbundlew : TM — M.
A vector field on a manifold M is a section v : M — TM of the tangent bundle. We
recall a bit about tangent bundles now.

Proposition 3.5.2.8. The assignment of a manifold M to its tangent space TM is func-
torial in that it extends to an assignment

f M>NH—Tf:TM—-TN

which, on Euclidean spaces gives Tf(p,v) = D f,v. Furthermore, the tangent bundle
1 : TM — M is natural in the the diagram

Tf
T™M —— TN

l ln
M T>N

commutes.

There is something special about the tangent bundle which allows it to be re-indexed
to a different manifold: it is a submersion. Not all pullbacks of manifolds exist, but all
pullbacks of submersions exist and are submersions.

Definition 3.5.2.9. A submsersion ¢ : M — N is a map of manifolds for which T,¢ :
T,M — Ty, N is surjective for each p € M.

We note that every diffeomorphism is a submersion, and that the composite of
submersions is a submersion.

Lemma 3.5.2.10. Let ¢ : A — B be a submersion. Then for any f : C — B, the set
theoretic pullback A xp C = {(a,c) € AX C | ¢(a) = f(c)} may be given the structure
of a smooth manifold so that the two projections A Xp C — A and AxgC — C
are smooth, and so that the resulting square is a pullback square in the category of
manifolds. Furthermore, the projection f*¢ : A Xxgp C — C is also a submersion.

In short, we say that pullbacks of submersions exist and are themselves submersions.

This situation arises enough that we can give an abstract definition of it.
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Definition 3.5.2.11. Let C be a category. A class of display maps in C is a class of maps
@ which satisfies the following:
¢ Every isomorphism is in @.
* O is closed under composition. If f and g are composable arrows in @, then f § g
isin .
* D is closed under pullback. If f : A = Bisin @ and g : C — B is any map, then
the pullback g*f : A Xp C — C exists and is in D.
A category with display maps (C, D) is a category C equipped with a class @ of display
maps.

We have seen that (Man, Subm) is a category with display maps by Lemma 3.5.2.10.
There are two other common classes of display map categories.

¢ If C has all pullbacks, then we may take all maps to be display maps.

e If Cis cartesian, then we may take the product projections to be the display maps.
The first of these obviously works, but the second requires a bit of proof (and to be a
bit more carefully defined).

Proposition 3.5.2.12. Let C be a cartesian category. Let © denote the class of maps
f + A — B for which there exists a C € C and an isomorphism i : A — C X B for
which f = i§mp. Thatis, D is the class of maps which are product projections up to an
isomorphism. Then (C, D) is a display map category.

Proof. We verify the conditions
e Ifi: A — Bis an isomorphism, then f § 1, 1. A - 1xBisalsoan isomorphism.

By construction, f = f § ;"

§ T2, SO every isomorphism is a product projection
up to isomorphism.

* Suppose that f : A — B is isomorphic to a product projection 7, : C X B — Bin
that f = i§m, and g : B — X isisomorphic to a product projection 7ty : YXX — X
in that g = j § mo. We may then see that f § g is a product projection up to

isomorphism by contemplating the following commutative diagram:

A—» CxB —>C><(Y><X)—> (CxY)xX

/ / i

B—— YXxX
gi/

X

® letf:A— Bbeaequaltoi§m withi: A — C X B an isomorphism. Let
k : X — B be any other map. We will show that 7o : C x X — X fits in a pullback
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diagram as follows:

Z
So o (a3i8m,x)
~N
N

A

CxX <k cxB -5 A

lﬂz lf
> B

X

k

The square commutes since ilsf =my:CxB — B. We see that it satisfies
the universal property by making the definition of the dashed arrow given in
the diagram. The lower triangle commutes by definition, so consider the upper
triangle, seeking to show thata = (a §i § 7, x) 5 (C x k) 5i~1. We calculate:

(a3ism,x)s(Cxk)sit=(asigmy,x3k)gi™?
=(asismy,asf)sit
=(@sismy,asism) it
=asigi’!

=4a.

Now, if z : Z — C were any other map so that (z,x) § C X k § i~1 = a, we would have
(z,a3i3m)¢i ' =a,or (z,a8i$piz) = asi, from which we may deduce thatz = a§i§m;.
This proves uniqueness of the dashed map. m]

We can now construct the indexed category that will form the basis of our new
differential systems theory. We will do so at the general level of display map categories,
since the construction relies only on this structure.

Definition 3.5.2.13. Let (C, ) be a category with display maps. The indexed category
D : C°P — Cat is defined as follows:
¢ Toeach object C € C, D(M) is the category with objects the display maps ¢ : E —
C and maps f : E — E’ such that f § ¢’ = ¢. That is, it is the full subcategory of
the slice category over C spanned by the display maps.
e To eachmap f : C" — C, we associate the functor f* : D(N) — D(M) given by
taking the pullback along f.
We note that this is functorial up to coherent isomorphism by the uniqueness (up to
unique isomorphism) of the pullback.

Exercise 3.5.2.14. Let C be a cartesian category, and equip it with the class 0 of maps
which are isomorphic to product projections, as in Proposition 3.5.2.12. Prove that
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@ : C°P — Cat is equivalent, as an indexed category, to Ctx_ : C°P — Cat. o

Exercise 3.5.2.15. Let C be a category with all pullbacks and let = C be the class of
all maps. Show Show that @ : C°P — Cat is the self-indexing of C. It sends an object
C € C to the slice category C | C whose objects are maps x : X — C and whose maps
fix—>yaremaps f: X — Ywith f §y =x. o

We can specialize this to the category of smooth manifolds with submersions the
display maps

Definition 3.5.2.16. The indexed category Subm : Man®? — Cat is defined as follows:

¢ To each manifold M, Subm(M) is the category of submersions ¢ : E — M and
maps f : E — E’ such that f § ¢' = ¢.

e To each map f : M — N, we associate the functor f* : Subm(N) — Subm(M)
given by taking the pullback along f.

If (C, D) is a category with display maps, then the category of charts of ® : CP —
Cat is easy to understand in terms of @.

Proposition 3.5.2.17. Let (C, D) be a category with display maps. Then the category
Charty = / cec D(C) of charts for @ : C°P — Cat is equivalent to the category whose
objects are display maps and whose morphisms are commutative squares between
them.

Proof. An object (;} ) of the category of charts is a pair consisting of an object A* € C
and a display mapa™ : A~ = AT in D(A™). But A" is determined, as the codomain, by
a~; so the objects of the category of charts are in bijection with the display maps. We
then show that the charts are similarly in bijection with the squares between display
maps.

A chart (J;? ) : (f\; ) =3 ( g; ) for this indexed category is a pair consisting of a map
f : AT — B*in C and a triangle

fo

By the universal property of the pullback, this data is equivalently given by the data of
a square

AT —— B~

S
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Now, consider a composite square

i) 7

A~ > B~ » C~
S U
Af 7 > B T c*

We can see that the arrow f,, § f*g, : A~ — f*¢g*B~ composes with the projections from
the pullbacks to give the top half of the outer square, and therefore it is the unique
map into the pullback induced by the outer square. m]

Corollary 3.5.2.18. Let (C, D) be a category with display maps. To give a section of
D : C°P — Cat, it suffices to give an endofunctor T : ¢ — C together with a natural
transformation 7 : T — ide whose components are all display maps.

Proof. Such an endofunctor T with natural transformation 7t gives us a functor C
n: TC — C going from C to the category of display maps in C and squares between
them. This functor will assign to each f : C’ — C the naturality square

Tf
TC' —— TC

| I

c’ — C
We note that the evident projection of the codomain composes with this functor to give
ide. By Proposition 3.5.2.17, this is equivalent to giving such a functor into Charty),
which, by Proposition 3.5.0.2 is equivalent to giving a section of 0. |

We may therefore define a systems theory associated to any category with display
maps (C, D) with such an endofunctor T : ¢ — C and natural transformation 7t : T —
ide whose components are all display maps.

Definition 3.5.2.19. Let (C, @) be a category with display maps and let T : ¢ — C be
an endofunctor and  : T — ide a natural transformation whose components are all
display maps. Then this data forms a systems theory Dispg 1 given by @ : C°P — Cat
and the section induced by sending C to 7t : TC — C in D(C).

Example 3.5.2.20. Let C be a cartesian category and @ be the class of product projections
up to isomorphism. We can define T : ¢ — Cby TC := C X C and define 7 : T — id
by nc := m1 : C X C — C. The systems theory Disp v so defined is precisely the
deterministic systems theory of Definition 3.5.1.1.
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Example3.5.2.21. Let C be a category with pullbacks and @ = Cbe all maps. If we define
TC:=CxCandn =m;:CXxC — Cin the same way as in Example 3.5.2.20, then the
systems theory Dispe 7 is the systems theory of dependent deterministic systems. The
main difference between this systems theory and the ordinary determinstic systems
theory is that what sort of input a system may take in can depend on the current
exposed variable. In particular, an interface for a dependent deterministic system S
will consist of a map v : Ing — Outs which we can think of sending each input to the
output it is valid for. The update is then of the form

updateg
States Xouts INg ——— > Statesg

In other words, updateg(s, i) is defined when v(i) = exposeg(s), or when i is an input
valid for the exposed variable exposes(s) of state s. We can think of each v™!(0) for
0 € O as a menu of available inputs given output 0. We will talk a bit more about
dependent systems in Section 3.5.3.

With one last lemma, we will finally be able to define our general differential systems
theory.

Lemma 3.5.2.22. The tangent bundle 7 : TM — M of a manifold M is a submersion.

Definition 3.5.2.23. The general differential systems theory Dirr is defined to be the display
category systems theory Dispsybm,r associated to the Subm : Man°®? — Cat and the
tangent bundle functor T.

A dynamical system in the general differential systems theory Dirr consists of a state
space States, and output space Outs, but then a submersion of inputs s : Ins — Outs.
We can think of 7t as assigning to each input the output that it is valid for. The update
then has signature

updateg : €XpOSegTins — TITStates

which is to say that it is a triangle of the form

update
States Xouts Ins > » TStates

States

which assigns to each state-input pair (s, i) where i is valid given the state s in the sense
that exposec(s) = mns(7) to a tangent vector at s.

The general differential systems theory Dirr answers the questions of Informal
Definition 1.1.0.2 in the following way:

1. A state is a point in a smooth manifold.
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2. The output is a smooth function of the state.

3. The kind of input can dependend on the current output, but it does so smoothly
(in the sense that the assignment sending an input to the output it is valid for is
a submersion).

4. A possible change in a state is given by a tangent vector.

5. For a state to change means that it is tending in this direction. That is, it has
derivative equal to the given tangent vector.

6. The changes in state vary smoothly with the input.

Example 3.5.2.24. Let’s see an example of a situation where the inputs may differ over
different outputs. Suppose we have a robot on a distant planet, and we are directing
it. When we tell it to move in a direction, the robot will move in the given direction at
a given speed k. We want to keep track of the position of the robot as it moves around
the planet.

We can model this situation as follows: since the surface of the planet is a sphere
and we want to keep track of where the robot is, we will let States = S2bea sphere. We
will also have the robot reveal its position to us, so that Outs = S? and exposeg = id.

Now, in any given position p € Outs, we want the space of inputs Ing, valid for p
to be the directions we can give to the robot: that is to say, Ins, = S' should form a
circle. However, we want these directions to be directions that the robot could actually
travel, so we will let Ins, = {v € T,Outs | |v| = 1} be the unit circle in the tangent space
at p. Then we may describe the fact that the robot moves in the direction we tell it by
defining

updateg(s, i) = ki.

We note that any system S in the Euclidean differential systems theory can be
considered as a system in the general differential systems theory by defining the bundle
of inputs to the m; : Outs X Ins — Outs and noting that the pullback of a product
projection is a product projection, so that we may take the domain of the new update
U @ exposecT] — TiTstates tO be States X Ing, just as it was. We may then define
u(s,i) = (s,updateg(s, 7)), equating TStates = TR" with R"” x R". Later, when we
discuss change of systems theory, we will see that this follows from a morphism of
systems theories Euc — DIFF.

We can now describe periodic orbits as behaviors in the general differential systems
theory.

Example 3.5.2.25. Let Clocky be the system in Drrr with:
e State space Statecjock, = R/kZ,
* Output space Outcjock, = R/kZ with expOsecioe, = id.
* Input bundle the identity Inciock, = idoutcion, -
¢ Update upda’cecIockk : Stateciock, — TStateciock, the assigning each state s to
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the vector Tq(1), the pushforward of the constant vector 1 on R by the quotient
q:R — R/kZ.
The universal property of R/kZ says that a smooth function y : R — M factors through
g :R — R/kZif and only if y(t + k) = y(t) forall t € R.
A chart for Clocky into a system S is a square

R/KZ —"— Ing

H [

R/kZ T) OUtS

By the various universal properties involved, this is the same data as a pair of maps
p:R —Insand ¢ : R — Outs for which p(t + k) = p(t) and 9(t + k) = 0(t) forall t € R,
and for which o = 9.

Now, a behavior ¢ : Clock, — S is a square

#

T(R/kZ)\ \?/ [TStates
R/kZ — ( Stateg )
1 updateg
(id)l ‘LT( exposeg )

R

T o]

Let ¢ : R — States be ¢ o . First, this being a square means that exposeg o ¢ = v, or
that exposes(qf)(t)) = v(t). Second, we have that

¢ updategop =T o updateCIOCkk,

which is to say
updates(¢(t), p(t)) = TP(Tq(1)).

Re-expressing this in terms of ¢ = ¢ o g, we see that this means that

. do
updateg($(6) p(6) = .
This says that ¢ is a trajectory for the system. Since by definition ¢ is periodic, and any

such periodic map would factor through g, we may conclude that behaviors Clock, — S
are periodic orbits (with period dividing k) of S.
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3.5.3 Dependent deterministic systems theory

The systems theory Disp(c 1) of display maps can also help us describe deterministic
systems theories in which the sorts of input a system can accept depend on the output
that system is currently exposing. These are called dependent deterministic systems.

Definition 3.5.3.1. Let (C, D) be a category with display maps (Definition 3.5.2.11) and
finite products, and suppose that product projections 711 : C XD — C are display maps
(although there may be other display maps). Then we have a section TC = CxC 5,
and so we may define the depdendent deterministic systems theory DrDEerc to be the
display map systems theory Disp(c o) 1.

Let’s understand dependent deterministic systems in the category of sets with every
map taken as a display map.

Definition 3.5.3.2. A dependent deterministic system S in the category of sets consists of:

e A set Stateg of states,

¢ A set Outs of outputs, and for each output o0 € Outs, a set Ins(0) of inputs valid
in output o. If we define Ins := 3 .o, Ins(0) to be the disjoint union of all of
these ouput sets, then we can package this assignment 0 + Ins(0) into a function
Ins — Outs which sends an input to the output it is valid in. That is, the interface
of a dependent system is a dependent set.

* An exposed variable exposeg : States — Outs.

* For every state s € States, an update function updateg(s, —) : Ins(exposeg(s)) —
States sending an input which is valid in the output exposed by s to the next
state.

Example 3.5.3.3. Consider the following simple example of a dependent system. A
Diner accepts orders when it is open, but when it is closed it doesn’t. The set of possible
outputs, or orientations of the diner in it’s environment, is Outs = {open, closed}. When
the diner is closed it accepts no input, so Ins(closed) = {tick} will simply represent
the ticking of time; other the other hand, when the diner is open then Ins(open) will be
the set of possible orders.

Even in the case C = Set, the dependent deterministic systems theory is remarkably
rich. So rich, in fact, that David Spivak and Nelson Niu have written a whole book just
on this systems theory [NS]. So we’ll leave the details of this systems theory to them.

3.5.4 Non-deterministic systems theories

In this section, we will define the non-deterministic systems theories. We’ve already
done most of the work for this back in Chapter 2. In particular, in Theorem 2.6.4.5, we
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showed that to every commutative monad M : C — C on a cartesian category, there is
a monoidal strict indexed category

CtxM : P — Cat

sending each object C € C to the category CtxlgI of Klesli maps C x X — MY in the
context of C. We will take this to be the indexed category underlying the systems
theory of non-deterministic systems associated to M; it remains to construct a section
T.

Proposition 3.5.4.1. The assigment defined by
e CeCisassignedtoC € Ctx]g, and
e f:C’"— Cis assigned to
, , 2880
C'xC' —— MC

yields a section T : € — Ctx™.

Proof. We see immediately that Tidc = idrc. It remains to show that for f : C’ — C
and g : C” — C’, we have

Tgsg'Tf=T(g5f)

In the do notation, the composite on the left is given by

do
T IR R UG
n(f(c)
which is the right hand side. a

Definition 3.5.4.2. Let M : C — C be a commutative monad on a cartesian category C.
The M-flavored non-deterministic systems theory NoNDETys is defined to be the indexed
category CtxM : C°P — Cat together with section defined in Proposition 3.5.4.1.

The non-deterministic systems theory NonDEeTys answers the questions of Informal
Definition 1.1.0.2 in the following way (taking C = Set for concreteness):

1. A state is an element of a set.

2. The output is a deterministic function of the state.

3. The kind of input does not depend on the output.

4. A possible change in a state is given by an M-distribution over states (element of

M States).
5. A state changes by transitioning into another state.
6. The changes in state vary arbitrarily with input.
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Exercise 3.5.4.3.  Answer these questions more specifically for the following systems
theories:

1. The non-deterministic Moore machine theory NoNDEerp.

2. The probabilistic systems theory NoNDEeTp.

3. The worst-case cost systems theory NoNDETcgst.

Behaviors in non-deterministic systems theory tend to be a little strict. This is
because the notion of trajectory is a bit more subtle in the non-deterministic case.
When does a sequence s : N — States constitute a trajectory of the system S? Is it
when s; will transition to s;,1 (in that updateg(s;, i) = n(st+1))? Or perhaps when it can
transition that way — but how do we express this notion in general?

While the notion of behavior we have given in this chapter works well for determin-
istic and differential systems theories, it does not work as well for non-deterministic
systems theories. Instead of asking whether or not a sequence of states is a trajectory,
we might instead want to ask how possible or likely it is for such a sequence of states to
occur through an evolution of the system. Figuring out how to express this idea nicely
and generally remains future work.

On the other hand, simulations of non-deterministic systems theories remain in-
teresting, because they tell us when we might be able to use a simpler model for our
system without changing the exposed behavior.

Jaz: I should include an example of non-deterministic simulation here.

3.6 Restriction of systems theories

Now that we have a concise, formal definition of dynamical system systems theories,
we can begin to treat systems theories as mathematical objects. In this section, we will
look at a simple way to construct a new systems theories from an old one: restriction
along a functor.

We will use restrictions of systems theories in order to more precisely control some
of the upcoming functoriality results. Often, we will only be able to prove a theorem
by restricting the systems theories beforehand.

Since a systems theories T consists of an indexed category A : C°P — Cat together
with a section T, if we have a functor F : @ — C then we should be able to produce a
new systems theories by composing A and T with F. We call this new systems theories
T|r the restriction of T along F.

Definition 3.6.0.1. Let T = (A : C°? — Cat,T) be a systems theories of dynamical
systems. For any functor F : @ — C, we have a new systems theories

T|p:=(A o F°?, T oF)
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where T o F is the section given by

e (ToF)D):=T(FD), and

e (ToF)(f) := T(Ff), which may see has the correct codomain since (A o F°P)(f)(T o
F)(D) = A(Ff)T(FD).

Since an indexed category is no more than a functor into Cat, A o F°P is an indexed
category. It only remains to check that T o F as defined is indeed a section of the
Grothendieck construction of A o F°P; this calculation is a straightforward unfolding
of definitions.

Example 3.6.0.2. In the next chapter we will see a few approximation methods as ways
of changing systems thories.

However, these approximations do not preserve all features of the systems theories;
in general, they are only exact for a restricted class of functions. For example, the Euler
method which approximates a differential equation

ds
E _F(S/p)

on a Euclidean sace by the discrete-time update function

u(s,p) =s+¢eF(s,p)

(for ¢ > 0) only exactly reproduces affine behaviors of systems. Being affine is a rather
severe restriction on the behavior of a dynamical system, but it does allow the important
case of steady states.

In order to capture Euler approximation as a change of systems theories in the exact
manner to be explored in the next chapter, we therefore need to restrict the Euclidean
differential systems theories Euc to affine functions. Recall that the indexing base of Euc
is the category Euc of Euclidean spaces and differentiable functions. We may therefore
take our restriction functor to be the inclusion Aff < Euc of affine functions between
Euclidean spaces.

Now that we have the formalities out of the way, let’s understand what restricting
a systems theory means for the theory of systems in it. Because we have changed the
indexing base for the systems theory, we have changed the objects of states and exposed
variables, and the bottom part of both the lenses and charts.

In particular, the object of states of a T|p-system is now an object of @ and not of C.
The exposed variable exposeg : States — Outs is now a map in @. Furthermore, and
rather drastically, the underlying map ¢ : Stater — States of a behavior is also a map
inD.

Example 3.6.0.3. Continuing from Example 3.6.0.2, we may consider what a behavior
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represented by the system T = ( t';i)l ) : (%) = (Ié) is in the restricted systems theory
EUCl Aff-

Since T represents trajectories in Euc, it will represent trajectories in Euc|ag. How-
ever, we have restricted the underlying map s : R — States to lie in Aff — that is, to
be affine. There are not often affine solutions to general differential equations, so for
the most part we will simply find that a system S has no trajectories (in this restricted
systems theory), or very few.

However, any constant function is affine; for this reason, all steady states are affine
functions, and so remain behaviors in this restricted systems theory.

3.7 Summary and Futher Reading

In this chapter, welooked at a variety of behaviors of systems in different systems theory
and saw that they could all be represented by the same equations relating charts with
lenses. We saw how behaviors can be represented by dynamical systems of particular
shapes — trajectories are represented by timelines, steady states by a single fixed point,
periodic orbits by clocks, etc. We introduced the double category of arenas to organize
charts and lenses, and finally gave a formal definition of theory of dynamical systems.

The notion of systems theory, the double category of arenas in a given systems
theory, and the definition of behavior of system that these enable are novel contributions
of this book. For a summary account, see [Jaz21].

For more on the theory on the systems theory of dependent lenses, see Spivak and
Niu’s book on polynomial functors (which remarkably form the same category) [NS].



Chapter 4

Change of Systems Theory

4.1

Introduction

In the last chapter, we saw a general formulation of the notion of behavior of system

and precise definition of the notion of systems theory. Let’s recall the definition of a

theory of dynamical systems.

Definition 4.1.0.1. A theory of dynamical systems consists of an indexed category A :
C°P — Cat together with a section T.

This concise definition packs a big punch. Describing a theory of dynamical sys-

tems amounts to answering the informal questions about what it means to be a sys-

tem:

Informal Definition 4.1.0.2. A theory of dynamical systems is a particular way to

answer the following questions about what it means to be a dynamical system:

1.
2.
3.

What does it mean to be a state?

How should the output vary with the state — discretely, continuously, linearly?
Can the kinds of input a system takes in depend on what it’s putting out, and
how do they depend on it?

What sorts of changes are possible in a given state?

What does it mean for states to change.

How should the way the state changes vary with the input?

Constructing a systems theory is no small thing. But once we have a systems

theory, we have may work in its double category of arenas to quickly derive a few

compositionality results about systems.

Definition 4.1.0.3. Let A : C°? — Cat be an indexed category. Then the category of

165
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A -arenas is defined to be the Grothendieck double construction of A:

Cee
Arenay := A(C).

Note that the horizontal category of Arenaz is the category Chart; of A-charts
(generalizing Proposition 3.3.0.15), and the vertical category of Arena 7 is the category
Lens 7 of A-lenses (Definition 2.6.2.7).

We are now in peak category theory territory: the statements of our propositions
are far longer than their proofs, which amount to trivial calculations in the double
category of arenas. As in much of categorical work, the difficulty is in understanding
what to propose; once that work is done, the proof flows smoothly from the definitions.

Let’s see what composition of squares in the double category of arenas means
for systems. Horizontal composition is familiar because it’s what lets us compose

behaviors:
(T¢) Tw) (T(qbsw)
TStatet ¢ TStateg ¥ T'Statey TStater| \ 9% / [TStatey
Statert States Statey StateT Statey

i A N i o e e
) k) e

OutT Outg i\ (s
s

i ’

InT

Outu) Outt

So, we have a category of systems and behaviors in any systems theory, just as we
defined in the deterministic systems theory.

On the other hand, vertical composition tells us something else interesting: if you
get a chart ( ) by wiring together a chart (J}" ), then a behavior ¢ with chart (J}")
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induces a behavior with chart ( ggb ) on the wired together systems.

[

TStater| \?/ (TStates

( Stater ) — ( States ) T

(UPdafeT)lT lT(updateS) TStater (‘/"f’) TStates
exposer exposeg ( Stater ) — ( Stateg )

In In
on ) 7 R 1

b Tl

9
The interchange law of the double category of arenas tells us precisely that these
two sorts of composition of behaviors — composition as maps and wiring — commute.

That is, we can compose two behaviors and then wire them together, or we can wire
each together and then compose them; the end result is the same.

Example 4.1.0.4. Continuing from Example 3.4.1.4, suppose that we have a ( Z; )—steady
state s in a system S:

)2 o

[ @
U

We can see thats isa ( Z; )-steady state of the wired system by vertically composing the
square in Eq. (4.1) with the square in Eq. (3.8). This basic fact underlies our arguments
in the upcoming Section 5.2.

While our results are most smoothly proven in the double category of arenas, this
double category does not capture the way we think of systems and their behaviors. To
think of a behavior, we must first think of its chart; we solve a differential equation
in terms of its parameters, and to get a specific solution we must first choose specific
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parameters. Working in the double category of arenas means treating the chart (]}b )

and the underlying map ¢ of a behavior on equal footing, but we would instead like to
say that ¢ is a behavior for the chart (J}b )

We would also like to think of the wiring together of systems along a lens ( uj ) as an
operation performed on systems, and then inquire into the relationship of this wiring
operation with the (horizontal) composition of behaviors.

What we need is to separate the interface of a system from the system itself. Charts
and lenses are best understood as ways of relating interfaces. It just so happens that
systems and their behaviors can also be expressed as certain sorts of lenses and charts,
which drastically facilitates our working with them. But there is some sense in which

this is not essential; the main point is that for each interface ( é ) we have a notion of
. . # 4 ..
system with interface ( (I) ), for each lens (7;:) ) : (é) S ( é,) a way of wiring ( é )—

systems into ( g, ) systems, and for each chart (J}b ) : ( (I) ) = ( g, ) a notion of behavior
for this chart. It is very convenient that we can describe wiring and composition of
behaviors in the same terms as charts and lenses, but we shouldn’t think that they are
the same thing.

In this chapter, we will define the appropriate abstract algebra of systems and
their two sorts of composition keeping in mind the separation between interfaces and
systems. We call this abstract algebra a doubly indexed category, since it is a sort of
double categorical generalization of an indexed category. We'll see the definition of
this notion in Section 4.3. Later, in Chapter 6, we’ll see how this abstraction of the
algebra of composition of systems can be used to work in other doctrines of dynamical
systems — ways of thinking about what it means to be a systems theory at all.

Once we have organized our systems into doubly indexed categories, we can discuss
what it means to change our systems theory. A change of systems theory will be a
way of turning one sort of dynamical system into another. This could mean simply
re-interpreting the underlying structure (for example, a deterministic system where all
maps are differentiable is in particular a discrete deterministic system, just by forgetting
the differentiability) or by restricting the use of certain maps (as in Definition 3.6.0.1).
But it could also mean approximating one sort of system by another sort of system.

As an example, let’s consider the Euler method for approximating a differential
system. Suppose that
Rk
Rm

Rl’l
Ri’l

updateg
exposeg

is a Euclidean differential system S. This represents the differential equation

ds
yri updateg(s, p).

That is, a trajectory is a map s : R — R satisfying this differential equation (for a
choice of parameters p : R — R¥). This means that the direction that the state s is
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tending is given by updateg(so, po). We could then approximate the solution, given
such a starting point, by moving a small distance in this direction. We could get a
whole sequence of states this way; moving in the direction our dynamics tells us we
should go, and then checking where to go from there.

The result is a deterministic system &,(S) whose dynamics is given by

update&_(s)(s,p) = s + ¢ - updateg(s, p).

Here, ¢ > 0 is some small increment. We can take &.(S) to expose the same variable
that S does: exposeg () = exposes.

The change of systems theory &, is the formula for changing from the Euclidean
differential systems theory to the deterministic systems theory on the cartesian category
of Euclidean spaces. We might wonder: how does changing the systems theory by
using the Euler method affect the wiring together of systems? How does it affect the
behaviors of the systems?

We can answer the question about behaviors here. It is not true that every be-
havior of a Euclidean differential system is faithfully represented by its Euler method
approximation. Consider, for example, the simply system

updateg(s) = s

having one state variable, and no parameters. The trajectories of this system are of the
form s(t) = Ce! for some constant C. However, if we let ¢ = .1 and consider the Euler
approximation

updateg (5(0)) =s(0)+.1-5(0)=1.1-C,

This is not the same thing as s(.1) = Ce'! ~ 1.105 - C (though, as expected, they are
rather close). So we see that general behaviors are not preserved!

However, suppose we have a steady state of the system. For example, taking C =0
we get a steady state of the system updateg(s) = s above. Then we have that

updateg_l(s)(O) =0+.1-0=0.

In other words, the steady state remains a steady state!

The goal of this chapter will be to introduce the formalism which enables us to
inquire into and prove various compositionality results concerning changes of systems
theory. In the above situation, we will see that the Euler method &, gives a change
of systems theory on a restriction of the Euclidean differential systems theory to affine
maps. As a result, it will preserve any behavior whose underlying map is affine (of the
form ¢(v) = Av + b for a matrix A and vector b), which includes all steady states (since
constant maps are affine) but almost no trajectories in general.

We will introduce the notion of a doubly indexed functor to organize the composition-
ality results concerning change of systems theory. We will also be using these doubly
indexed functors in the next chapter to organize the compositionality of behaviors in
general.
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We will define the notion of change of systems theory formally (Definition 4.5.1.2)
and show that every change of systems theory gives rise to a doubly indexed functor
between the doubly indexed categories of systems in the respective systems theories.
In particular, we will show that there is a functor

Sys : Theory — DblIx

sending a systems theory to the doubly indexed category of systems in it.

4.2 Composing behaviors in general

Before we get to this abstract defintion, we will take our time exploring the sorts of
compositionality results one may prove quickly by working in the double category of
arenas.

Recall the categories Sys( (I) ) of systems with the interface ( (I) ) from Definition 3.3.1.1.
One thing that vertical composition in the double category of arenas shows us is that
wiring together systems is functorial with respect to simulations — that is, behaviors
that don’t change the interface.

We repeat the definition of Sys( é ) for an arbitrary systems theory.

Definition 4.2.0.1. Let D = (A, T) be a theory of dynamical systems. For a 4-arena
( é ), the category Sys( CI) ) of D-systems with interface ( é ) is defined by:

e Its objects are A-lenses (lelf}f jg::) : (Tsstzattezs) S (é), which are systems in this
systems theory (Definition 3.5.0.5).
¢ Its maps are simulations, the behaviors which have identity chart. That is, the

maps are the squares

i
TStatet ¢ TStateg
( Stater ) j ( Stateg )
update update
(efpose:)l T(eflﬂ’osez)
I I
@) O

¢ Composition is given by horizontal composition in the double category Arena z
of A-arenas.

Now, thanks to the double category of arenas, we can show that every lens (}}u ) :
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( é ) S ( (I),, ) gives a functor

ol )

We can see this functor as the operation of wiring together our (é)-systems along

the lens (J;u ) to get ( CI)// )—systems. The functoriality of this operation say that wiring

preserves simulations — if systems S; simulate T; by ¢;, then the wired together systems
S simulate T by ¢ = []; ¢;.

Proposition 4.2.0.2. For a lens (f}ﬁ ) : ( é ) s ( g, ), we get a functor

S fﬁ S — S !
ys : Sys ys

O
Given by composing with (J;ﬁ ):

f
* Forasystem S = (updates ) : (TStates ) S ( é ),

exposeg States

Jii _ [updateg) 1t
e )= e o)

¢ For a behavior, Sys( J}ﬁ ) acts in the following way:

I
(@)

I
(@)

)
TStateT ¢ TStates
(T qb) Statet Stateg
d. d.
TStater ¢ T'States PSR l \H R
: exposer exposeg
StateT Stateg ( InT Ing
updater updateg . o — Out
(exposeT )l lT(exposes ) i >
I

O’ I

O

i

OI

Proof. The functoriality of this construction can be seen immediately from the inter-
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change law of the double category:

To \|( Ty To\|( Ty
( ¢ )‘( ¥ ) _ ( ¢ )‘( 4 ) by the horizontal identity law,
(5 I
(¥)](%)

= by the interchange law.

Identities are clearly preserved, since the underlying morphism ¢ : Statet — States is
not changed. m|

The notion of profunctor gives us a nice way to understand the relationship between

a behavior ¢ : T — S and its chart ({ﬁ ) : ((I) ) = (é’, ) When we are using behaviors,

we usually have the chart ( J}’ ) in mind first, and then look for behaviors with this chart.
For example, when finding trajectories, we first set the parameters for our system and
then solve it. We can use profunctors to formalize this relationship.
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—~ >

) g (é ) = ( g, ), we get a profunctor

fo
Sys : Sys
,,(f) y

Proposition 4.2.0.3. Given a chart (

I
(@)

I/

—+> Sys
y o’

Defined by:

Sys (j;b) (T,S) = {qb : Stater — Stateg

¢ is a behavior with chart (J;f)}

Pomy

(stateT) (<f’) (states)

Stater ~ 7 \Stateg
— update JJ* JJ* updateg
exposer exposeg
InT
Outt

Ing
£ Outs
f
The action of the profunctor Sys(J}b ) on simulations in the categories Sys( é ) and

Sys( g, ) is given by composition on the left and right. That is, for simulations ¢ : T" —

Tand ¢ :S — S and (]}" )-behavior B e Sys(J}b )(T, S), we define

oY= |ply. (4.2)

Exercise 4.2.0.4.  Prove Proposition 4.2.0.3. That is, show that the action defined in
Eq. (4.2) is functorial, giving a functor

1\ r
Sys(o) X Sys(o,) — Set.

(Hint: use the double categorical notation. It will be much more concise.) O

With a little work in the double category of arenas, we can give a very useful example
of a square in the double category of profunctors. Consider this square in the double
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category of arenas:

B 1|

As we saw in Proposition 4.2.0.2, we get functors Sys(j].u) : Sys( (1311) - Sys(éz)
and Sys( ';j ) : Sys( (1322) - Sys( 3‘4) given by composing with these lenses. We also
saw in Proposition 4.2.0.3 that we get profunctors Sys({ﬁ’ ) : Sys( éll ) —+ Sys( (I)zz ) and

Sys(ggb ) : Sys( 61)33) —+ Sys( (1344) from these charts. Now let’s see how to get a square
of profunctors from the square « in the double category of arenas:

Sys(éll) ' > Sys(ézz)
Sys(] ) Sys(a) Sys(];j)
Sys(é3 ) > Sys(é1 )

That is, a natural transformation of the following signature:

Sys(a) : Sys (]](cb) — Sys (ggb) (Sys(j;t ), Sys( ’;j )) :

To define the natural transformation Sys(a), we need to say what it does to an
element ¢ € Sys(/;b ) (T,S). Recall that the elements of this profunctor are behaviors
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with chart (JJ[}’ ), so really ¢ is a square

(TState-r) @ (TStates)

Stater

(]5 _ [updater lj\
exposer
I

Stateg
\H\ updateg

exposeg
I

0>

in the double category of arenas. Therefore, we can define Sys(a)(¢) to be the vertical

composite:
)
TStateT ¢ T'Stateg
Statert Stateg
update updateg
(expose-r )‘LT lT(exposes)
I P
01 ( fb) O,
]'ﬂ Kt
IR
I3 Iy
O3 Oy

Or, a little more concisely in double category notation:

Sys()($) = +.

We record this observation in a proposition.
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Proposition 4.2.0.5. Given a square

o) = o
A

I3 Iy

Os3 Oy

in the double category of arenas, we get a square

Sys(f b)
f

Sys(éll) > Sys(ézz)
S IR Y
Sys(gs) ' > Sys(é‘i)

Sys(gb)
g
in the double category of categories, functors, and profunctors given by

Sys(a)(9) = 2.

The naturality of this transformation follows from the double category laws. We
leave the particulars as an exercise.

Exercise 4.2.0.6.  Prove that the family of functions

a5 s ) o ool

defined in Proposition 4.2.0.5 is a natural transformation. (Hint: use the double cate-
gory notation, it will be much more concise.) ¢
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4.3 Arranging categories along two kinds of composition:
Doubly indexed categories

While we described a category of systems and behaviors in Proposition 3.3.0.17, we
haven’t been thinking of systems in quite this way. We have been organizing our
systems a bit more particularly than just throwing them into one large category. We've
made the following observations:
* Each system has an interface, and many different systems can have the same
interface. From this observation, we defined the categories Sys( (I)) of systems

with the interface ( (I) ) in Definition 3.3.1.1.

¢ Every wiring diagram, or more generally lens, gives us an operation that changes
the interface of a system by wiring things together. We formalized this observa-
tion into a functor Sys( Z’: ) : Sys( é ) - Sys( g, ) in Proposition 4.2.0.2.

* To describe the behavior of a system, first we have to chart out how it will
look on its interface. We formalized this observation by giving a profunctor
Sys(/;b ) : Sys( é ) —+ Sys( g, ) for each chart in Proposition 4.2.0.3.

¢ If we wire together a chart for one interface into a chart for the wired interface,
then every behavior for that chart gives rise to a behavior for the wired together
chart. We formalized this observation as a morphism of profunctors

Sys(a) : Sys (j;’) - Sys (ggb) (sys(f]f‘ ) Sys( e ))

in Proposition 4.2.0.5.

Now comes the time to organize all these observations. In this section, we will see
that collectively, these observations are telling us that there is an doubly indexed category
of dynamical systems. We will also see that matrices of sets give rise to a doubly
indexed category which we will call the doubly indexed category of vectors of sets.

Definition 4.3.0.1. A doubly indexed category A : 10 — Cat consists of the following:*
A double category @ called the indexing base.

For every object D € @, we have a category A (D).

e For every vertical arrow j : D — D’, we have a functor A(j) : A(D) — A(D’).

For every horizontal arrow f : D — D’, wehave a profunctor A(f) : A(D) —+ A(D’).
¢ For every square

0O+—>x
—
b

-

N
(04
9
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in @, a square

) —29 a2

ﬂ(j)l A(a) lﬂ(k)

A(C) Tg)) A(D)

in Cat.
¢ For any two horizontal maps f : A — Band g : B — C in @, we have a square
g A(f)© A(g) — A(f | g) called the compositor:

27 a@7Y k)

| o | “

A
A(A) W A(C)
This data is required to satisfy the following laws:
® (Vertical Functoriality) For vertical maps j : D — D’ and k : D’ — D”, we have

that ' o
P AT
k A(k)
and that A(idp) = idﬂ(D).b

* (Horizontal Lax Functoriality) For horizontal maps f : D1 — Dj, g : D — D3
and h : D3 — Dy, the compositors u satisfy the following associativity and
unitality conditions:

— (Associativity)

prglA(h) . A(f)lug,n
H(flg) Hedal)

— (Unitality) The profunctor A (idp,) : A(D1) —+ A(D;) is the identity pro-
functor, A(idp,) = A(D;). Furthermore, Hidp, and u f,idp, are equal to the
isomorphisms of Exercise 3.4.3.3 given by the naturality of A4 (f) on the left
and right respectively. We may sumarize this may saying that

pia f = ida(p) = p id-
¢ (Naturality of Compositors) For any horizontally composable squares

|

BN

—

B
J/k and k

—)D DT)

O +——
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A(a) | ﬂ(ﬁ) _ HA,f
“91,92 ﬂ(a | ﬁ)

?This is what an expert would call a unital (or normal) lax double functor, but we won't need this concept
in any other setting.

bHere, we are hiding some coherence issues. While our doubly indexed category of deterministic
systems will satisfy this functoriality condition on the nose, we will soon see a doubly indexed category
of matrices of sets for which this law only holds up to a coherence isomorphism. Again, the issue invovles
shuffling parentheses around, and we will sweep it under the rug.

That’s another big definition! It seems like it will be a slog to actually ever prove
that something is a doubly indexed category. Luckily, in our cases, these proofs will go
quite smoothly. This is because each of the three laws of a doubly indexed category has
a sort of sister law from the definition of a double category which will help us prove it.

* The Vertical Functoriality law will often involve the vertical associativity and

unitality of squares in the indexing base.

¢ The Horizontal Lax Functoriality law will often involve the horizontal associativ-

ity and unitality of squares in the indexing base.

¢ The Naturality of Compositors law will often involve the interchange law in the

indexing base.

We’ll see how these sisterhoods play out in practice as we define the doubly indexed
categories of deterministic systems and vectors of sets.

The doubly indexed category of systems Let’s show that systems in a systems theory
D do indeed form a doubly indexed category

Sysy, : Arenap — Cat.

Definition 4.3.0.2. The doubly indexed category Sys, : Arenap — Cat of systems in
the systems theory D = (A, T) is defined as follows:
¢ Our indexing base is the double category Arenap of arenas, since we will arrange
our systems according to their interface.

¢ To every arena ( é ), we associate the category Sys( (I) ) of systems with interface
( CI) ) and behaviors whose chart is the identity chart on ( (Ij ) (Definition 4.2.0.1).
¢ To every lens ( z;f ) : ( é ) S ( g, ), we associate the functor Sys( Z’: ) : Sys( (I) ) —

Sys é given by wiring according to (ZZ?
#
w S
Sys ( ) (S) = Y
w

This is defined in Proposition 4.2.0.2.
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* To every chart (?’) : (é) =3 ((I),,), we associate the profunctor Sys(?‘? ) :
Sys( (I)) —+ Sys( g,) which sends the (é)-system T and the ( g, )—System S to

the set of behaviors T — S with chart (J}” ):

Sys (];b) (T,S) = {¢ : StateT — States | ¢ is a behavior with chart (j;l_))}

T

TStateT (ﬁf’ TStateg
Bl

Stater - Stateg
— update \H* \H\ updateg
expose exposeg

W o
f

We saw this profunctor in Proposition 4.2.0.3.

InT
Outt

¢ To every square a, we assign the morphism of profunctors given by composing
vertically with a in Arena:

Sys(a)($) = ©.

We saw in Exercise 4.2.0.6 that this was a natural transformation.
¢ The compositor is given by horizontal composition in the double category of
arenas:

“)2) Sys( ) osys(7) = sys((7)5(7))
(@, )= ¢ [P

Let’s check now that this does indeed satisfy the laws of a doubly indexed category.
The task may appear to loom over us; there are quite a few laws, and there is a lot of
data involved. But nicely, they all follow quickly from a bit of fiddling in the double
category of arenas.

e (Vertical Functoriality) We show that Sys (( ];j ) o (7;t )) = Sys( ';j ) o Sys(]; ) by

vertical associativity:
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Kt jﬁ
=Sys| |oSys| |(¢)
k j
¢ (Horizontal Lax Functoriality) This law follows from horizontal associativity in
Arena.
@, ), &) = (@) E=¢ @ |&) =, uy, <)) (4.4)
¢ (Naturality of Compositor) This law follows from interchange in Arena.
Sys(a) | Sys(B) |
( ys(2) | 8ys(B)) oy = Q1% _ @ 1¥
iz alp alp
_ K

The doubly indexed category of vectors of sets In addition to our doubly indexed
category of systems, we have a doubly indexed category of “vectors of sets”.

Classically, an m X n matrix M can act on a vector v of length n by multiplication
to get another vector Mo of length m. We can generalize this to matrices of sets if we
define a vector of sets of length A to be a dependent set V : A — Set.

Definition 4.3.0.3. For a set A, we define the category of vectors of sets of length A to be
Vec(A) = Set”

the category of sets depending on A.
Given a (B X A)-matrix M : B X A — Set (as in Definition 3.4.2.1), we can treat a
A-vector V as a A X 1 matrix and form the B X 1 matrix M V. This gives us a functor

Vec(M) : Vec(A) — Vec(B)
Vo (MV), = ZMW x V,
acA
f:VoWi((am,v)—(a,m,f(v))

which we refer to as the linear functor given by M.

Definition 4.3.0.4. The doubly indexed category Vec : Matrix — Cat of vectors of sets
is defined by:
¢ Its indexing base is the double category of matrices of sets.
* To every set A, we assign the category Vec(A) = Set” of vectors of length A.
e To every (B X A)-matrix M : A — B, we assign the linear functor Vec(M) :
Vec(A) — Vec(B) given by M (Definition 4.3.0.3).
¢ To every function f : A — B, we associate the profunctor
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Vec(f) : Vec(A) — Vec(B) defined by
Vec(f)(V,W)={F:(a€A) — Vs > W}

Thatis, F € Vec(f)(V, W) is a family of functions F(a, —) : V; — Wy, indexed by
a € A. This is natural by index-wise composition.
To every square

BN
o5

M

O <——

-]

I,
o N
9

that is, family of functions &, : Mca — Ny(c)f(a), We associate the square

Vec(A) L(f)) Vec(B)

Vec(M)l Vec(a) lVeC(N )

Vec(C) T(g)> Vec(D)

defined by sending a family of functions F : (a € A) — V,; — Wy, in Vec(f)(V, W)
to the family

Vec(a)(F) : (c € C) > MV, = MW,
Vec(a)(F)(c, (a,m,v)) = (f(a), a(m), F(a, v))

That is, Vec(a)(F)(c, —) takes an element (a,m,v) € MV, = Y ,ca Mz X V,; and
gives the elements (f(a), a(m), F(a, v)) of MWy () = Ypep Ny(ejp X Wh-

* The compositor is given by componentwise composition: If f : A — B and

g:B — CandF € Vec(f)(V,W) and G € Vec(g)(W, U), then

‘Llf,g(F, G) 5 ({1 € A) -V, - ugf(a)
Hf,g(F, G)(a,v) = G(f(a)/ F(a, U))

It might seem like it will turn out to be a big hassle to show that this definition
satisfies all the laws of a doubly indexed category. Like with the doubly indexed

category of arenas, we will find that all the laws follow for matrices by fiddling around

in the double category of matrices.

Let’s first rephrase the above definition in terms of the category of matrices. We note

that a vector of sets V' € Vec(A) is equivalently a matrix V : 1 — A. Then the linear

functor Vec(M) : Vec(A) — Vec(B) is given by matrix multiplication, or in double

category notation:

Vec(M)(V) = %
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This means that the Vertical Functoriality law follows by vertical associativity in the
double category of matrices, which is to say associativity of matrix multiplication.

Similarly, we can interpret the profunctor Vec(f) for f : A — B in terms of the
double category Matrix. An element F € Vec(f)(V, W) is equivalently a square of the
following form in Matrix:

—
—

\4 W

BN
o5 ]

F
—
f

Therefore, we can describe Vec(f)(V, W) as the following set of squares in Matrix:

[

Vec(f)(V,W)=<F|y

-

oy

F
f

b

Then the Horizontal Lax Functoriality laws follow from associativity and unitality of
horizontal composition of squares in Matrix!

Finally, we need to interpret the rather fiddly transformation Vec(a) in terms of
the double category of matrices. Its a matter of unfolding the definitions to see that
Vec(a)(F) = g in Matrix, and therefore that the Naturality of Compositors law follows
by the interchange law.

If this argument seemed wholly too similar to the one we gave for the doubly indexed
category of systems, your suspicions are not misplaced. These are both are instances

of a very general vertical slice construction, which we turn our attention to now.

4.4 Vertical Slice Construction

In the previous section, we constructed the doubly indexed categories Sys, of systems
in a systems theory D and Vec of vectors of sets “by hand”. However, both constructions
felt very familiar. In this section, we will show that they are both instances of a general
construction: the vertical slice construction.

The main reason for recasting the above constructions in more general terms is that
it will facilitate our main theorem of this chapter: change of systems theory.

The vertical slice construction will take a double functor F : 1y — 1 and produce
a doubly indexed category oF : @1 — Cat indexed by its codomain. So, in order to
describe the vertical slice construction, we will need the notion of double functor. We
will need the notion of double functor for much of the coming theory as well
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44.1 Double Functors

A double functor is the correct sort of functor between double categories. Just as a dou-
ble category has a bit more than twice the information involved in a category, a double
functor has a bit more than twice the information involved in a functor.

Definition 4.4.1.1. Let Dy and ©; be double categories. A double functor F : 1Dy — ©Dq
consists of:
* An object assignment F : Ob©®y — Ob D which assigns an object FD in @1 to
each object D in Dy.
¢ A vertical functor F : v/Dy — v on the vertical categories, which acts the same
as the object assignment on objects.
* A horizontal functor F : h®Dy — h; on the horizontal categories, which acts the
same as the object assignment on objects.
¢ For every square

BN

m ~.
— ™
>

_f
(04
g

o)

in @y, a square

Ef
FA ——— FB

Fjl Fa le

FC —— FD
Fg

such that the following laws hold:

- F commutes with horizontal compostition: F(a | f) = Fa | Fp.

- F commutes with vertical comopsition: F (% = E—g
— [ sends horizontal identities to horizontal identities, and vertical identities

to vertical identities.

Remark 4.4.1.2. There is, in fact, a double category of double functors F : Dy — D1, but
we won't need to worry about this until we consider the functoriality of the vertical
slice construction in Section 4.4.4.

We will, in time, see many interesting examples of double functors. However, we

will begin with the two simple examples we need to construct the doubly indexed
categories Sys and Vec.

Example 44.1.3. Let D = (A : C°P — Cat, T) be a systems theory. We recall that the
sectionT : C — / e A(C) is a functor to the Grothendieck construction of A. We
may promote this into a double functor into the double category of arenas Arenap in
a rather simple way.
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Since the horizontal category of Arenap is f “C (C), the category of charts, we
may consider T as a double functor

hT : hC — Arenap

from the double category hC given by defining its horizontal category to be C and
taking its vertical category and its squares to consist only of identities. Its worth taking
a minute to check this trivial observation against the definition of a double functor.

Example 4.4.1.4. There is a double category 1 with just one object * and only identity
maps and squares. A double functor F : 1 — @ simply picks out the object F(*);
there is no other data involved, since everything else must get sent to the appropriate
identities.

In particular, the one element set 1 is an object of the double category Matrix of sets,
functions, and matrices. Therefore, there is a double functor 1 : 1 — Matrix picking
out this special element.

Now that we have a notion of double functor, we can define a category Dbl of double
categories.

Definition 4.4.1.5. The category Dbl of double categories has as its objects the double
categories and as its maps the double functors.

From any indexed category 4, we can form the double categories of arenas in A
(Definition 4.1.0.3). In category theory, itis a good habit to inquire into the functoriality
of any construction. Now that we have an appropriate category of double categories,
we can ask if the construction A — Arena z is functorial.

Proposition 4.4.1.6. The assignment A +— Arena 7 sending an indexed category to its
Grothendieck double construction (Definition 3.5.0.6) is functorial.

Proof. Let A : C°? — Cat and B : D°P — Cat be indexed categories, and let (F,F) :
A — B be an indexed functor. We will produce a double functor

F
: Arena 7 — Arenag.

Recall that the Grothendieck construction is functorial (Proposition 2.7.0.2). From
an indexed functor (F,F) : A — B, we get a functor

? c.e D:D
(F) : A(C) - / B(D).
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Since the horizontal category of Arena is precisely the Grothendieck construction,

we can take this to be the horizontal component of (i) : Arenay; — Arenag. Sim-
ilarly, since the vertical category of Arena is the Grothendieck construction of the

opposite, we can take the vertical component of (i) : Arenayz — Arenag to be

(f;P) :/C:C’ﬂ(c)op _)/D:CZ) @(D)op‘

All that remains to check then is that (E) :: Arena 7 — Arenag preserves squares.
Let
(glb)
Aq g1 Ar
Cq Cy
# #
1 5
Al 1)
Az Ay
Cs Cy
J2b
92
be a square in Arena 7. We need to show that
(fglb)
FA\ \Fn) (FA,
FCq FCy

bt I

F FA,
_ (
(ngb
Fgo

FA3
FC3 FCy
is a square in Arenag. But this being a square means that the two following diagrams

commute:
E — Eft _
FC; —2% FC, (Ff1)'EA;3 h y FA;
Ffll lFfz (Ffl)fgzbl lfglb
FCs 7 FCy (Ff1)'(Fga)'FAy =—— (1:91)*(1:/’2)*1_:1‘\4(FTf}pt (Fg1)'FA;
g1 2

The left square commutes because F is a functor, and the right square commutes
because (F, F) is an indexed functor. O

4.4.2 The Vertical Slice Construction: Definition

We are now ready to define the vertical slice construction.
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Definition 4.4.2.1 (The Vertical Slice Construction). Let F : @y — @7 be a double
functor. The vertical slice construction of F is the doubly indexed category

oF : 01 — Cat

defined as follows:
e For D € @y, oF(D) is the category whose objects are pairs (A, j) of an object
A € Dg and a vertical map f : FA — D. A map (A1, j1) = (A2, j2) is a pair (f, a)
of a horizontal f : Ay — A and a square

Ef
FA1 —— FA,

jll a l]’z
D | e— D

in @1.
e For every vertical j : D — D’ in @4, we associate the functor oF(j) : cF(D) —
oF(D’) given by vertical composition with j:

Ff
FA1 —— FA,
F
FA; —f) FA, j1l o ljz

le/ (04 l]z = D | D

D’ D’

More concisely, this is
. o'
OFG)(f, @) = (f, 7) .

e For every horizontal g : D — D’ in @1, we associate the profunctor oF(g) :
oF(D) —+ oF(D’) given by

IE
FA, FA, FAq ——I—) FA;
SRR (!
D D’ DT)DI

We note that if g = idp is an identity, then this reproduces the hom profunctor of
oF(D).
¢ The compositor u is given by horizontal composition:

gy, ((f1, a1), (f2, a2)) = (f1 | f2, 1 | @2).
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Let’s check now that this does indeed satisfy the laws of a doubly indexed category.
The proof is exactly as it was for Sys.
® (Vertical Functoriality) We show that oF (%) = 0F(ky) o 0F(k1) by vertical asso-

ciativity:
k] o
F|— =
o (kz) (f, ) =|f, (h)
ko
(2]
1
=\|f, T
= 0F(ka) o aF(k1)((f, @)).
* (Horizontal Lax Functoriality) This law follows from horizontal associativity in
D1.

pw(u((fi, a1), (f2,a2)), (f3,a3)) = ((f1 | f2) | f3, (a1 | a2) | @3)
=(Al(f2lfz), a1 (az]az))
= u((fr, a1), w((f2, @2), (f3, @3)))-

* (Naturality of Compositor) This law follows from interchange in @;.
L4
alp
¢ | IP)
alp

(OF(B1) | oFB) (fi, 1), (fo, a2)) = (fl | f,

= ( fil fa,

= (L) (i, 1), (2, @2).
oF(B1 | B2)

We can now see that the vertical slice construction generalizes both the constructions

of Sys, and Vec.

Proposition 4.4.2.2. The doubly indexed category Sys, of systems in a systems theory
D = (A : CP — Cat,T) is the vertical slice construction of the double functor hT :
hC — Arenap given by considering the section T as a double functor.

Sysp, = o(hT : hC — Arenap).
Proof. This is a matter of checking definitions and seeing that they are precisely the

same. O

Proposition 4.4.2.3. The doubly indexed category Vec of vectors of sets is the vertical
slice construction of the inclusion 1 : 1 — Matrix of the one element set into the double

category of matrices of sets.

Vec = 0(1 : 1 — Matrix).
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Proof. This is also a matter of checking that the definitions coincide. |

4.4.3 Natural Transformations of Double Functors

We now turn towards proving the functoriality of the vertical slice construction as a
first step in proving the change of systems theory functoriality theorem. In order to
express the functoriality of the vertical slice construction, we will first need learn about
natural transformations between double functors.

Since double categories have two sorts of maps — vertical and horizontal — there are
also two sorts of natural transformations between double functors. The two definitions
are symmetric; we may arrive at one by replacing the words “vertical” by “horizontal”
and vice-versa. We will have occasion to use both of them in this and the coming
chapters.

Definition 4.4.3.1. Let F and G : ® — & be double functors. A vertical natural transfor-
mation v : F = G consists of the following data:

¢ For every object D € @, a vertical vp : FD — GD in &.

¢ For every horizontal arrow f : D — D’ in @, a square

Ef
FD —— FD’

UDJ/ Uf J/UDI

GD G—f> GD
This data must satisfy the following laws:
¢ (Vertical Naturality) For any vertical j : D1 — D;, we have

i _ oo
OD, G]'.

* (Horizontal Naturality) For any horizontal f; : D1 — Dy and f, : D, — D3, we
have

Vfilf =04 | Vp:
¢ (Horizontal Unity) vig,, = idy,,.
* (Square naturality) For any square

DlL)Dz

i e |

D3 —— Dy
f

we have
Fa _ %A

Ufz GO(.
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Dually, a horizontal transformation h : F = G consists of the following data:
¢ For every object D € @ a horizontal morphism hp : FD — GD.
¢ For every vertical j : D — D’ in @, a square

ED —" ., GD

le hj lGj

FD) —— GD’
hpy

This data is required to satisfy the following laws:
* (Horizontal Naturality) For horizontal f : D1 — D,, we have

Pf | Up, = Up, | Gf.
e (Vertical Naturality) For vertical j; : D1 — D, and j, : D, — D3, we have

h:
hy = .
% hjz
® (Vertical Unity) hiq, = idj,,.
® (Square Naturality) For any square

p, -2 D,

hl a ljz
D3 —— Dy
f
we have

Fa | hj, = hj, | Ga.

Remark 4.4.3.2. Note that vertical (resp. horizontal) natural transformations are named
for the direction of arrow they assign to objects. However, a vertical transformation is
defined by its action vy on horizontal maps f, and dually a horizontal transformation
hj by its action on vertical maps j. Taking f (resp. j) to be an identity idp yields the
vertical (resp. horizontal) arrow associated to the object D.

Natural transformations between double functors can be composed in the appro-
priate directions.
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Lemma 4.4.3.3. Suppose that v; : F; = F; and v; : F = F are vertical transforma-
tions. We have a vertical composite % defined by

(ﬂ ) _ (o)
02 f . (7)2) f
for horizontal maps f. Dually, for horizontal transformations h; : F; = F, and
hy : Fp = Fj3, there is a horizontal composite /1 | hy defined by

(h1 | ha2)j := (h1); | (h2);

for every vertical map j.

Proof. We will prove that ¢} is a vertical transformation; the proof that iy | h is a
horizontal transformation is precisely dual.
* (Vertical Naturality) This follows by the same argument as for Square Naturality
below, taking a = j for a verticalj : D1 — D».
¢ (Horizontal naturality) For horizontal maps f; : D1 — D and f, : D, — D3, we
have
R GV YT
YA
_ (Ul)fl | (Ul)fz
~(02)p | (02
(0| (02)y,

- (3), 5
02 f 02 fz.

* (Horizontal Unity) This holds by definition.
® (Square Naturality) Consider a square « of the following signature:

DlL)Dz

e |

D3—2)D4

f:
Then
F1 a Fl o
= (Ul)fz
(%)fz (UZ)fz
(Ul)fl
= FzOl

(v2) f2
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(Ul)fl
= (v2)p
F30(

(2),

F30[ '

O

Amongst double functors we have found two sorts of maps — vertical and horizontal
— each with their own sort of composition. This suggests that there should be a double
category of double functors @ — §, just as there is a category of functors between two
categories.

Theorem 4.4.3.4. Let © and & be double categories. There is a double category
Fun(®, 8) of double functors from ® to & whose vertical maps are vertical trans-
formations, horizontal maps are horizontal transformations, and whose squares

FlL)Fz

F3 — F4
ha

are modifications defined in the following way. To each object D € @, we have a square

ED -2, D

(mbl ap l(vz)D

FsD —— F4D
(h2)p

which satisfies the following laws:
* (Horizontal Coherence) For every horizontal f : D1 — D;, we have that

(Ul)f | ap, = &p, | (UZ)f'

We note that this law requires us to use the vertical naturality law of v and v, so
that these composites have the same signature.
¢ (Vertical Coherence) For every vertical j : D1 — D;, we have that

ap, _ (m);
(h2);j  ap,

We note that this law requires us to use the horizontal naturality law of #; and
h; so that these composites have the same signature.
The compositions « | f and % are given componentwise by ap | fp and g—g.
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Proof. Since the compositions of modifications are given componentwise, they will
satisfy associativity and interchange. We just need to show that they are well defined,
which is to say that they satisfy the laws of a modification. This is a straightforward
calculation; we’ll prove Vertical Coherence for horizontal composition since the other

cases are similar.

Let a and g be modifications with the following signatures:

h
Fq L) F> F> : > Fs
Ull o lvz and Uzl p lva
F3 h—z) F4 P4 —_— P6
hy

Let j : D1 — D, be a vertical map in @. We calculate:

(a | ﬁ)Dl _ ap, |ﬁD1
(h2 | h)j  (h2)j | (ha);
B,
(hg);

_ %D
 (h)j
_ (h1)j|(h3)
- ap, IBDZ
_ (h1 | ha);

~(alPp,

Before we move on, let’s record an important lemma relating modifications to
squares.
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Lemma 4.4.3.5. Let

B —2 B

v1l a lvz

F3 5 Fy4
be a modification, and

Dy L> D,

jll s l]‘z

Ds % Dy

be a square in . We then have the following four-fold equality in &:

ap, | (v2)p (v1)f, | ap,
(h2)j, | Fas Fis | (ho)j,
(h)j, | Fas Fis | (m)),

ap, | (v2)f, (v2)5, | ap,

We may refer to the single square given by any of these composites by «s.

Proof. These all follow by cycling through the square naturality laws of the transfor-
mations and the coherence laws of the modification. m|

4.4.4 Vertical Slice Construction: Functoriality

In this section, we will describe the functoriality of the vertical slice construction. Since
the vertical slice construction takes a double functor F : Wy — @7 and produces a
doubly indexed category oF : 1 — Cat, we will need to show that from a certain sort
of map between double functors we get a doubly indexed functor between the resulting
vertical slices.

First, we will describe the appropriate notion of map between double functors. This
gives us a category which we will call the category of double functors DblFun *

Definition 4.4.4.1. The category DblFun has objects the double functor F : D9 — ©@;.
A map F; — F; is a triple (vg, v1,v) where vy : Dog — D19 and vy : Do1 — D11 are

IThough one could define other categories whose objects are double functors, this is the only such
category we will use in this book.
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double functors and v : F» o vg = v7 o F; is a vertical transformation.

()
Dop ———— Do

Doy ——— Du

Composition of (vg, v1,v) : F1 — Fp with (wo, w1, w) : F» — F3 is given by (wg o vg, w1 ©
v1,v *w) where v * w is the vertical transformation with horizontal components given

by
wyo f

wvf

(v*w)f =

It remains to check that this does indeed yield a category. We leave this as an
exercise, since it gives some good practice in using all the various laws for double
functors and double transformations.

Exercise 4.4.4.2. Prove that the definition of DblFun does indeed yield a category.
That is:

1. Prove that (idg,, idg,, idr) provides an identity map F — F.

2. Prove that composition is associative. The key part will be showing that

(v*w)*u =v=*(w*u).

Next, we need to describe the appropriate category of doubly indexed categories.
There are two sorts of maps of doubly indexed categories which we will need in this
book: lax doubly indexed functors, and (taut) doubly indexed functors. In this chapter,
we will be using taut doubly indexed functors — which we may just call doubly indexed
functors — which are a special case of the more general lax variety.

Definition 4.4.4.3. Let A : 1 — Catand B : 1, — Cat be doubly indexed categories.
A lax doubly indexed functor (F°, F) : A — @ consists of:

1. A double functor
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2. For each object D € @, a functor
FP : A(D) — B(EF°D).

3. For every vertical map j : D1 — D; in @1, a natural transformation

FD1 0
A(D1) —— B(F’Dy)

6| % [z

0
A(Dy) —>FD2 B(F'D»)

We ask that Fi9p = id. We recall (from Proposition 3.4.3.10) that we may think of
such a natural transformation as a square

A(D1) =—=—=— A(D)

D1y ' SA(f)
B(F°Dy)  F A(D»)
B(FOj)N ~ED2

B(F'D,) === B(F°D»)
4. For every horizontal map f : D1 — D,, a square

Amy) 2L 2y

le EJ lPDz

FOD F°D
B(F°Dn) W B(F°Dy)

in Cat. We ask that Fidp = id.
This data is required to satisfy the following laws:
¢ (Vertical Lax Functoriality) For composable vertical maps j : D1 — D, and
k . Dz —> D3 ’
FDP1 0
A(D1) — B(F'Dy)

ﬂ(])l / (FOj)
y ls

FF = ﬂ(Dz) —) @(FODz)

ﬂ(k)l / l@(Fok)

ADs) —5= B(FDs)
This is, in terms of squares in Cat:

EJ

_ AG)
~ B(F%)

.

F
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* (Horizontal functoriality) For composable horizontal arrows f : D; — D; and
g: Dz — D3,
#ﬁ Ff | F?
il

7 0
‘uFOf,FOg

¢ (Functorial Interchange) For any square

DlL)Dz

| e |

D3T)D4

in @1, we have that
Ala) . Ff
F9  B(Foa)

k

L

Note the use of “=" here; the two sides of this equation have different, but canon-
ically isomorphic boundary. What we are asking is that when these boundaries
are made the same by composing with canonical isomorphisms in any way, they
will become equal
A lax doubly indexed functor is taut — which we will in refer to just as a doubly
indexed functor — if the natural transformations F/ associated to vertical maps j :
D1 — D5 in g are natural isomorphisms.

The definition of doubly indexed functor involves a lot of data, but this is because it
is a big collection of functoriality results.

Before getting to our functoriality theorem, we need to compose lax doubly indexed
functors.

Definition 4.4.4.4. If (F°,F) : A — B and (G°,G) : B — € are two doubly indexed
functors, we define their composite

(F%, F)3(G%,G) = (F'3G% F5G)

where F § G is defined by:
o We define (F § G)P = FP § GP. We note that in Cat, where functors are the
vertical maps, this can be written
FD
GFD”

(F5G)P =
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e For avertical j : D1 — D», we define

0
a0y % e(GOFDy) A(Dy) 2% @(FDy) 2% o(GOFDy)
. 0:
]l(j)l (iy la(com]-) = ﬂ(]’)l % l@(pojV lG(GOFOJ-)
~ 00 0 00
A(Dy) o C(G"F’D») A(D2) 0" B(F*D») m C(G"F’D»)

We note that by Lemma 3.4.3.12, this corresponds to the composite of squares:

2]
GFODQ

FD1

o ]_
(F36) = —

¢ For a horizontal f : D1 — D,, we define

Ef
GFf”

(F3GY =

We refer to the category of doubly indexed categories and lax doubly indexed
functors by LaxDblIx and the category of doubly indexed categories and (taut) doubly
indexed functors by DblIx.

Let’s show that this composition operation does indeed produce a lax doubly in-
dexed functor.
¢ (Vertical Lax Functoriality) For composable vertical maps j : D1 — D, and
k : D, — D3, consider the following diagram:

FD1 GF'Dq
A(Dy) - B(F°'Dy) & e(G°F°Dy)

ﬂ(])l / l@(PO]l/ l@(GOFO])

A(D2) 22 B(FOD,) S22 (GOFOD,)

0
ﬂ(k)l / l@(POkV l;(co FO%)

0 00
A(D3) 5 B(F°D3) E B(GF°D3)

There is a single natural transformation given as the composite of this “pasting
diagram”. But, if we read it by composing vertically first, and then composing
horizontally second, we arive at (F § G)t, while if we read it by composing
horizontally first and then vertically second, we get the composite of (F § G)/ and
(F 3 G)¥ as desired.

* (Horizontal Functoriality) Let f : D1 — D, and g : D, — D3 be horizontal maps.
We then calculate:

Wy M

— 2 = Ffly
(F3G)/lo -
GE'(fl9)
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Ff | F9

B
”Fof,FOg
FUf[F%

G
Ff | F9

T r0f | ~F0,

= GFf |Gy

C
‘uGOFOf,GOFOg

| F
- GF|GE%

C
‘UGOFOf,GOFOg
_(F356) [(F56)

e
HGOFOf,GOFOg
¢ (Functorial Interchange) Consider a square

D1L)D2

| e s

D3T)D4

We may then calculate:

e —tr— e —tr— e — o o —tr— o ——> 0 ——
L N A
e —+ e [/ e ——e o:l:o—o—)’Fk
o = B(FO)
:GFOj::::—o—): :GFOj:—Q—)::l:
GFODg GFOg GFOg GF0D3

N

N

N

199

Now that we have a category of doubly indexed categories, we can state the functo-

riality result:

Theorem 4.4.4.5. The vertical slice construction (Definition 4.4.2.1) gives a functor

o : DblFun — DblIx.
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We will spend the rest of this section proving this theorem.

Proposition 4.4.4.6. Let (vg,v1,v) : Fi — F> be a map in DblFun. Then we have a

@01 \Uﬂl

01 & Cat

Du ‘/JF\

2

doubly indexed functor

Proof. We define ov as follows:
* We have 0vP : 6F1(D) — 0F»(v1D) given by the following action on maps:

Fyoof
FrvgAy ———— FrupA,

F
F1Aq ;f) F1A; vAll of lvAz
F
jll a l]’z = R A —2 s pa,

D ——D "Uljll N« lvl]i

11D —— v1D
In short:
v
avD(f, a) = (vof, vl_fa) .
¢ For any vertical map j : D1 — D; in D1, we will show that
o0F(v1j) o ovP = g2 o aF1(j)

so that we may take 0o/ to be the identity natural transformation.

. D . Uf
0F(v1j) o 0v”'(f, ) = 0F2(v1)) (vof, m_a)
of
=|vof, na
Ulj
v
=|vof, /
o (4)
:GUDZ( ,g)
/ )

= ovP2 0 6F1(j)(f, @)



4.4. VERTICAL SLICE CONSTRUCTION 201

¢ For a horizontal map ¢ : D1 — D,, we give the square

F
oFy(Dy) — il oF1(Dy)

Ulel ov? lavf’z

0F3(v1D2) ——+— 0F2(v1D3)

oF2(v1f)
defined by
FyvpA; —>sz0f Frv0A,
A —Ly FlA, %l vy lvf‘z
jll a lj = oRA —2 s Fa,
D T) D vljll (41 lvljz
1D T) 1D
In short:

vf
ov?(f,a) = (vof, m_a)

We will show that this data satisfies the laws of a doubly indexed functor.

e (Vertical Lax Functoriality)As we’ve taken the natural transformations v/ to be
identities, they are functorial since composites of identities are identities.

¢ (Horizontal functoriality) For composable horizontal maps ¢1 : D1 — D; and
@2 : Do — D3, we may calculate:

O'Fl

Horp: )((fl,al)/ (f2, a2)) = [v1(f1 | f2), %)

goPile2 vi(ay | a2)

vh lvp )

viaq | vias
Ufz
0102

) ((f1, a1), (f2, @2)).

GPZ

(U(PI | 'U§02
0191,0292

¢ (Functorial Interchange) Consider a square

Dll)Dz

]{ B l

D3T)D4
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Since 0v/! and 00/ are identities, we just need to show that

oF1(f)  ov™
ov¥: GFZ(Ulﬁ).

To that end, we calculate:

()=o)

ov¥2

vf
o 1)
(i
=|vif, va
Ulﬂ
vf
aF>(v1p) (Ulf/ Ul—a)

( ov®1
Fa(v1P)

=|vif,

) (F, ).

We now finish the proof of Theorem 4.4.4.5.

Lemma 4.4.4.7. The assignment (v, v1,v) +— (v1, 0v) defined in Proposition 4.4.4.6 is
functorial.

Proof. Let (vg,v1,v) : F1 — Fp and (wp, w1, w) : F, — F3 be maps in DblFun. We will
show that
(v15w1q, o(v*w)) = (v1,00) § (w1, ow).

The first components of these pairs are equal by definition, so we just need to show
that o(v *w) = 0v § ow.
¢ This calculation is the same as for a general horizontal.
¢ For a vertical j : D1 — D,, we calculate, we note that both sides are the same
identity natural transformation.
¢ For a horizontal ¢ : D1 — D;, we calculate:

(v*w)s
w101

a(w+w)?(f,a) = (wovof,

wvof
= ZUOU()f, w10f
w1010

wUOf

of
o ()

=|wovof,
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(4
o, 2]

01«

= (00%) § (o™ ?)(f, @).

4.5 Change of systems theory

We have learned about a variety of systems theory in this book:
¢ There are the deterministic systems theory (Definition 3.5.1.1)

(Ctx_ : C°P — Cat, ¢ — ¢ omp)

which may be defined for any cartesian category C. While we have focused so
far on the case C = Set, many other cartesian categories are of interest in the
study of deterministic dynamical systems. For example, in ergodic theory we
most often use the category of measureable spaces and measurable functions.?
We often assume the dynamics of the systems are not arbitary set maps, but are
furthermore continuous or differentiable; this means working in the cartesian
categories of topological spaces or differentiable manifolds.

¢ There are also the differential systems theories (Definitions 3.5.2.1 and 3.5.2.23)

where the tangent bundle plays an important role. There are also non-standard
differential systems theories arising from cartesian differential categories [CC17]
and tangent categories with display maps [CC14].

* There are the non-deterministic systems theories for any commutative monad

M on a cartesian category C. As we saw in Chapter 2, by varying the monad
M we can achieve a huge variety of flavors of non-determinism. This includes
possibilistic and stochastic non-determinism, but also other variants like systems
with cost-sensitive transitions and (Definition 2.3.0.7).
These are just large classes of systems theories that have been easy to describe in
generality. Different particular situations will require different particular systems
theories. For example, we may decide to restrict the sorts of maps appearing in our
systems theories by changing the base C as in Section 3.6. There may also be systems
theories constructed by hand for particular purposes, such as ergodic theory.

These systems theories are not isolated from each other. We have seen already in
Section 3.6 that some systems theories may be formed by restricting others. There are
also some apparent inclusions of systems theories that are not explained by restriction;
for example, the Euclidean differential systems theories is a special case of the general
differential systems theories. We should be able to think of Euclidean differential
systems and general differential systems without too much hassle, and we should

2We most often consider maps which preserve a specific measure on a space as well, but the category
of such measure preserving maps is not cartesian. Often one needs to go and twiddle these general
definitions of systems theory in particular cases to suit the particular needs of a subject.
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be able to apply theorems that pertain to general differential systems to Euclidean
ones. Another example of inclusion of systems theories is of deterministic systems into
non-deterministic systems of any flavor.

There are also more drastic ways to change systems theories. Any map of commu-
tative monads ¢ : M — N gives us a way of changing an M-system into an N-system,
changing the flavor of non-determinism. We may also approximate a differential system
by a deterministic system.

These are all ways of changing our systems theories, and it is these changes of systems
theories that we will attend to in this section. We will begin by defining a change of
systems theory, which will give us a category of systems theories. We will then show
that forming the doubly indexed category of systems Sys(T) is functorial in the systems
theories T.

4.5.1 Definition

Let’s recall the informal and formal definitions of theories of dynamical systems.
The informal definition is that a systems theory is a way to answer a series of
questions about what it means to be a dynamical system.

Informal Definition 4.5.1.1. A theory of dynamical systems is a particular way to
answer the following questions about what it means to be a dynamical system:

1. What does it mean to be a state?

2. How should the output vary with the state — discretely, continuously, linearly?

3. Can the kinds of input a system takes in depend on what it’s putting out, and

how do they depend on it?

4. What sorts of changes are possible in a given state?

5. What does it mean for states to change.

6. How should the way the state changes vary with the input?

This informal definition is captured by the sparse, formal definition that a systems
theory is a pair consisting of an indexed category A : C°P — Cat together with a section
T. The various questions correspond to the choices one can make when defining such
a pair.

To change a systems theory, then, means to change our answers to these questions.
We want to enact this change by some formulated process. For example, if what it
means to be a state is a to be a vector in Euclidean space, and we would like to change
this to instead answer that to be a state means to be an element of an abstract set, then
we want a way of taking Euclidean spaces and producing an abstract set.

Now, we can’t just fiddle arbitrarily with the answers to our questions; they all have
to hang together in a coherent way. The formal definition can guide us to what sort of
changes we can make that cohere in just this way. For example, we can change what it
means to be a state, how the output varies with the state, and the way the inputs vary
by changing the indexed category A.
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Suppose that (A, T1) and (B, T>) are dynamical system systems theories. If we have
an indexed functor (Definition 2.7.0.1) (F,F) : A — B between indexed categories,

. updateg \ | [ T;States — Ing
then from a dynamical system (expos o ) : ( States | 5 | Outs | We can get a lens

1_3In5
FOuts

That is, we have changed what it means to be a state (FStates), how the output varies

S

fupdateS FT;States
\ F Stateg

Fexposeg

with state (Fexposeg), and how the inputs vary with output (FIns). This is not quite

T, FStateg
FStateg

to get a (B, T,)-system, we need to say how to change the what it means for a state to

a dynamical system, however, since since its domain is not ( ) In order for us
change.

The most direct way to produce a (B, T>)-system would be to compose with a map
¢ : FT,States — ThFStates which tells us how to take a Ty change (re-interpreted
already by F), and get a T» change (for the re-interpretation of state by F). Indeed, if

¢ TZFStates) — (T—"Tlstates

we considered this map ¢ as a lens ( ; d) : ( S ), we may form the

FStates FStates
composite
?updateS K T>FStates o Flns
Fexposeg ’ id| FStateg - FOutg '

Thisis a (8B, T)-system, and this process is how we may use a change of systems theories
to turn (A, Ty )-systems into (B, T;)-systems.
We therefore arrive at the following formal defintion of change of systems the-

ory.

Definition 4.5.1.2. Let (A : ¢ — Cat, T;) and (B : D — Cat, T,) be theories of dy-
namical systems. A change of systems theories ((F,F), ¢) : (A, Ti) — (B, T>) consists
of:
e Anindexed functor (E,F) : A — B.
e A transformation of sections ¢ : FT; — ToF, which consists of a family of maps
¢c : FT,C — TFC for each C in C, satisfying the following naturality condition:
— Forany f : C — C’, we have that the following square commutes in B(FC):

lec L} TLFC

FT fl szF f (4.5)
E e EaEe
fE gprgl, EIT

We can package the transformation of sections into a natural transformation, which
will make it easier to work with theoretically.
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Proposition 4.5.1.3. The data of a transformation of sections as in Definition 4.5.1.2 is
equivalent to the data of a natural transformation ( fﬂ) : (?) oh = (TES)) o F which
acts as the identity on F on its bottom component. We can express this condition with

the following equation on diagrams of natural transformations:

JSCa©) — [P 5D)
- (F) - C— D
<4 F <4
C———— D

Remark 4.5.1.4. We note that the components of the natural transformation (E) here

are charts and not lenses. We will, however, exploit the duality between lenses and
charts whose lower component are identities.

Proof. That the transformation ( fg ) acts as the identity on F means that it is determined
by its top map ¢. We can then see that the naturality square for ¢ is precisely the square
given in Definition 4.5.1.2. m]

Every restriction (from Section 3.6) is a change of systems theory.

Proposition 4.5.1.5. LetT = (A : C°P — Cat, T) be a systems theory, and letF : © — C
be a functor. Then there is a change of systems theory ((F,id),id) : Tjr — T from the
restriction Tr = (A o F°P, T o F) (Definition 3.6.0.1) of T by F to T.

Proof. By definition, (F,id) : A — (A o F°P) is an indexed functor. Since, by Proposi-
tion 4.5.1.3, the data of a transformation of sections is the same as a natural transfor-
mation of a certain sort, we may take that transformation to be the identity. |

There are, however, more interesting changes of systems theory. For example, every
morphism of commutative monads gives rise to a change of systems theory.

Proposition 4.5.1.6. Let ¢ : M — N be a morphism of commutative monads on a
cartesian category C. Then there is a change of systems theory given by

((id, ¢.),1d) : NonDET)1 — NONDETYN.

Proof. We constructed the indexed functor (id, ¢.) : Ctx™ — Ctx" in Proposition 2.7.0.3.
It remains to show that the following square of functors commutes, so that we may
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take the transformation of sections to be the identity:

G:G

TMJ/ l/TN
c:e Ctxjc\:/f (P* ‘/‘C:(J, CthC\,[
[
Let f : C’ —» Cbeamapin C. Then TMfismy5 fsn™: C'x C’" — MC and TNf is
s fsnY : C’xC" — NC. Now, ¢.TMf is 715 5 f 1™ § ¢c, but by the unit law for

morphisms of commutative monads, n™ § ¢c = V. So the square commutes and we
can take the transformation of sections to be the identity. m|

Example 4.5.1.7. For any commutative monad M : C — C, there is a unique commu-
tative monad map from the identity monad ide. Therefore, Proposition 4.5.1.6 gives
us a change of systems theory Dere — NonDET) which lets us interpret deterministic
systems as special cases of non-deterministic systems.

Example 4.5.1.8. Proposition 2.5.0.3 constructs a commutative monad morphism ¢ :
D — P sending a probability distribution to the set of elements with non-zero proba-
bility. Therefore, Proposition 4.5.1.6 gives us a change of systems theory NoNDETp —
Nonperp which reinterprets a probabilistic system as a possibilistic one where the state
s” is possibly the udpate ¢.updateg(s, i) of state s with input i just when just when the
probability updateg(s, i)(s’) that s will transition to s’ on input 7 is non-zero.

We may also describe changes of systems theories between various sorts of deter-
ministic systems theory.

Proposition 4.5.1.9. Let F : C — @ be a cartesian functor between cartesian categories.
Then there is a change of systems theory

((F, F),id) : Dere — DETy)

from the deterministic systems theoy in C to the cartesian systems theory in @.

Proof. We need to construct the indexed functor (F, 1?), and then prove that the square

c—Lt e
Tcl T

c.e D:D
[~ Ctxe — Ctxp
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commutes, so that we may take the transformation of sections to be the identity.
We begin first by constructing F. We note that since F is cartesian, it extends to a
functor
fC : Ctxc — Ctxgc

by sending f : CXX — Yto Ff : FCXFX — FY. Itis routine to check that this makes
(F, 1?) into an indexed functor. In particular, for a map r : C’ — C in C, we see that

Fo(r'f) = F(r xid) 3 f) = F((r xid) 3 f) = (Fr xid) § Ff = (Fr)'F(f)

Next we check that the square commutes. Let f : C" — C be a map in C. Then

T? o F(f) = (nzp;;f ), while (E)(Tff) = (F(’;iff) ) But since F is cartesian, F(mp) = 7,

so these are equal. m|

Example 4.5.1.10. Proposition 4.5.1.9 gives us a number of trivial ways to change the
flavor of our deterministic systems.

For example, it is obvious that any deterministic dynamical system whose update
and expose maps are continuous gives rise to a deterministic dynamcial system without
the constraint of continuity, simply by forgetting that the maps are continuous. We
formalize this observation by applying Proposition 4.5.1.9 to the forgetful functor U :
Top — Set which sends a topological space to its underlying set of points.

Similarly, any deterministic dynamical system gives rise to a continuous determin-
istic dynamical system if we equip all sets involved with the discrete topology. This
is formalized by applying Proposition 4.5.1.9 to the functor disc : Set — Top which
equips a set with the discrete topology.

The most interesting examples of changes of systems theory are the ones which move
between different sorts of systems theory, such as from differential to deterministic. An
example of this is the Euler approximation, which takes a Eulidean differential system
to a deterministic system.

Let’s take a minute to recall the Euler method. If ( lr‘ ) : ( EZ ) oy (E,: ) is a differential
system representing the differential equation

ds .
yri u(s,i),

then for a sufficiently small ¢ > 0, the state at time ¢ + ¢ will be roughly
s(t+e)=s(t)+e-u(s(t),i(t)).

Choosing a specific € as a time increment, we can define a discrete time, deterministic
system by
Eeu(s,i)=s+¢e-u(s,i. (4.6)

This simple method of approximating the solution of a differential equation is called
the Euler method. We can see the Euler method as a change of systems theory from a
differential systems theory to a deterministic systems theory.
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Proposition 4.5.1.11. For any ¢ > 0, the Euler method gives rise to a change of systems
theory
8e : Euc|agr — DETEyc.

This is given by
((1,1), @) : (Ctx|ags : AffP — Cat, T) — (Ctxgyc : Euc’®® — Cat,R" — R")
where 1 : Aff — Eucis the inclusion and ¢ : R” X R" — R" is defined by

¢(s,v)=s+¢e-v.

Proof. We note, first of all, that composing with ¢ gives us the correct formula for the
Euler approximation. Explicitly,

Gou(s,i)=s+e-u(s,i,

which was the definition for §.u in Eq. (4.6).
All that we need to show is that ¢ is a transformation of sections. This means that
the following square commutes for any affine f : R" — R™:

)
f

Rn : Rm

T
R" R™
Rn : Rm

f
The bottom component of this square commutes trivially. The top component comes
down to the equation

f(s+e-v)=f(s)+eTf(s,v) 4.7)

which says that incrementing s by ¢ in the v direction in f is the same as incrementing
f(s) by the ¢ times the directional derivative of f in the v direction. This is true for
affine functions; even more, it characterizes affine functions, so that we see that we
must assume that f is affine for this square to commute. m]

Remark 4.5.1.12. It would be very interesting to have a theory which allowed us to speak
of “approximate” changes of systems theory. If we plug a function f : R" — R™ into
the above formulas for the Euler method, then we find that Eq. (4.7) only holds up to
O(€?). For affine functions, this means that it does hold, which is why we restrict to
affine functions. But it would be interesting to have a theory which could account for
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how these approximate equalities affected the various compositionality results all the
way down.

In the upcoming Section 4.5.2, we will see what knowing that the Euler method is
a change of systems theory lets us conclude about the behaviors and compositionality
of Euler method approximations.

Considering systems theories together with their changes gives us a category
Theory.

Definition 4.5.1.13. The category Theory has as objects the theories of dynamical
systems and as morphisms the changes of theories.

If (F1,F1),¢1) : (A1, T) = (A2, D) and (F2, Fa), ¢2) : (A2, Tb) — (A3, T3) are
changes of systems theories, then their composite is defined to be

((F1,F1), 1) § (F2, F2), $2) == ((F1, F1) § (F2, F2), 1 * ¢2)
where ¢1 * ¢ is the transformation of sections given by

_ F. — (¢2)
(1% po)c = BETC =2 BB C —% BEFC.

In terms of natural transformations (see Proposition 4.5.1.3), this is the diagram

F
¢ ! y Cp > C3

| g k 5 i

[T () — [P A0) — [T7a(0)

) i

4.5.2 Functoriality

We use changes of systems theories to turn a system of one sort into a system of
another sort. We sketched how this process goes above, but for good measure let’s
revisit it.

Definition 4.5.2.1. LetF = ((F, F), ¢) : (A, T1) — (B, I) be a change of systems theory,

and let
- updateg : Ty Stateg . Ing
exposeg Stateg Outs
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be a (A, T1)-system. Then we have a (B, T)-system FS defined to be the composite

P\ . fupda’ceS Flns
’ FOutg .

id] | Fexposeg
Explicitly, this system has update map fupdateS § ¢ and expose map Fexposes.

S

FStateg

(TzF States)

The goal of this section will be to provide a number of compositionality results
concerning how changing the theory of a system relates to wiring systems together
and to behaviors. Specifically, we will prove the following theorem:

Theorem 4.5.2.2. There is a functor
Sys : Theory — DblIx

sending a theory of dynamical systems T to the doubly indexed category Sys (Defi-
nition 4.3.0.2) of systems in it.

This functor sends a change of systems theory F : Ty — T to the doubly indexed
functor Sys(T;) — Sys(T2) which sends a Ti-system S to the T,-system FS from
Definition 4.5.2.1.

We will prove this theorem using the vertical slice construction. Recall that the
doubly indexed category Sys(T) is the vertical slice construction of the section T con-
sidered as a double functor (hT : hC — Arenar) (Proposition 4.4.2.2). This means that
if we can show that the assignment

(A :CP — Cat, T) — (hT : hC — Arena(z 1))

gives a functor Theory — DblFun, then we can compose this with the vertical slice
construction ¢ : DblFun — DblIx. This is what we will focus on.



212 CHAPTER 4. CHANGE OF SYSTEMS THEORY

Lemma 4.5.2.3. The assignment
(A :C°° — Cat, T) — (hT : hC — Arena(z 1))
gives a functor ¢ : Theory — DblFun. This functor sends a change of systems theories

c—f o

l t l .

/C:Gﬂ(C) f} /‘C:@ @(C)
F
F

to the morphism double functors

he —-—— ho

¢
thl (id) lhTz (4.9)

Arena( AT) — Arena(g;,Tz)
F

F

Proof. With all that we have set up, there is not too much to prove here. We first note that
the the functoriality of the assignment 7 +— Arena 7 was proven in Proposition 4.4.1.6.
We only need to focus on the vertical transformation.

We need to show that ( i(g ) may be interpreted as a vertical transformation hT,o F —

(i) o hTi. There is some subtlety here; in Eq. (4.8), ( i‘z) is interpreted as a natural
transformation taking place in the category of B-charts, while in Eq. (4.9) we have a
vertical transformation in the double category of arenas. But the vertical arrows in
Arenag 1,) are B-lenses, not B-charts. This explains the change of direction: we can

consider the chart (l(g) : (E) ohTy — hT, o F as a lens (i)l) :hT)oF — (?) o hTh by
the duality between pure charts and pure lenses. Recall that pure charts and lenses are

those having an isomorphism in the bottom component (Definition 2.6.1.7).

Let’s describe precisely how ( 1(5) becomes a vertical transformation.
¢ ) . TZFC)

¢ For every C € hC, we have the lens (id o e (fZ}C )
¢ For every horizontal arrow f : C’ — C in hC (which is to say, any map in C), we
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have the square

T,FC’ (T:;f) T,FC
[r) = %)

(¢) (4.10)

W
)0

Ef

in Arenag 7,). Thisis a square because both its top and bottom component squares
commute; the bottom one trivially, and the top one by the defining Eq. (4.5) of ¢.
We now check that this satisfies the laws of a vertical transformation. Itis largely trivial,
since the double categories are particularly simple (as double categories).
¢ (Vertical Naturality) By construction, the only vertical arrows in hC are identities,
so there is nothing to check.

(Horizontal Naturality) Since Arena is thin (Definition 3.4.1.2), any two squares
with the same signature are equal, so there is nothing to check.

(Horizontal Unity) This is true since all the functors involved in defining the top
and bottom of the square Eq. (4.10) preserve identities.

(Square Naturality) This again follows trivially by the thinness of Arena.

The proof of functoriality itself follows from a straightforward comparison of the
two definitions of composition. They simply give the same formula on objects, and on
horizontal morphisms we get squares of the same signature in a thin double category
so there is nothing more to check. m|

We can therefore define
Sys L o
Theory — DblIx := Theory — DblFun — DblIx.

Let’s take a moment to understand this definition in full. Suppose we have a change
of systems theories ((F ,F), ¢) : (A, T1) = (B, T). Then (((F, F), ¢) is a map of double
functors:

e —*t o

| ) |-

Arena( AT) —— Arena(gngz)
T

F



214 CHAPTER 4. CHANGE OF SYSTEMS THEORY

Then, by Proposition 4.4.4.6, we get a doubly indexed functor

Sysy
Arenar, Yo
F
( F ) [ ( 1(121 ) Cat
Arenar, ‘/SYST\
2

In this diagram, a( :’Z) is defined as follows:

¢ (Definition 4.4.4.3: Item 2) For a Tq-arena (ﬁ; ), we have the functor

o 3) ) sy (1) = sy (7).

given by sending a simulation ¢ : T — S to the composite:

(szzp)

T, FStateT Fy T>FStateg
(Tllp) FStatet FStates

Ty Statet v Ty Stateg ¢

( Statet ) Stateg id lT Fliy

exposer exposes FStatet FStateg
Fupdate Fupdateg
(F exposer )J/T l/T(F exposeg )
FA-

FA*

A* A*

FA*

¢ (Definition 4.4.4.3: Item 3) Since the doubly indexed functor is taut, for any lens

# - - .
(7] ) (‘2+ ) s (; ) have a commuting square

sl o) —
B™ FB-
SySTl ( B* ) 7)— )Syst ( FB* )
o™
This tells us that changing systems theories and then wiring together systems
gives the same result as wiring together the systems first and then changing
systems theories.
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¢ (Definition 4.4.4.3: Item 4) For a Ty-chart ( fb ) ( ) = (g: ), we have the square

in Cat
Sys(j;b

A B-
SysTl(A+ ) > SysT1 ( B )

Vv ~

o () — 7

\
wn
<
7]
=
)
—_—
™
[Selle~}
+
~—~—

given by sending a ({f )—behavior to the composite:

[+

T, FStatet Fy T, FStateg
(Tllp) FStatet FStates

Tl StateT v Tl States ¢ J/T J/T ¢

StateT States \id ( ) B id

FTlstate-r) Fy (FTlstates

-l ) =
M

FLiy

FStateg

FB~
Ff,
b
#
In other words, changes of systems theory preserve behavior in the sense that if

Yisa (J}b )-behavior then Fy is a (?JJ:“ )—behavior.

FA*

Example 4.5.2.4. For Euler approximatation
& : Bucjag — DETEyc,
we get a doubly indexed functor
(( i ), a(i’l)) : (Eucjagr) — DETEyc

by the functoriality of Sys, where ¢ : Aff — Euc is the inclusion and ¢ : R* XxR"™ — R”"
is p(p,v) = p + € - v. Let’s see it means for this to be a doubly indexed functor.

B~ Fupdate Fupdateg
(B+) (F expose-r J/T J/T Fexposeg

|
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First, we have a functor

A
) 85 e
o ( ;’3 ) : SYSEucAff ( A* ) = SYSDETEHC ( At )

This says that the Euler method preserves simulations. Second, we have a square like
Eq. (4.12) which says that the Euler method preserves behaviors. However, we have
to be careful here; the behaviors ((p, ({P )) which are preserved must have ¢ and (J}*’ )
in the appropriate double category of arenas, and here we had to restrict to those for
which ¢ and f are affine maps so that Eq. (4.7) can hold. In other words, we see that
the Euler method will preserve any affine behaviors of differential systems.

Most solutions to a system of differential equations — most trajectories — are not
affine. This is to say that there aren’t many behaviors of shape Time (from Exam-
ple 3.5.2.5). There is, however, an important class of affine solutions: steady states.
These are the behaviors of shape Fix from Example 3.5.2.6. So, in particular, we see that
the Euler method preserves steady states.

That the Euler method preserves steady states is of course evident from the formula:
ifu(s,i) =0, then &.u(s,i) = s+e-u(s,i) = s. But we deduced this fact from our general
definition of change of systems theory. This sort of analysis can tell us precisely which
sorts of behaviors are preserved even in situtations where it may not be so obvious
from looking at a defining formula.

The fact that Sys(&, ) is a doubly indexed functor gives us a litany of compositionality
checks. In particular, the commuting square (Definition 4.4.4.3: Item 3) shows that if
we are to wire together a family of differential systems and then approximate the result
with the Euler method, we could have approximated each one and then wired together
the result with the same wiring pattern.

4.6 Summary and Further Reading

In this chapter, we organized the systems in a systems theory into doubly indexed
categories. While all the action takes place within the double category of arenas, the
doubly indexed category of systems separates the systems from their interfaces and the
behaviors from their charts. This let’s us describe the various sorts of composition — of
systems and of behaviors — and their relationships. We then saw how this construction
varied as we changed systems theory.

There are other examples of changes of systems theories not covered here. For
example, the Rutta-Kunge approximation can be seen as a change of systems theory;
see [Ngol7].



Chapter 5

Behaviors of the whole from
behaviors of the parts

5.1 Introduction

Let’s take stock of where we’ve been so far in the past couple chapters.

® In Section 1.2.1, we saw the definitions of deterministic systems and differential
systems.

¢ In Section 1.3, we learned about lenses. We saw how systems can be interpreted
as special sorts of lenses, and how we can wire together systems using lens
composition.

¢ In Chapter 2 we learned about various sorts of non-deterministic systems.

¢ In Chapter 3, we learned about behaviors and charts. We saw how to define
behaviors of systems using the notion of chart. Finally, we gave a formal defini-
tion of theory of dynamical systems, systematizing the various different notions —
discrete, differential, non-deterministic — of dynamical systems.

The two sorts of composition we have seen so far — lens composition and chart
composition — mirror the two sorts of composition at play in systems theory:
¢ We can compose systems by wiring them together. This uses lens composition.
¢ We can compose behaviors of systems like we compose functions. This uses chart
composition.

In this chapter, we will see how these two sorts of composition interact. In short,
behaviors of component systems give rise to behaviors of composite systems. The way
that behaviors of the whole arise from behaviors of the parts is called compositionality.
In this chapter, we will prove a general compositionality theorem concerning any
representable behavior in any systems theory.

But the behaviors of the component systems must be compatible with eachother:
if a system S; has its parameters set by the exposed variables of a system S,, then a
behavior ¢1 of S; will be compatible with a behavior ¢, of S, when ¢, is a behavior
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for the parameters charted by the variables exposed by ¢;.

We will see that, remarkably, the way behaviors of composite systems arise from
behaviors of component systems (including the constraints of compatibility) are de-
scribed by a “matrix arithmetic for sets”. From a lens we will construct a “matrix of
sets”; multiplying the “vector of behaviors” of the component systems (indexed by their
charts) by this matrix yields the vector of behaviors of the composite. We begin this
chapter with a section explaining this idea in detail for steady states of deterministic
systems.

We have in fact already developed most of the important definitions — doubly
indexed category and lax doubly indexed functor — and proven most of the crucial
lemmas we need for this result in Section 4.2. In this chapter, we will then construct
representable doubly indexed functors which will organize the various facts concerning
the compositionality of any sort of behavior in any systems theory.

5.2 Steady states compose according to the laws of matrix
arithmetic

We have seen how we can compose systems, and we have seen how systems behave.
We have seen a certain composition of behaviors, a form of transitivity that says that if
we have a T-shaped behavior in S and a S-shaped behavior in U, then we geta T-shaped
behavior in U. But what’s the relationship between composing systems and composing
their behaviors?

In this section we will give a taste by showing how steady states compose. Later, in
Section 5.3, we will see a very abstract theorem that generalizes what we do here for
steady states in the deterministic systems theory to something that works for any sort
of behavior in any systems theory. But in order for that abstract theorem to make sense,
we should first see the concrete case of steady states in detail.

Recall that the chart of a steady state s € States is the pair (;) with 0 = exposeg(s)
and updateg(s,i) = s. The set of all possible charts for steady states is therefore
Ins X Outs, and for every chart ( ; ) we have the set Steadyg ( é ) of steady states for this
chart.

We can see this function Steadys : InsXOuts — Set as a matrix of sets with Steadys ( (l) )
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in the row i and column o. For example, consider system S; of Exercise 1.3.2.7:

true

blue ——~ red

false C @ @ D true

true false

Sy = (51)

false

blue x— green

cze (2 6 .

true

This has output value set Colors = {blue, red, green} and input parameter set Bool =
{true, false}. Here is its (Colors X Bool) steady state matrix:

blue red green
red
true 1] @ , ) true 0
Steadys, = blue blue
false false ( @ , false ( @ (Z) (Z)

(5.2)
If we just want to know how many ( . )-steady states there are, and not precisely which
states they are, we can always take the cardinality of the sets in our matrix of sets to get
a bona-fide matrix of numbers. Doing this to the above matrix gives us the matrix

blue red green
true 0 1 0
false 2 0 0

Now, let’s take a look at system S, from the same exercise:

L\

true false

) = 6w

- N7
8
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This has steady state matrix:

true false
true true
blue C @ ’ C @ 0
true
Steadyg, = red C @ 0 (5.3)
false
green 1] C @

Or, again, if we just want to know how many steady states there are for each chart:

true false
blue 2 0
Steadyg, = red 1 0
green 0 1

We can wire these systems together to get a system S:

(B8

With just a bit of thought, we can find the steady states of this systems without fully

calculating its dynamics. A state of S is a pair of states s; € States; and s, € States,, so
for it to be steady both its constituent states must be steady. So let (; ) : ( 1 ) = ( ng: )
be a chart for S — a pair of booleans. We need s; and s; to both be steady, so in
particular s; must be steady at the input i, and s, must expose o0; but, most importantly,

s> must then be steady at the input exposeg_ (s1) which s; exposes.

So, to find the set of gzz -steady states of S, we must find a state s1 of S; which is
steady for the input true and then a steady state s, of S, whose input is what s; outputs
and whose output is true. There are three pieces of data here: the steady state s; of Sy,
the steady state s, of Sy, and the intermediate value expose by the first state and input

into the second state. We can therefore describe the set of ( zﬁz )-steady states of S like
this:
true true m
Steadyyg = {(m,s1,52)|s1 € Steadys, ,82 € Steadysg,
true m true

true m
Z Steadysg, - X Steadys, cruel”

meColors
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This formula looks very suspiciously like matrix multiplication! Indeed, if we
multiply the matrices of numbers of steady states from S; and Sy, we get:

true false
true false

2 0
true 0 1 0 1 0 _ true 1 0
false 2 0 0 0 1 B false 4 0

which is the matrix of how many steady states S has! What’s even more suspicious
is that our wiring diagram for S looks a lot like the string diagram we would use to
describe the multiplication of matrices:

ll. Bool Colors Bool

This can't just be a coincidence. Luckily for our sanity, it isn’t. In the remainder of this
section, we will show how various things one can do with matrices — multiply them,
trace them, Kronecker product them — can be done for matrices of sets, and how if
your wiring diagram looks like its telling you to do that thing, then you can do that
thing to the steady states of your internal systems to get the steady states of the whole
wired system

Matrices of sets We’ll be working with matrices of sets — now and in the coming
section — quite a bit, so we should really nail them down. Matrices of sets work a lot
like matrices of numbers, especially when the sets are finite; then they are very nearly
the same thing as matrices of whole numbers. But the matrix arithmetic of infinite sets
works just the same as with finite sets, so we’ll do everything in that generality.!

Definition 5.2.0.1. Let A and B be two sets. B X A matrix of sets is a dependent set
M :BxA — Set. Fora € Aand b € B, we write My, or M, ) for set indexed by a and
b, and call this the (b, a)-entry of the matrix M.

We draw of matrix of sets with the following string diagram:

A«{M);B

Remark 5.2.0.2. We can see a dependent set X_ : A — Set through the matrix of
sets point of view as a vector of sets. This is because X_ is equivalently given by
X_: AX1 — Set, which we see is a A X 1 matrix of sets. A n X 1 matrix is equivalently
a column vector.

Now we’ll go through and define the basic operations of matrix arithmetic: mutli-
plication, Kronecker product (also known as the tensor product), and partial trace.

IThis will help us later when we deal with behaviors that have more complicated charts. For example,
even finite systems can have infinitely many different trajectories, so we really need the infinite sets.
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Definition 5.2.0.3. Given an B X A matrix of sets M and a C X B matrix of sets N, their
product NM (or M xg N for emphasis) is the C X A matrix of sets with entries

NM, = ZNCb X Mpg.
beB

We draw the multiplication of matrices of sets with the following string diagram:

A=) c

The identity matrix I is an A X A matrix with entries

1 ifa=a
Iaa’ = . .
0 ifa+a

We draw the identity matrix as a string with no beads on it.

A——— A

Exercise 5.2.0.4.  Multiplication of matrices of sets satisfies the usual properties of
associativity and unity, but only up to isomorphism. Let M be a B X A matrix, N a
C X B matrix, and L a D x C of sets. Show that

1. Foralla e Aandd € D, (LN)M)g, = (L(INM))4,.

2. Foralla e Aand b € B, (MIa)p; = My, = (IgM)p,.

Remark 5.2.0.5. The isomorphisms you defined in Exercise 5.2.0.4 are coherent, much in
the way the associativity and unity isomorphisms of a monoidal category are. Together,
this means that there is a bicategory of sets and matrices of sets between them.

Definition 5.2.0.6. Let M be a BxA matrix and N a C XD matrix of sets. Their Kronecker
product or tensor product M ® N is a (B X C) X (A x D) matrix of sets with entries:

(M ® N),c)(a,d) = Mpa X Neg.

We draw the tensor product M ® M of matrices as:

Finally, we need to define the partial trace of a matrix of sets.
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Definition 5.2.0.7. Suppose that M is a (A X C) X (A X B) matrix of sets. Its partial trace
traM is a C X B matrix of sets with entries:

(tra)Mcp = Z Ma,c)(a,b)-
aeA

We draw the partial trace of a matrix of sets as:

A
—
B—{MF— ¢

Exercise 5.2.0.8.  Here’s an important sanity check we should do about our string
diagrams for matrices of sets. The following two diagrams should describe the same
matrix, even though they describe it in different ways:

The diagram on the left says “multiply M and N”, while the diagram on the right says
“tensor M and N, and then partially trace them.”. Show that these two diagrams do
describe the same matrix:

NM = trg(M ® N).

Compare this to Example 1.3.2.5, where we say that wiring an input of a system to an
output of another can be seen as first taking their parallel product, and then forming a
loop. 0

Steady states and matrix arithmetic For the remainder of this section, we will show
that we can calculate the steady state matrix of a composite system in terms of its
component system in a very simple way:

¢ First, take the steady state matrices of the component systems.

* Then consider the wiring diagram as a string diagram for multiplying, tensoring,

and tracing matrices.

¢ Finally, finish by doing all those operations to the matrix.

In Section 5.3, we will see that this method — or something a lot like it — works
calculating the behaviors of a composite system out of the behaviors of its components,
as long as the representative of that behavior exposes its entire state. That result will
be nicely packaged in a beautiful categorical way: we’ll make an doubly indexed functor.

But for now, let’s just show that tensoring and partially tracing steady state matrices
correponds to taking the parallel product and wiring an input to an output, respectively,
of systems.
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Proposition 5.2.0.9. Let S; and S, be systems. Then the steady state matrix of the
parallel product S; ® Sy is the tensor of their steady state matrices:

Steadys, g5, = Steadys, ® Steadys,.

Proof. First, we note that these are both (Outs; X Outs,) X (Ins, X Ins,)-matrices of sets.
(i1,12)
(01,02)
such that updateg, (sj,ij) = sj and exposesj(s]-) = oj for j = 1, 2. In other words, its just

Now, on a chart ( ), a steady state in S; ® S, will be a pair (s1, s2) € States, X States,

(i1,12)

(01.09) )—entry of

a pair of steady states, one in S; and one in S,. This is precisely the (
the right hand side above. ]

Remark 5.2.0.10. Proposition 5.2.0.9 is our motiviation for using the symbol “®” for the
parallel product of systems.

Proposition 5.2.0.11. Let S be a system with Ins = A X B and Outs = A X C. Let S’ be
the system formed by wiring the A output into the A input of S:

[ =]

Then the steady state matrix of S’ is given by partially tracing out A in the steady state

A
Steadyg = .' = try (Steadys)

Proof. Let’s first see what a steady state of S’ would be. Since S’ is just a rewiring of S,

matrix of S:

it has the same states; so, a steady state s of S’ is in particular a state of S. Now,
updateg, (s, b) = update(s, (r1exposeg(s), b))

by definition, so if updateg,(s,b) = s, then updateg(s, (m1exposeg(s), b)) = s. If also

exposeg,(s) = c (sothatsisa ( }CJ )-steady state of S’), then mpexposeg(s) = exposeg,(s) =

c as well. In total then, starting with a ( ZC] )—steady state s of S’, we geta ( (mexposes(s).b) )—

(rr1exposeg(s),c)
steady state of S. That is, we have a function

b b
s + (mexposeg(s), s) : Steadys, ( ) — (traSteadyg) ( ) .
c c

It remains to show that this function is a bijection. So, suppose we have a pair

(a,s) € traSteadyg ( i ) ofana € Aand a (EZ?;) steady state of S. Then

updateg, (s, b) = updateg(s, (rr1exposeg(s), b))
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= updateg(s, (a, b)) since exposeg(s) = (a, c).
(a,b)

(a,c)

Il
»

since s is a ( )—steady state.

exposeg, (s) = maexposeg(s) = c.

This shows that s is also a (z;) steady state of S’, giving us a function (a,s) + s :

(traSteadys) — Steadys . These two functions are plainly inverse. m]

We can summarize Proposition 5.2.0.11 in the following commutative diagram:

Steady

ﬁ
Steady

(5.4)

The horizontal maps take the steady states of a system, while the vertical map on
the left wires together the system with that wiring diagram, and the vertical map on
the right applies that transformation of the matrix. In the next section, we will see how
this square can be interepreted as a naturality condition in a doubly indexed functor.

One thing to notice here is that taking the partial trace (the right vertical arrow in
the diagram) is itself given by multiplying by a certain matrix.

Proposition 5.2.0.12. Let M be a (A x C) x (A x B) matrix of sets. Let Tr! be the
(C x B) x ((A x C) x (A x B)) matrix of sets with entries:

1 ifa=a’,b=b',andc="".

TrAA b ’ ’ b =
(@) {(Z) otherwise.

Then, considering M as a ((A x C) X (A X B)) x 1 matrix of sets, taking its trace is given
by multiplying by Tr’:
traM = Tr'*M
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Proof. Let’s calculate that matrix product on the right.

A — A
(T M) ey = Z Treny@ena by X M@ p)
((a,c"),(a’,b"))e(AXC)X(AXB)

Now, since Tré b)(a.c)a b)) is a one element set (if a = a’, ¢ = ¢/, and b = b’) and is

empty otherwise, the inner expression has the elements of M, o) ) if and only if
a=a’,b="V",and ¢ = ¢’ and is otherwise empty. So, we conclude that

A ~
Trepy(@ena by X Maen@ ) = Ma,epab)- ]
((a,c’),(a’,b"))e(AXC)x(AXB)

5.3 The big theorem: representable doubly indexed functors

We have now introduced all the characters in our play: the double categories of arenas
and matrices, and doubly indexed categories of systems and vectors. In this section,
we will put the plot in motion.

In Section 5.2, we saw that the steady states of dynamical systems with interface
( é ) compose like an I X O matrix. We proved a few propositions to this effect, namely
Proposition 5.2.0.9 and Proposition 5.2.0.11, but we didn’t precisely mark out the scope
of these results, or describe the full range of laws that are satisfied.

In this section, we will generalize the results of that section to all behaviors of systems,
not just steady states. We will precisely state all the ways that behaviors can be
composed by systems, and we will give a condition on the kinds of behaviors for which
we can calculate the behavior of a wired together system entirely from the behavior
of its component systems. All of this will be organized into a doubly indexed functor
Behaver : Sys — Vec which will send a system S to its set of T-shaped behaviors.

In fact, our definition of Behaver will be entirely abstract; it will work for almost
any doubly indexed category A : D — Cat (there is a small condition on the indexing
double category ). Behavet will be a representable doubly indexed category. Before
going on to construct representable doubly indexed categories, let’s take a minute to
refresh ourselves on what representable functors are for categories. The essential idea
is the same.

If C is a category and T an object of C, then we can see maps f : T — X as “figures of
shape T in X”. It is often the case that we have some other way of talking about figures
of shape T in X in terms that don’t mention T — in this case we say that T represents
figures of shape T. This phenomenon is very widespread, so let’s give a number of
examples:

* Suppose that C is the category of sets, and T = 1is a one element set. Then a map

f : T — X uniquely picks out an element of X. We see that T has the shape of a
single element, and a map from T to X is a thing in X whose shape is an element;
that is, an element of X. We can say that 1 represents elements.
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¢ Suppose that C is the category of sets, but now that T = 2 is a two-element set. A
two-element set is an abstract pair of elements, and a map f : T — X now picks
out a pair of elements in X. We can say that 2 represents pairs.

* Suppose that C is the category of simple, undirected graphs — that is, sets X
equipped with an irreflexive relation Ex C X X X telling us which two elements
are connected by an edge. The maps of this category need to preserve edges. If
T is the graph consisting of a single edge (formally, T = 2 with (0,1) € Er being
the only edge), then a map f : T — X must pick out a pair of points in X with
an edge between them. In other words, maps T — X are edges in X. So we may
say that T represents edges.

* Suppose that C is the category of rings, and let T = Z[x, y] be the ring of poly-
nomials in two variables. A ring homomoprhism f : T — X can send x to any
element f(x) and similarly y to any element f(y); once it’s done that, the value
of f on any polynomial in x and y must be given by

£ (D agniyl) = X auf i)

since f is presumed to be a ring homomorphism. Actually, there is one constraint
on f(x) and f(y) for this to work; since xy = yx as polynomials, we must have
f(x)f(y) = f(y)f(x). Therefore, we see that Z[x, y] represents pairs of elements
which commute in the category of rings.

¢ As we saw in Chapter 3, all sorts of behaviors of systems — trajectories, periodic
orbits, steady states, etc — are represented by simple systems in the category of
systems and behaviors between them.

We could continue endlessly. Theidea of representability is fundamental in category
theory. Let’s make it a little more explicit exactly what it means for T to represent
something.

If T is an object of C, then for any object X of C we get a set C(T, X) of all maps
fromT to XinC. Ifg: X - YisamapinC, thenforany f : T — X we geta

map f$g: T — Y; in other words, for g : X — Y we get a map C(T, X) SR C(T,Y)
given by post-composing with g. This gives us a functor C(T,—) : C — Set. This is a
representable functor.

The idea of this section is to use the fact that behaviors are represented by simple
systems to prove a compositionality result. This compositionality result is packaged
up into a doubly indexed functor, and we will construct it as a representable doubly in-
dexed functor. Instead of going from a category to the category of sets as representable
functors do, our representable doubly indexed functors will go from a doubly indexed
category (satisfying a little condition) to the doubly indexed category Vec of vectors of
sets.
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5.3.1 Turning lenses into matrices: Representable double Functors

In Section 5.2, we saw how we could re-interpret a wiring diagram as a schematic for
multiplying, tensoring, and tracing matrices. At the very end, in Proposition 5.2.0.12,
we saw that we can take the trace traM of a (A x C) X (A X B)-matrix M by considering
itas a (A x C) x (B x C) length vector and then multiplying it by a big but very sparse
(C X B) X ((A x C) x (B x C))-matrix Tr?. Taking the trace of a matrix corresponded to

the wiring diagram

In this section, we will see a general formula for taking an arbitrary lens and turning it
into a matrix. Mutliplying by the matrix will then correspond to wiring according to
that lens.

This process of turning a lens into a matrix will give us a functor Lens — Matrix
from the category of lenses to the category of matrices of sets. We'll start by exploring
this functor in the deterministic systems theory; then we will abstract and find that the
same argument works in any systems theory.

The resulting matrices will have entries that are either 1 or 0; we can think of this as
telling us whether (1) or not (0) the two charts are to be wired together. As we saw in
Example 3.4.1.4, we can see a square in the double category of arenas as telling us how
a chart can be wired together along a lens into another chart. Therefore, we will take
the entries of our matrices to be the sets of appropriate squares in arena — but there is
either a single square (if the appropriate equations hold) or no square (if they don't), so
we will end up with a matrix whose entries either have a single element or are empty.
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Proposition 5.3.1.1. For any arena in the deterministic systems theory ( ) there is a
functor
Chartpg, (( CI) ), —) : Lensp,, — Matrix

from the category of lenses to the category of matrices of sets which sends an arena

(2; ) to the set Chartpg, (( CI) ), (ﬁ; )) of charts from ((I) ) to (2; ), and which sends a

lens (Z’:) : (2:) S (g;) to the Chartpg; ((é), (g;)) X Chartpg, ((é), (’X)) matrix

of sets

Chro (). () o (), (5 )) o (2], 1)) 5

o
'y
@) A*
((/;'3 ), (gg b )) — 4 The set of squares H H \H(wu) in Arenapg;
I B~
o) =5
)
- g(0) = w(f(0)) forallo € O,
=1° " £ 0) = wh(f(0), o6, 0)) forallielandoeO.

0 otherwise

Proof. By vertical composition of squares,

A*

(’2“)

there is always a map from the composite of two of these matrices to the matrix
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described by the composite. It is not, however, obvious that this map is a bijection —
which is what we need to prove functoriality.

Suppose we have a square as on the left hand side; let’s see that we can factor it
into two squares as on the right hand side. We need to construct the middle chart

(Z; ) : ( (I) ) = (g; ) from (J}” ) and ( ) For the bottom of top square to commute, we

see that g must equal w o f, so we can define g := w o f. On the other hand, for the top
of the bottom square to commute, we must have that g, (i, 0) = vﬁ(g(o), hy(i, 0)); again,
we can take this as a definition. It remains to show that the other half of each square
commutes. For the top of the top square to commute means that

(i, 0) = w*(f(0), g(i, 0))
which we can see holds by
w(£(0), g4(i, 0)) = w(f (0), v*(g(0), (i, 0)))
= w(f(0), v*(wf(0), hy(i, 0)))
= f(i,0)

by the commutativity of the square on the right.

On the other hand, to show that the bottom of the bottoms square commutes, we
need that i = v o g. But by hypothesis, h =vow o f, and we defined g =w o f. m]

Example 5.3.1.2. Let’s see what happens when we take the functor Chartpg, (( CI) ), —)
for the arena (1) A chart (ZI ) : (i) = (2:) is just a pair of elements 4~ € A~ and

at € A%, so
ChartDET((l) (A )) A™ X A,

Now, if we have a lens (Zf: ) ( " ) ( B+ ), we have a square

if and only if w(a*) = b* and w¥(a*,b~) = a~. Thinking of (uj ) as a wiring diagram,
this would mean that b™" is that part of a* which is passed forward on the outgoing
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wires, and a4~ is the inner input which comes from the inner output a™ and outer input
b~.

o . . . .

To take a concrete example, suppose that ( " ) were the following wiring diagarm:

That is, let'stake AT =X xYand A~ =X X Z,and Bt =Y and B~ = Z, and

w(x,y)=y
w}(x,y), 2) = (x, 2).

Using the definition above, we can calculate the resulting matrix Chartp;, (( é ), ( ”Zf ))
as having ((x, y), (x', 2)), (', ))-entry

{1 ifw(x,y) =y and wh((x, y),z)=(x",2')

0 otherwise.

or, by the definition of (wﬁ ),
w

1 ifx=x,y=y’,andz =2
0 otherwise.

which was the definition of Tr* given in Proposition 5.2.0.12!

Exercise 5.3.1.3. Let ( ij ) : (g:g ) = (é ) be the wiring diagram

[00]

Calculate the entries of the matrix Chartpg; (( 1 ), (wtt )) ¢

w

By the functoriality of Proposition 5.3.1.1, we can calculate the matrix of a big wiring
diagram by expressing it in terms of a series of traces, and mutliplying the resulting
matrices together. This means that the process of multiplying, tensoring, and tracing
matrices described by a wiring diagram is well described by the matrix we constructed
in Proposition 5.3.1.1, since we already know that it interprets the basic wiring diagrams
correctly.
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But we are also interested in charts, since we have to chart out our behaviors. So we
will give a double functor Arenapg; — Matrix that tells us not only how to turn a lens
into a matrix, but also how this operation interacts with charts. This is an example of
a representable double functor.

We will first define the double functor Arenapg, (( é ), —) : Arenap;; — Matrix

represented by an arena ( é) explicitly. Then we will see how this argument can be
abstracted to a double category which satisfies a horizontal factorization property.
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Proposition 5.3.1.4. There is a double functor

Arenap;; (( (I) ), —) : Arena — Matrix

which acts in the following way:
e An arena (2+ ) gets sent to the set Chartpg, (( (I) ), (ﬁ: )) of charts from ( (I)) to

(4).

¢ The vertical functor is Chart (( é ), —) : Lens — Matrix from Proposition 5.3.1.1.

¢ The horizontal functor is the representable functor Arena (( (I) ), —) : Arena —

Set which acts on a chart ({? ) : (2; ) = (g; ) by post-composition.

(+) Q& (&)
B= (T (%)
(c) ﬁ? (o)

in the double category of arenas, we give the square

Arenapg; (( CI) ),ﬁ) =

svensoe () (4T e (2, ()
s ()1 [ ([ (2)

Arenase: ((4), (&) — Arenaser ((5), (5-))

A [ 2)(2)

in the double category of matrices defined by horizontal composition of squares
in Arenap,; (remember that the entries of these matrices are sets of squares
in Arenap,,, even though that means they either have a single element or no
elements).

Arenap;, (((I)),ﬁ) (a)=a|B.

Proof. We can write the double functor Arenapg; (( (I) ), —) entirely in terms of the
double category Arenapy:

¢ [tsends an arena (i; ) to the set of charts (horizontal maps) (J;“ ) : ( CI) ) = (fxl )
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¢ It sends a chart (g") to the map (fb) — (fb) (%)
g f fIN\g )

¢ It sends a lens (wﬁ ) to the set of squares f3 : ( é) - (wﬁ ), indexed by their top
w w
and bottom boundaries.

¢ [t sends a square « to the map given by horizontal compostion  +— f | a.

We can see that this double functor (let’s call it F, for short) takes seriously the idea
that “squares are charts between lenses” from Example 3.4.1.4. From this description,
and the functoriality of Proposition 5.3.1.1, we can see that the assignments above
satisfy the double functor laws.

¢ Horizontal functoriality follows from horizontal associativity in Arenapg,:

Fla|p)(y)=y [ (a|p)=(yla)|B=F(a)|FB)y)

¢ Vertical functoriality follows straight from the definitions:

@\ () = _F@w)
F(§)Cro=Criasip=god

¢ It's pretty straightforward to check that identities get sent to identities.

O

This construction is an example of a more general notion of representable double
functor. Using the general notion, we can construct a similar double functor

Arenar (( (Ij ), —) : Arena — Matrix

for any systems theory T. Unlike for categories, not all objects in all double categories
admit representable double functors?. There is a small condition on an object: the
horizontal factor condition.

Definition 5.3.1.5. Let © be a double category. An object D of 1 satisfies the horizontal
factor condition when for any square

D, x

[

o X2

Js
D—2%

there is a unique triple of a horizontal f, : D — X5 and squares a1 : D = k; and

2 Any object in a double category does admit a representable lax double functor, but we won’t need
any of these and so won't introduce this notion.
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as 1 D = ky so that

fi
e D Iy x,
[ T
¢« X, = D-—2.x
L
2 f3 X3 D T) X3

We say that @ is spanlike if every D satisfies the horizontal factor condition.

Theorem 5.3.1.6. Let © be a double category and let D be an object of 0 satisfying the
horizontal factor condition. Then there is a representable double functor D(D,—) : D —
Matrix defined as follows:
* For an object X, D(D, X) is the set of horizontal arrows D — X.
¢ For a horizontal g : X — Y, ©(D,g) : D(D,X) — D(D,Y) is given by post-
composition with g: f — f | g.
e Foravertical k : X — Y, we get the matrix of sets D(D, k) : D(D, X)xD(D,Y) —

Set given by
f
D——Y
(f1, f2) = { The set of squares ’ 7 lk
D——Y
f
¢ For any square
X1 L} Y
k]J/ o J/kz
Y T) Y>

we define D(D, B) to be the map of matrices given by post-composing with f.
That is,

DD, p)(a) = a | p.

Proof. We will show that this is a double functor. The horizontal component is functo-
rial since it is the functor hD — Set represented by D.
For vertical functoriality, we need to show that
o (D, ki) L DD, k)
ka) DD, ka)
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for vertical arrows ki : X1 — X and k; : Xo — X3. There is always a map

D(D, k1) k
(D, k) ° (D’ kz)

given by taking two squares and composing them. That this map is a bijection is a
restatement of the horizontal factor condition which we assumed that D satisfied. The
right hand side is the D(D, X1) X D(D, X3)-matrix of sets which between f; and f3 is
the set

Z @(Dr kl)flrfz X CD(D’ kZ)f2'f3'
feD(D,Xz)

(431
az

So to say that for any o € D (D, %) there exists a unique triple (f2, a1, a2) with @ =
is precisely to say that the map which composes two squares a1 and a; into % is a
bijection.

We then need to check vertical and horizontal functoriality for squares. Horizontal
functoriality of squares comes down to associativity of horizontal composition, and

vertical functoriality of squares comes down to the interchange law. m]

Theorem 5.3.1.6 gives us Proposition 5.3.1.4 as a special case since the double cate-

gory Arenar of arenas in any systems theory T is spanlike — every arena ( CI) ) satisfies
the horizontal factor condition.

Lemma 5.3.1.7. For any systems theory T, the double category Arenar of arenas in T
is spanlike: every arena satisfies the horizontal factor condition.

Proof. Fix an arena ( (I) ) and suppose that we have a square like so:
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Explicitly, this means that we have commuting squares

o —Ls ar
I I
B+ hbl lﬁ, (5.5)
h* - >(- * ) *A—
lv ¢ f sy fH(w* ngw”{
O T) c*
We then get a chart
hy s frwof) (I - B~
fow o) B*)
This chart fits into two squares like so:
i
f A~
:;
ﬁ
w
I o T(
I

Il ﬂ(””

The bottom half of the top square and the top half of the bottom square commute by
definition. The bottom half of the bottom square asks that f § w § v = h, but this is
precisely the bottom half of . The top half of the top square asks that the following
diagram commute:

I I
|
h*C~
’ fo
FrwvC

fx-wx-B— ) f:{-A—
frwt

This is a rearrangement of the second square in Diagram 5.5.
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Because we have just rearranged the data of the big outer square «, this factorization
of a is unique. 0

As a corollary, Theorem 5.3.1.6 gives us a representable double functor
Arenar (( (Ij ), —) : Arena — Matrix

in any systems theory T. So we can turn any lens in any systems theory into a matrix
in a way that preserves the composition of lenses.

Theorem 5.3.1.8. For any systems theory T and any arena ( CI) ), there is a representable
double functor
Arenar (( (I) ), —) : Arenatr — Matrix.

5.3.2 How behaviors of systems wire together: representable doubly
indexed functors

We now come to the mountaintop. It’s been quite a climb, and we’re almost there.

We can now describe all the ways that behaviors of systems get put together when
we wire systems together. There are a bunch of laws governing how behaviors get put
together, and we organize them all into the notion of a lax doubly indexed functor. To
any system T in a systems theory T, we will give a lax doubly indexed functor

Behaver : Sys; — Vec.

Since behaviors of shape T are a sort of map out of T, we may think of Behaver as
a representable lax doubly indexed functor.

Theorem 5.3.2.1. For any systems theory T and any system T in T, there is a lax doubly
indexed functor Behaver : Sys; — Vec which sends systems to their sets of T-shaped

-

behaviors.
Arenar

|
Arenar (( OEIT ),—) Behaver Cat

. Vec
Matrix

Let’s see what this theorem is really asking for while we construct it. As with many
of the constructions we have been seeing, the hard part is understanding what we are
supposed to be constructing; once we do that, the answer will always be “compose in
the appropriate way in the appropriate double category”.
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e First, we need Behave(% : Arena — Matrix which send an arena to the set of

InT
Outt

composing with that chart, and it will send a lens to a matrix that describes the

charts from ( ) to that arena. It will send a chart to the function given by

wiring pattern in that lens. We’ve seen how to do this in Theorem 5.3.1.8:

Behave%)- = Arena (( T ), —)

Outt

This is the blueprint for how our systems will compose.

* Next, for any arena ( CI) ), we need a functor

I
Behave(To) : Sys( é ) — Vec (Arena (( OIZIT ), ( é )))
which will send a system S with interface ( (I) ) to its set of behaviors of shape T,
indexed by their chart. That is, we make the following definition:

Behave(T(Ij )(S)(fb) = Sys(j}b )(T, S).

f

This is functorial by horizontal associativity of squares in Arena.

f 4 .
e For any lens (zz, ) : ( (I) ) S ( (I), ), we need a natural transformation

[0

sy 1) 2 v aena (). 1)
wh
o w5,
Sys g' T Vec (Arena (( oIEIT )/ ( (I) )))
B+

Behave

T

This will take any behaviors of component systems whose charts compatible
according to the wiring pattern of (2’: ) and wire them together into a behavior
of the wired together systems. In other words, this will be given by vertical
composition of squares in Arena. To see how that works, we need follow a ( é )-
system S around this diagram and see how this natural transformation can be
described so simply. Following S around the top path of the diagram gives us
the following vector of sets, we first send S to the vector of sets

(7): (o) = (o) = sve(F)ms)
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Stater
Stater

I

|nT

|

update

|

expose

|

OutTt

-

T
¢

) |

Stateg
Stateg

i

O

|

updateg

|

exposeg

| =
)

whose entries are pairs of the following form:

We then multiply this by the matrix Arena ((

InT
Outt
(5): (o) 2 (o) =1
InT
Outrt

)

I
O

) |

I/
OI

[}

(T
StateT

Stater

|

) =

]
), ( v )) to get the vector of sets
w

qb)g (

Stateg
Stateg

|

update updateg
exposer )lT ‘H\(exposes
InT I
Outt ( £ @)

|

f

On the other hand, following S along the bottom path has us first composing it

vertically with ( ZZf ) and then finding the behaviors in it:

To

Statert
Stater

|

|

£

T

9

States
Stateg

|

(3 () = () = (== ﬂ(:fi::::)()
InT
OutT 7 o’

|

Finally, we are ready to define our natural transformation from the virst vector of

sets to the second using vertical composition:

)
Behave.l. v

I
g

(5)(

)(Dw/ (P) =

2

w

|
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That this is natural for behaviors ¢ : S — U in Sys( é ) follows quickly from the
horizontal identity and interchange laws in Arena:

oly _ oly
sl
¢l ¥

e

¢ For any chart (g; ) : (é ) = ( é', ), we need a square

Sys(é) : > Sys(g,)

%)

T

( : ) ( > )
(0] o’
Behave.r Behave Behave.r

~ Vv

vee (e (&5 () ey e e (85 (2)

OutTt g

This will take any behavior from S to U with chart (g; ) and give the function
which takes behaviors of shape T in S and gives the composite behavior of shape
T in U. Thatis,

v
Behave.(l.g )(S, V)W) = — ¢ | 1.

The naturality of this assignment follows from horizontal associativity in Arena.
Its a bit scary to see written out with all the names and symbols, but the idea is
simple enough. We are composing two sorts of things: behaviors and systems. If we
have some behaviors of shape T in our systems and their charts are compatible with a
wiring pattern, then we get a behavior of the wired together system. If we have a chart,
then behaviors with that chart give us a way of mapping forward behaviors of shape
T.
The lax doubly indexed functor laws now tell us some facts about how these two
sorts of composition interact.
® (Vertical Lax Functoriality) This asks us to suppose that we are wiring our systems
together in two stages. The law then says that if we take a bunch of behaviors
whose charts are compatible for the total wiring pattern and wire them together
into a behavior of the whole system, this is the same behavior we get if we first
noticed that they were compatible for the first wiring pattern, wired them to-
gether, then noticed that the result was compatible for the second wiring pattern,
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and wired that together. This means that nesting of wiring diagrams commutes
with finding behaviors of our systems.

* (Horizontal Functoriality) This asks us to suppose that we have two charts and a
behavior of each. The law then says that composing a behavior of shape T with
the composite of those behaviors is the same as composing it with the first one
and then with the second one.

¢ (Functorial Interchange) This asks us to suppose that we have a pair of wiring
patterns and compatible charts between them (a square in Arena). The law then
says that if we take a bunch of behaviors whose charts are compatable according to
the first wiring pattern, wire them together, and then compose with a behavior of
the second chart, we get the same thing as if we compose them all with behaviors
of the first chart, noted that they were compatible with the second wiring pattern,
and then wired them together.

Though it seems like it would be a mess of symbols to check these laws, they in
fact fall right out of the laws for the double categories of arenas and matrices, and the
functoriality of Proposition 5.3.1.4. That is, we’ve already built up all the tools we need
to prove this fact, we just need to finish proving that Behaver is a lax doubly indexed
functor.

® (Vertical Lax Functoriality) Suppose we have composable lenses (z;f ) : ( h ) S

01
((1)22) and (u”) : (32) S (33). We need to show that

u

[ () %] )
Behave.l.w = Behave, ! Sys( ZZ? ) O(VecArena (( C;EIT ), ('ﬁ )) Behave.rw )

This follows immediately from vertical associativity in Arena, once both sides

have been expanded out. Let S be a ( (I)ll )-system, then

9
w u

T,U’i ° uﬁ
Behave.(l. ) ( )(S)(a, ¢) = Behave

(z;”)s(ﬁ)(s)(ﬁ )

T ;'

_¢

I

v

¢
_ B

)4

"

= BehaveTu Sys( ZZ}” ) o| Arena (( OIEIT ), ('fj )) Behave

¢ (Horizontal Functoriality) This follows directly from horizontal associativity in
Arena.

T

wh
w

)

>, B, P)-
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¢ (Functorial Interchange) This law will follow directly from interchange in the
double category of arenas. Let @ be a square in Arena of the following form:

:ﬁ =
S
) o

We need to show that
fo
) U |l
' S Behave
Behave.l.] ys(@) = T Behave : (5.6)
(g; ) VecArena (( oIEIT ), a)
BehaveT

We can see both sides as natural transformations of the signature

SAYS(Q;) Sysg{f) 5 Sys(g;)
s 1] Js()
Veearena (1), () 56 sys(57)

a5 N
VecArena (11, ). - ) ((’mT )(gf))veCArena((OutT)’(D*))

VecArena outr '\ g

So, to show this equality holds, let’s start with a behavior ¢ € Sys(fj}’ )(S, U) with

chart 5? . We need to show that passing this through the left side of Eq. (5.6)
equals the result of passing it through the right hand side. On both sides, the
result is an element of

VecArena((O':IT), (gg'))) (e ,er)
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and is for that reason a function that takes in a pair of the following form:

iy

In-|-
Outt)

!
o) = |

(O, ¢) =

A_
A+

34 g

Cc-

|

InT
Outt

The left hand side sends this pair to

(%
g

BehaveT

which equals, rather simply:

?\¥
|:|] o
The right hand side sends the pair to
(%) 7
Behave k VecArena(( InT ) 0() 0O;, Behave /
T Outt )’ jr T
which equals, rather simply:
oy
O | a

category.

o |

Statet

T¢
¢

a

::);(
T

|

) (@, ¢))

i
) (Sys(a)(@)) (Behave(T]

Stateg
Stateg

)
"

A+

)(¢)(¢)))

That these two composites are equal is precisely the interchange law of a double

While we have phrased this theorem in terms of systems theories, the proof uses

only the structure available to the doubly indexed category Sys; : Arenar — Catitself.

We can therefore state this theorem entirely abstractly, which we record here.

Theorem 5.3.2.2. Let A : ® — Cat be a doubly indexed category with @ a spanlike
double category. Then for any T € A(D), there is a representable lax doubly indexed

functor
D

CD(D/_)

Cat

ﬂ(T,—)

Matrix

By

Vec
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5.3.3 Is the whole always more than the composite of its parts?

Unfortunately, Behave is lax (and not taut) for general T. This means that while
behaviors of component systems will induce behaviors of composite systems, it isn’t
necessarily the case that all behaviors of the composite arise this way.

But there is a simple condition we can put on T which will ensure that Behaver is
taut, and therefore that we can recover the behaviors of wired together systems from
the behaviors of their components: we ask that T expose its entire state, which is to say
that expose is an isomorphism.

Theorem 5.3.3.1. Let T be a system in the systems theory T, and suppose that expose

is an isomorphism. Then the representable lax doubly indexed functor Behaver is in

fact taut. Explicitly, for any lens (7;’: ) : ( é ) = ( g, ) the natural transformation

[0

) 5 v 52 1)

OutTt
wh
)| =t el (&1, 2))
sys| | g0 Vee (arena (7). (4))

[

Behave.l.

is a natural isomorphism.

Many of the systems representing sorts of behavior which we saw in Chapter 3
expose their entire state. For example, the systems Time representing trajectories
(Example 3.3.0.7), Fix representing steady states (Example 3.3.0.8), and Clock, periodic
orbits with periodic parameters (Example 3.3.0.9). As examples of systems which
don’t expose their entire state, we had the systems which represent steady looking
trajectories and periodic orbits whose parameters aren’t periodic from Exercise 3.3.0.10.
Theorem 5.3.3.1 says that for the systems Time, Fix, and Clock,, we can recover the
behaviors of component systems from the behaviors of composite systems. As we
noted in Remark 3.2.2.5, the same cannot be said for steady looking trajectories.

Proof of Theorem 5.3.3.1. We recall that for a ( CI) )-system S, the natural transformation
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%)

Behave; "~ ’ goes from the vector of sets
i
Int \ M/ (1
owr) =7 o
B)em)= e )
InT I
(OutT) 7 o’
)
to the vector of sets
Statet _(_
(StateT) o
(3): (&)= (5) = [y
In
Outt

il

o
Stater| _ _(P_ ; State
Stater] \State
update
(exposeT )\H\ lT(
|nT I

T
¢

) |

b

|

g

The transformation itself is given by vertical composition:

()
Behave.l. v

(5)(

T

g

w

Outt

|

Stateg
Stateg

i

O/

|

updateg

exposeg

(@~ .

| =

O

)

1

S

s)

updateg

exposeg

We'll construct an inverse to this assuming that expose is an isomorphism. Suppose

we have a square

T

i

Stater
Stater

i

InT
Outrt

|

update

|

exposer

|

¢

y

Stateg
Stateg

H(

|

updateg

exposeg

I

|
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From this data, we can define a chart

hy Jh 3expose}1*¢>*expose*wﬁ Int
h B ‘ Outt

I
ol

expose.l. 5 ¢ § exposeg

It isn’t obvious that the top composite is well defined since we have g : Int — g°I
and expose7"¢*expose;w! : exposer!”
codomain of the first doesn’t appear to be the domain of the second. But the square o

¢*exposegwl’ — exposeT1 ¢*exposegl and the

tells us that ¢ § exposeg § w = expose § g, so we have that
exposer’ 5 ¢ § exposeg § w = expose;! § exposer §g = 4.

So the two maps really are composable.
Next, we note that the following is a square:

InT I
o) =55 o

o= I )

InT I
OutTt o’
Ib
[
since
hsw = expose-r § ¢ 5 exposeg § w
= exposeT1 s exposer 5 g
=g and
=g hrwh , by definition.

We see that the definition of ( }2’ ) is basically forced on us by the commutation of
this diagram. Furthermore, we note that we have a square:

f
Statert ¢ States
Stater Stateg

_ [updater JJ\ JJ\ updateg
expose exposeg
InT I

)

Outrt O
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by the commutativity of a.

Finally, it remains to show that for any ( };f ) fitting into these two squares 0Oy, and f3,
we have that

(hb) (gb $expose}1*¢*expose*swﬂ)
s :

expose.}1 § ¢ 5 exposeg

From the bottom of 8, we see that expose; § h = ¢ § exposeg, which means that

h = expose}1 § ¢ § exposeg since exposer is an isomorphism. From the top of Oy, we
see exactly that hy, = g § h*w?. O

Example 5.3.3.2. In the deterministic systems theory DEt, consider the system Time of
Example 3.3.0.7:
N

N

{tick}
N

t—t+1
id

This system exposes its entire state since expose; .. = id. A behavior of shape Time is
a trajectory. So, by Theorem 5.3.3.1, we get a doubly indexed functor:

wj

Arenap;,

Arenapg, ( ( Rli ) ,—) Traj Cat

. Vec
Matrix

For any ( (I) )-system S, we get a vector of sets

(;) — Traj;;\(S)
(o)

sending each chart (;) : (é) =3 (é) — which is to say sequences 0 : N — O and

i : N — ] of inputs — to the set of trajectories s : N — S for that chart. These trajectories

are, explicitly, sequences which satisfy the equations

s¢+1 = updateg (s, i)
exposeg(s¢) = 0;.
Theorem 5.3.3.1 tells us that trajectories in a composite system are families of tra-

jectories for each system which agree on all the information passed between the wires.
For example, consider the wiring diagram
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(.7)

Let’s suppose that all wires carry real numbers. Then this wiring diagram can be

wh
w
w((a,b),c)=c
w((a,b), ¢), (x, ) = (x, (b, y)).

represented by the lens

R
®
RXxR

RXR
R

RXxR
H
R

given by

Jaz: FINISH THIS.

Example 5.3.3.3. In a differential systems theory — for simplicity let’s say the Euclidean
differential systems theory Euc — the system
RO
S

Rl

Rl
5 Rl

1
Time =
N

which expresses the differential equation

ds _
dt
represents trajectories (see Example 3.5.2.5). As this system exposes its entire state,
Theorem 5.3.3.1 gives us a doubly indexed functor

w‘w

Arenagy

Arenapg, ( ( g ),—) Traj Cat

. Vec
Matrix
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5.4 Summary and Further Reading

In this chapter, we proved our main compositionality theorem relating the repre-
sentable behaviors of composite systems to the behaviors of component systems. This
theorem is a vast generalization of Spivak’s theorem that steady states of coupled
dynamical systems compose via matrix arithmetic [Spil5]. In categorical terms, we
constructed representable doubly indexed functors on spanlike doubly indexed cat-
egories. On the indexing category, such representable doubly indexed functors are
exactly Paré’s representable double functors [Par11].



Chapter 6

Dynamical System Doctrines

6.1 Introduction

Throughout this book so far, we seen dynamical systems modeled by state spaces
exposing variables and updating according to external parameters. This sort of dy-
namical system is lens-based — systems are themselves lenses, and they compose by
lens composition. We might describe them as parameter-setting systems, since we com-
pose these systems by setting the parameters of some according to the exposed state
variables of others.

There are many parameter-setting systems theories: deterministic (distrete, contin-
uous, measurable), differential (Euclidean, general), non-deterministic (possibilistic,
probabilistic, cost-aware, etc.). From each doctrine T, we constructed a doubly in-
dexed category Sys : Arenar — Cat, indexed by the double category of arenas in the
doctrine T. This doubly indexed category organized the behaviors of the systems in
doctrine T (through the charts) and the ways that systems can be composed (through
the lenses).

But composing systems through lenses is not the only way to model systems. In
this section we will see two more ways of understanding what it means to be a system:
the behavioral approach to systems theory, which composes systems by sharing their
exposed variables, and the diagrammatic approach to systems theory, which composes
diagrams describing systems by gluing together their exposed parts. In the behavioral
approach (see Section 6.2), systems are understood as (variable) sets of behaviors, some
of which are exposed to their environment. These systems are composed by sharing
these exposed behaviors — that is, by declaring the behaviors exposed by some systems
to be the same. In the diagrammatic approach (see Section 6.3), systems are presented
by diagrams formed by basic constituent parts, some of which are exposed to their
environment. These systems are composed by gluing together their exposed parts.

In total, we will have three doctrines of dynamical systems — ways of thinking about
what a theory of systems could be, including how they are to be composed.
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CHAPTER 6. DYNAMICAL SYSTEM DOCTRINES

Informal Definition 6.1.0.1. A doctrine of dynamical systems is a particular way to answer

the following questions about it means to be a systems theory:

What does it mean to be a system? Does it have a notion of states, or of behaviors?
Or is it a diagram describing the way some primitive parts are organized?

What should the interface of a system be?

How can interfaces be connected in composition patterns?

How are systems composed through composition patterns between their inter-
faces.

What is a map between systems, and how does it affect their interfaces?

When can maps between systems be composed along the same composition
patterns as the systems.

The parameter-setting doctrine which has been the focus of the book so far answers

these questions in the following way:

A system consists of a notion of how things can be, called the states, and a notion
of how things will change given how they are, called the dynamics. In total, a

. dat TStat I
system is a lens of the form (zfpssjs ) : ( States ) S ( Outs )
S

The dynamics of a system can invovle certain parameters, and expose some vari-

ables of its state. The admissible parameters can depend on the variables being
Ing
Outs |

A composition pattern between interfaces says which exposed variables will be

exposed. In total, an interface for a system is an arena (

passed forward, and how the internal parameters should be set according to the
external parameters and the exposed variables. That is, a composition pattern is
alens.

Systems are composed by setting the parameters of some according to the exposed
variables of others. This is accomplished by lens composition.

A map between systems is a function of state which respects observable behavior;
it affects the interfaces as a chart.

When we have a square in the double category of arenas between charts and
lenses, we may compose maps of systems — behaviors — along the composition
patterns represented by the lenses.

Formally, we have organized the answers to these questions in our definition of the

doubly indexed category Sysy : Arenar — Cat in a given doctrine T. The doctrine

further specifies these answers along the lines of Informal Definition 1.1.0.2. In general,

there may be many systems theories in any doctrine, further specifying what it really

means to be a system within that systems theory. At the end of the day, however, we

can expect to get a doubly indexed category, indexed by a double category of interfaces

and sending each interface to the category of systems with that interface.

We will not give a fully formal definition of dynamical systems doctrine in this

book. Nevertheless, we can give a useful, semi-formal approximation: a doctrine is

any systematic way to produce doubly indexed categories of systems.
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Semi-formal Definition 6.1.0.2. A doctrine of dynamical systems is a systematic way to
produce doubly indexed categories of systems. As a first pass, we might say a doctrine
of composition ‘P is a functor

Sys* : Doctrine® — DblIx

from a category of ‘P-systems theories to the category of doubly indexed categories. To
a B-doctrine T, this associates a doubly indexed category

Sys:ﬁ : Interface¥ — Cat

indexed by a double category Interface?r3 of interfaces in the ‘B-doctrine T. This answers
the questions of Informal Definition 6.1.0.1 in the following ways:

e A system is an object of the category Sys%l; ().

QU

=

¢ The composition patterns between interfaces are the vertical maps of Interface

* The interface of a system is an object of the double category Interface

3

* The systems are composed along a composition pattern c : Iy — I, by the functor
Sys.?lf(c) : Sys?(ll) — Sys,?lf(lz).

* A map between systems SysS; € Sys,?lf (I1) and SysS; € Sys:]lg (I2) which acts as f :
Iy = I (a horizontal map in Interface?lf ) is an element of Sys¥ (f)(SysS1, SysS2).

* Maps can be composed along the same composition patterns as systems when
there is a square a of the appropriate signature in Interfacef? ; the composite
morphism is Sys?(a)( f)-

Remark 6.1.0.3. We take the term doctrine from Lawvere. Lawvere used the term “doc-
trine” in categorical logic to describe the various ways to be a logical theory. For
example, some theories are first order theories, expressed in first order logic. Some
are algebraic theories, expressed using only equalities between function systems. The
different sorts of theories — first order, higher order, algebraic, etc. — are the doctrines.
We can see the following table of analogies:

Level -1 0 1 2 3
Logic property | element | model | theory | doctrine

Systems Theory | constraint | behavior | system | theory | doctrine

The “level” here is the categorical level, where a set is a O-category, a category is a
1-category, and a 2-category — with maps between its objects and maps between those
maps — is level 2. There is a set of behaviors in a system, a category of systems in a
given theory (or, really, a doubly indexed category), and a 2-category of theories in a
given doctrine (though we only described its 1-categorical structure in this book).

For nerds who like this sort of thing, I would like to emphasize that this level is not
the truncation level. If instead of sets we were working with homotopy types, then
level 0 would still be elements, and level —1 would be identifications between these
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elements, and -2 identifications between these identifications, and so on. In general,
the negative levels would have (increasingly abelian) cohomological information about
the positive levels.

So far in this book, we have been working in the parameter-setting doctrine given
by lens composition.

Definition 6.1.0.4. The parameter-setting doctrine ‘BARAMSETTING consists of the functor
Sys PARAMSETING . 1y g ctrine ¥ARAMSETTING _, D]Ix defined in Theorem 4.5.2.2

In this chapter, we will meet two other doctrines: the behavioral approach to systems
theory which is characterized by span composition which we will call the variable sharing
doctrine, and the diagrammatic approach to systems theory which is characterized by
cospan composition which we will call the port-plugging doctrine. These three doctrines
— parameter-setting, variable-sharing, and port-plugging — capture a wide range of
categorical systems theories in use. They are, however, by no means exhaustive.

6.2 The Behavioral Approach to Systems Theory

The parameter setting (lens-based) ways of thinking about systems are very useful
for the design of systems; we give a minimal set of data (expose and update) which
in principle determines all behaviors, though it might take some work to understand
what behaviors are actually in the system once we have set it up. But for the analysis of
dynamical systems, we seek to prove properties about how systems behave. It helps if
we already know how a system behaves.

In the behavioral approach to systems theory, pioneered by Jan Willems, we take
“behavior” as a primitive. In its most basic formulation, the behavioral approach to
systems theory considers a system S to have a set B(S) of state variables or “behaviors”.
The system also exposes some of these state variables in a function exposeg : Bs — Vg
to a set Vs of possible values for these exposed variables.

In other words, we can see the behavioral approach to systems theory as taking place
in the doubly indexed category Vec : Matrix — Cat (or, as we’ll see, some variants of
it). An interface is a set V of possible values, and a system is a vector B, of sets varying
over v € V — the behaviors in which the exposed variables take that given value. This
might sound a bit different from the idea of a function exposeg : Bs — Vs, but we can
define the set B, to be exposeg 1(v), and pass between these two notions. That is, we
are making use of the equivalence between the double categories of matrices and the
double categories of spans explored in Section 3.4.2 to think of vectors of sets of length
V as functions into V, and to think of matrices of sets as spans.

Example 6.2.0.1. Consider the Lotka-Volterra predator prey model LK of Section 1.2.2
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which is given by the following system of differential equations:

9 = bRabbits * T — C1fT
f = Cer dFoxes f
Here, r is the population of rabbits and f is the population of foxes. In Example 1.2.2.4,

2 2
we saw how to represent this as a differential system (iz ) S (Rl ) with expose , =!

the terminal map and

updateg_, .. (7, (bRabbits, dRabbits)) = bRabbits * 7 — dRabbits * -

For the behavioral approach, we would apply the doubly indexed functor taking tra-
jectories (from Example 5.3.3.3) to get the behavioral point of view on the system LK:

Behave.(l.%j (LK) € Vec (ArenaEUC (( ]11% ), ( iz ))) .

In other words, the set BLk of behaviors is the set of trajectories together with their
charts in LK, and V| is the set of charts for those trajectories — that is, parameters
varying in time. We can calculate this from the definitions in Theorem 5.3.2.1:

|

Vix = Avenase (1), (%)

~ {((bRabbits/ dFoxes)

!

RZ
1

1

: =
R

= {((bRabbitsz dFoxes)) R— R4}

dr df)
dt’ dt
( (r.f) )

RZ
RZ

il e

(bRabbitszdFoxes)

!

{((7’ f) (bRabbltSI dFoxes)) R — R4

9 = DRabbits * 7 — C1f T
df _ :
C2rf dFoxes ° f
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and the map Bk — V| is the projection exposing the parameters:

((1’, f)/ (bRabbitSI dFoxees)) g (bRabbitS/ dFoxees)-

Remark 6.2.0.2. Note that the parameters of the original differential system LK are
considered as exposed variables of state in the behavioral approach. This is because the
behavioral approach composes systems by setting exposed variables equal to eachother,
so the parameters must be considered as exposed variables so that they can be set equal
to other variables.

In this section, we’ll a bit of how the behavioral approach to systems theory works,
and why we might want to do it. We’ll begin with the main idea in Section 6.2.1. Then,
in Section 6.2.2, we'll see that in the behavioral approach, there is a different sort of
undirected wiring diagram which is used to compose systems

A

The idea of these bubble diagrams is that each wire carries an exposed variable of the
behaviors of each system. An connection between wires expresses an equality of the
variables carried on them. The wiring diagram as a whole shows how the systems
in it share their variables. If lens-based systems are all about setting parameters, the
behavioral approach to systems theory using spans is all about sharing variables.

Just as the wiring diagrams for lens based systems are the lenses in categories of
arities, the wiring diagrams for the span-based behavioral approach are spans in the
category of arities — cospans of finite sets.

6.2.1 The idea of the behavioral approach

In the behavioral approach to systems theory, a system is a set (or variable set, see
Section 6.2.3) of behaviors of the system. A system exposes some variables of its behav-
iors. We can draw a behavioral system as a blob with wires dangling out of it which
we imagine are carrying the exposed variables. For example, the following system S

-

As we have seen in Theorem 5.3.2.1, we can get behavioral systems for any type

exposes three variables:

of behavior in any doctrine. One benefit of the behavioral approach is that all of
these different systems theories can be composed on the same footing: they’re all just
behavioral systems.
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Consider the following example borrowed from Willems” [Wil07]. We consider a
square bucket of water with two pipes at the bottom through which the water can flow:

Bucket; = h
P11
fi1 N 1

The variable behaviors here are the pressures p11 and p12, the flows fi1 and f12, and the
height of the water 1. We suppose that these quantities are related in the following
ways:
dhy
A_F
o 1(h1, p11, p12)
fir = Hu(h1, p11)

fi2 = Hi2(h1, p12)

for some functions Fi, Hy1, and Hip. Therefore, the set of behaviors is the set real
valued functions of time which satisfy these laws:

dh
=L = Fi(h1, p11, p12)

Beucket; = { (11, fi1, fi2, p11,p12) : R = R® E]lél = Hy(h1, p11) (6.1)
fi2 = Hi2(h1, p12)
We will suppose that we will only pump water to and from the bucket through the
pipes at the bottom. This means that we will only expose the variables concerning
those pipes.
VBucket, = (RH)*

and where
exposeg,ciet, (11, fi1, fi2, p11, P12) = (fi1, fi2, P11, p12)-

We can bubble up the Bucket; system as the following bubble diagram:

P11 P12

fin f12

Each wire carries a variable element of R — R, and the Bucket; system exposes four of
such variables.
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Now, suppose we had another bucket Bucket,, governed by a similar set of variables
satisfying a similar set of laws, but with functions Fp, H»1, and Hp, instead.

p22 p21

Bucket, =

P21 5 . P22

f2 fa1

fa1 f22

Suppose we connect the two buckets up by the pipes at the bottom:

Buckets = hy

P — P22
fu W i

To express this combined system, we need that the pressures in the connected pipes to
be equal (since they are now one pipe), and we need the flows to be opposite (since any

flow out of one bucket goes into the other). That is, we need p1» = p21 and fi12 + fo1 = 0.
All in all, the combined system has behaviors

dhi _ ..
W = Fl(hl/ Pi1, pzZ)

(M1, fi1, fi2, p11, p12) : R — R® fin = Hi(hi, pin)

BBuckets = ' — F]. . (6.2)
(ha, f1, f2, P21, p2) : R — R® fi = Hio(hi, pin)
P12 = pa1
0= fio+ fo

Meanwhile, the only variables which are exposed by Buckets are the two remaining
open pipes, so

4
VBuckets = R = R

(h1, fu1, fiz, P11, P12)

eXPOSeR ,ciets
Bucket ((hz,f21,f22,}?21,}722)

) = (f11, f22, p11, p22)-

We can express the pattern of interconnection between Bucket; and Bucket; as a
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bubble diagram to see precisely how Buckets arises as a composition of the two systems:

iy

pu p22

(6.3)

()
fi1 f2 @

When the wires are connected in this diagram, they express an equality between
their exposed variables. The top connection signifies that p12 = p21. The bubbled up +
signifies a relation (other than equality): it says that the sum of the variables on the top
two wires equals the third wire. We set that third wire to be constant at 0, so in total
we get the relation that fi» + fo1 = 0.

We can analyze this composition of the systems Bucket; and Bucket; in terms of the
doubly indexed category Vec : Matrix — Cat, or rather the equivalent doubly indexed
category Set/(—) : Span(Set) — Cat. To see how this works, let's remember how we
compose lens based systems in a given doctrine T.

Let’s compose the Clock and Meridian systems into the ClockWithDisplay system from
Example 1.3.2.5.

a.m./p.m.

Meridian

Fa.m./p.m.

Hour (64)

r Hour

ClockWithDisplay

We begin with Clock, which is in the category SysDET( Hiur) of deterministic sys-

tems with interface ( H;ur ), and Meridian, which is in the category SysDET( a‘r:lj:fm. ) of

Hour

deterministic systems with interface (a'm. .

). We then form their parallel product
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1xHour
a.m./p.m.xHour

Meridian ® Clock, which is in SySDET( ) The wiring diagram itself

a.m./p.m.

Hour (65)

is a lens

wh 1 X Hour 1
: S .
w a.m./p.m. X Hour a.m./p.m. X Hour

That is, it is a vertical arrow in the double category Arenap,, of arenas in the deter-
ministic doctrine. The doubly indexed category Sys,_. : Arenap,; — Cat furnishes us
with a functor

S (w”) S 1 X Hour S 1

s : Sys — Sys

Yoper| w YoDer a.m./p.m. X Hour YoDer a.m./p.m. X Hour

Despite its formidible name, this functor is just given by composing in Arenapg, with

the lens ( ’Z}u ) We then apply this functor to Meridian® Hour to get the composite system
ClockWithDisplay:

ClockWithDisplay = SysDET(ZZJj )(I\/Ieridian ® Hour).

This story is mirrored in the behavioral approach to systems theory, except instead
of working with the doubly indexed category Sys; : Arenar — Cat, we work in the
doubly indexed category Vec : Matrix — Cat — or, rather, the equivalent doubly
indexed category Set/(—) : Span(Set) — Cat.

We begin with the systems Bucket; and Bucket,, both in Set/ (RHR; that is, Bucket;
is identified with the map eXPOSeg,,cjet, BBucket; — (R4)R, and the same for Buckets.
We then form the parallel product of these systems, which in this case is given by their
cartesian product

, 4R o, (ROR
EXPOSER,,cket, X EXPOSER (e, * BBucket; X BBucket, = (R¥)™ X (RY)



6.2. THE BEHAVIORAL APPROACH TO SYSTEMS THEORY 261

which is an object of Set/((R*)* x (R*)*). Now, the wiring diagram

may be described as a span of sets,

144
>N

(R4)R X (R4)R (RAL)R

which is to say a vertical arrow in Span(Set). We’ll explain how bubble diagrams
correspond to spans in a more systematic way in Section 6.2.2, but for now we can
define W as follows:

W= {(ﬂi)lsiss :R—>R®
ag = 0

ar +az = 614} (6 6)

wi((ai)1<i<s) = ((a¢, a2,as,a1), (a3, as, a1, az))

wa((ai)<i<s) = (a6, a7, a5, as)
We then compose Bucket; and Bucket; into the composite Buckets by applying
Vec(W) to Bucket; X Buckets:
Buckets = Vec(W)(Bucket; X Buckety).

This means composing with W in the category of spans. Recall that we can see the
Map eXpOsey,yer, X €XPOSEy et, * BBucket; X BBucket; — (RY® x (R as a span from 1
to (R x (RH)R. Composing with W therefore means we have the following pullback
diagram:

BBuckets

EXPOSeR,ckets
K ~

BBucket1 X BBucketg

w1
eXPOSe et X exposem)

(RAL)R X (RAL)R (R4)R

(6.7)
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Quite explicitly, this defines Bgyckets to be the set

% = Fi(hi, pi1, pi2)
fin = Hi(hi, pin)
(h1, fun, fiz, P11, p12) : R > R® fi2 = Hiolhi, pi2)
Beuckets = 3 (12, fo1, f22, a1, p22) : R — RS |22 a3 =4 a4 =0 (6.8)

(a<ics : R - R3| PILTAS fin = as
p12 = a1 fi2=az
p21 = a1 fo1 = a3
p22 = ay fo2 = ag

At first glance, this is quite a bit larger than the definition of Bgckets We gave in Eq. (6.2).
But most of the equations here are setting the fs and ps from each Bucket; to be equal
to the as coming form the wiring diagram W. When the dust has settled, the two
definitions are equivalent — which is to say more precisely that they are isomorphic in
the category Vec((R*)®).

Exercise 6.2.1.1. Describe explicitly the isomorphism between the definitions of Bgycket
in Eq. (6.2) and Eq. (6.8). Check that this isomorphism commutes with the two defini-
tions of exposeg,, .1 as well. ¢

A crucial feature of the behavioral approach to systems theory is that constraints on
system behaviors are treated at the same level as the systems themselves. Suppose we
want to constrain the system Buckets so that the water flows from left to right. That is,
we want fi1 > 0and f» < 0. These constraints give rise to a subset C of the set (R?)R:

C={(fu1, f2) | fi1 > 0and fo; < 0}. (6.9)

We can consider the subset C of (R*)® as an object of Set/(R*)* by equipping it with
the inclusion C < (R*)®. We can bubble up this constraint just like a system (though
to emphasize that we are thinking of it as a constraint and not as a system, we will not

fill the bubble with blue):

fin f22

To express the system Buckets constrained so that the inequalities f11 > 0 and f» < 0
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hold, we can use another bubble diagram:

=

BucketsConstrained :=

This is a new system with interface (R2)*. Suppose we want to ask if this constraint C
is sufficient to ensure that the pressures on the pipes (the remaining exposed variables)
are within certain bounds [big, bi1]. We can express these constraints P on pressure as
a subset of (R?)}:

P = {(p11,p2) | bio < p11 < b1y, andbyg < po < b} — RH™.

The question of whether the constrained system BucketsConstrained satisfies the con-
straints P is then the question of whether there is a map ¢ : BucketsConstrained — P in
Set/(R*)R:

BucketsConstrained - === —=—————

\ / (6.10)

RZ)R

The map ¢ is a function of all the state variables of BucketsConstrained, but the com-
mutativity of Eq. (6.10) says that it must be given by

OC..,p11, .-, p22,-..) = (p11,p22)-

Therefore, the existence of ¢ is the same thing as the proposition that p1; is between by
and by1 and the same for py; — that is, the proposition that BucketsConstrained satisfies
the constraint P.

The question of devising such a constraint C (or, even better, a system which im-
plements this constraint) for a system Buckets so that the constrained system admits a
map to another constraint P is known as a control problem.

All of our variables in the previous examples were variables of time. This is very
common for behaviors, especially those coming from differential systems theories.
Instead of having all our sets be A* for an A varying in time ¢ € R, we could bake in
this variation into time into our notion of set itself. That is, we can work in a category of
variable sets, or sheaves. In such a category, the set A would already include, implicitly,
the variation in time. The sheaf theoretic setting for the behavioral appraoch to systems
theory is explored in [SSV16] and [SS19]; we will summarize it in Section 6.2.3, and



264 CHAPTER 6. DYNAMICAL SYSTEM DOCTRINES

show that trajectories in the general differential doctrine Dirr (Definition 3.5.2.23) land
in sheaves over time intervals.

Though we have been describing the behavioral approach to systems theory as
taking place within the doubly indexed category Set/(—) : Span(Set) — Cat, we can
do it in any category that allows us to compose spans — namely, and category with
finite limits. Just like we had different theory of dynamical system for lens-based
systems, we can see each category with finite limits as a doctrine for the behavioral
approach. We will call these behavioral systems theories.

Definition 6.2.1.2. A doctrine for the behavioral approach or a behavioral doctrine is a cate-
gory C with finite limits.

The variable sharing doctrine of composition BARIABLESHARING which encapsulates
the behavioral approach to systems theory is the functor which sends each behavioral
doctrine C to the doubly indexed category of systems in the behavioral doctrine C:

BSys, := C/(-) : Span(C) — Cat

This is defined as the vertical slice construction applied to the inclusion 1 : 1 — Span(C)
of the terminal object of C:

BSys. := 0(1:1 — Span(C)).

This definition of the variable sharing doctrine answers the questions of Informal
Definition 6.1.0.1 in the following ways:

* A system is a notion of behavior Bgsyss together with a function exposing its

variables exposeg : Bsyss — 1.

* An interface is a codomain I for the exposed variables.

¢ Interfaces are connected in composition patterns given by spans.

* Systems are composed by sharing variables — that is, by setting their exposed
variables equal according to the composition pattern. This is accomplished via
span composition.

* A map between systems is a function of their behaviors which respects their
exposed variables. This acts on interfaces via a function that tells us how to
translate exposed variables of the first system to exposed variables of the second.

* Maps between systems can be composed along composition patterns when we
have a square in the double category of spans.

We will discuss these points in more detail in Section 6.2.2.

So far, we have only seen the behavioral doctrine Set of sets, but in Section 6.2.3
we will see a behavioral doctrine of sheaves over time intervals. Though we won't see
as many different examples of behavioral systems theories as we have for parameter-
setting systems theories, the notion can help us clarify the basic ideas of the behavioral
approach: it’s all about spans, much in the way that parameter-setting theories are all
about lenses.
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6.2.2 Bubble diagrams as spans in categories of arities

All the way back in Section 1.3.3, we saw that wiring diagrams are lenses in special
categories: the free cartesian categories. We needed a cartesian category to describe
the notion of lens given in Definition 1.3.1.1. We can make an analogy here: to describe
the behavioral approach to systems theory, we use spans which require finite limits.
It stands to reason that we should expect our bubble diagrams for the behavioral
approach to be spans in free finitely complete categories. We'll see that this is precisely
the case, although we will want to restrict to a certain class of “nice” spans.

Before we see a formal definiton of bubble diagram, let’s give an informal defini-

tion.

Informal Definition 6.2.2.1. A bubble diagram is a diagram which consists of a num-
ber of inner bubbles drawn within an outer bubble, each with some ports. There are
furthermore links, which are drawn as small dots. The bubbles are wired together by
connecting to the links:
1. Every port on an inner bubble is wired to a unique link, and every link is wired
to some inner port.
2. Every port on the outer bubble is wired to a unique link, and a link is wired to at
most one outer port.
3. No two links are connected.
The category of bubble diagrams has as its objects the bubbles and as its morphisms
the bubble diagrams. Bubble diagrams are composed by filling the inner bubbles with
other bubble diagrams, the erasing the middle layer of bubbles, and coalescing any
connected links into a single link.

Bubbles Bubble Diagrams Composition by nesting

jegeye

(6.11)

Composition of bubble diagrams is given by nesting and then coalescing links, so
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that no two links are connected in a diagram.

(6.12)

We can formalize these diagrams as certain spans in the free finitely complete

category. Luckily, we already know what the free finitely complete category is; it

turns out to be the same as the free cartesian category, the category Arity of arities
(Definition 1.3.3.2)!

Proposition 6.2.2.2. For a set J of types, the category Arity, of arities typed in 7 is
the free finitely complete category on the set of objects 7. That is, for any finitely complete
category C and function C_) : & — C, there is a functor evc : Arity; — C which
preserves finite limits, and this functor is unique up to a unique natural isomorphism.

Proof Sketch. Since C is finitely complete, it is in particular cartesian. Therefore, we
get a unique cartesian functor evc : Arity; — C. We can then check that this functor
preserves finite limits in addition to products; this is ultimately because pullbacks of
product projections are given by other product projections. ]

Recall that the category of arities is equivalent to the opposite of the category of
finite sets (Proposition 1.3.3.3). A span in the category of arities is a diagram

where I, L, and O are finitesetsand i : | — Land o : O — L are functions. We interpret
such a span as a bubble diagram in the following way:
* The set I is the set of inner ports on any of the inner bubbles, the set O is the set
of outer ports on the outer bubble, and the set L is the set of links.
¢ The function i : I — L sends each inner port to the link it is connected too, and
the function 0 : O — L sends each outer port to the link it is connected to.
If we have multiple inner bubbles, then we take a span with domain the cartesian
productXI1 X--x X sothatl =11 + -+ + L,,.



6.2. THE BEHAVIORAL APPROACH TO SYSTEMS THEORY 267

Jaz: Diagram from D.Spivak.

4

(6.13)

Note what can happen if we use just any old span in Arity: we can have “passing

wires”, like the wire connecting outer port 1 with outer port 2 in Eq. (6.13), and we

can have dangling links like s which aren’t connected to anything. These are drawn in

red above. This sort of loosey-goosey diagram is well known; it is an undirected wiring
diagram.

Definition 6.2.2.3. An undirected wiring diagram is a span in the category Arity of arities.
Equivalently, it is a cospan of finite sets. A span

P

X ... x XIn X0

is an undirected wiring diagram with n inner bubbles, with bubble i having the finite
set I; of ports, with the finite set of links L, and the outer bubble having finite set of
ports O. Informally, these satisfy the laws:

1. Every inner port p € I; is wired to a unique link i(p)

2. Every outer port p € O is wired to a unique link o(p)

3. No two links are wired together.

However, these external connections and dangling wires tend to clutter up the
works. A bubble diagram is an undirected wiring diagram without these cluttering
bits. We enforce the extra two parts of the bubble diagram laws — that every link is
connected to some inner port and that a link is connected to at most one outer port —
by asking that the left leg i of the span is surjective while the right leg o of the span is
injective. That i is surjective means that every link is wired to some inner port. That o
is injective means that each link is wired to at most one outer port.

Definition 6.2.2.4. A bubble diagram is a span in the category Arity of arities whose left
leg is surjective (as a finite set map) and whose right leg is injective. Equivalently, it is
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a cospan of finite sets where the left leg is surjective and the right leg is injective. A

P

X ... x XIn X0

span

Exercise 6.2.2.5. Draw the corresponding undirected wiring diagrams for the following

cospans. Is it a bubble diagram?
1.

)
qie |
e 4 _

93 e |

X* x X2 X1 X3

P
INY
X
>~
@
X

Exercise 6.2.2.6.  Express the following undirected diagrams as spans in the category
of arities. Which are bubble diagrams?
1.
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2.
3,
4
P "
~
5.

¢

Both undirected wiring diagrams and bubble diagrams are composed by pullback
in the category Arity of arities, which is pushout in the category of finite sets. Let’s
recall the definition of pushout in the category of finite sets.

Definition 6.2.2.7. Given a solid diagram

B+AC

The pushout B+4 C of f and g is defined to be the disjoint union of A and B, quotiented
by the relation which sets f(a) equal to g(a):

A+ B

f(a)~g(a)

The map B — B +4 C is the map b +— [b], the inclusion B — B + C followed by the
quotient map, and similarly C — B +4 Cis ¢ = [c].
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Note that though the notation B +4 C only mentions the sets involved, to form the
pushout we need to know the functions f and g as well.

We can understand the composite of undirected wiring diagrams as follows:

XL+ML’ _
/// v \\\\
/// / \ \\\
7 L N

S/ X X \

/ \
/ N

A kv
X! xM X©

The set L is the set of links in the first diagram, and the set L’ is the set of links in the
second diagram. The set of links in the new diagram is their pushout L +1 L” over the
set of middle ports; this is the disjoint union of L and L’ with any two links set equal
when they are connected to the same middle port.

Exercise 6.2.2.8. Consider the composite Eq. (6.12) reproduced here:

(6.14)

Using that you have already seen how to express each constituent bubble diagram

as a span in Exercise 6.2.2.6, compute the composite diagram using pullbacks in the
category of arities (or pushouts in the category of finite sets). Check that it gives the
correct diagram. 0

It is not obvious that the composite of bubble diagrams is itself a bubble diagram;
we need to check that the resulting legs of the span are respectively surjective and
injective. Let’s do that now.
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Lemma 6.2.2.9. The composite of bubble diagrams is a bubble diagram. That is, in the
following diagram

_ XL+ML’ _
3 -7 / v \ b \\\03
d N
’ N
// XL XL N
et G i i \\
N kv
x! XM X0

If i1 and iy are surjective and 01 and o0, are injective, then i3 is surjective and o3 is
injective.

Proof. We will show that the inclusion j; : L — L 4+ L’ is surjective, and the inclusion
j2: L" = L +pm L’ is injective.

An element of L +)s L’ is either of the form [{] for { € L or [{’] for ¢’ € L’. If itis
of the form [¢] for ¢ € L, the it is in the image of j; by definition. Suppose that it is of
the form [¢’] for ¢’ € L’. By hypothesis, i : M — L’ is surjective, so £’ = iom for some
m € M. But then [¢'] = [ipm] = [0oym] is in the image of j;.

Now, suppose we have two elements x and y € L’ for which [x] = [y]in L+ L’. This
means that x and y are related by the equivalence relation generated by i»(m) ~ 01(m)
for any m € M. Explicitly, this means there is a zig-zag of elements in L and L’,
each related by a element of M, connecting x and y; that is, a sequence of elements
b,...0, € Land my, ..., my, with x = ipmy, iomp, = y, and that o1mor_1 = ¢ = o1mox
forl < k < nand iamop_p = ipmor_1 forl < k < n.

41
.m ) i i 4 M3 e Moy .
12)2\ /\ /\ /XZZ

X izﬂ”lz = i2m3 Yy

We may prove this by induction on the length n of the zig-zag. If the zig-zag has
length 0, then x already equals y. Suppose that the zig-zag has length n + 1; we will
show that imp,—1 = y so that by the inductive hypothesis, x = irmy,-1 = y. Now, by
assumption, 01m,-1 = ¢, = 01my,. Since 01 was presumed to be injective, this means
that my,_1 = my,; but then iymy,,_1 = irmy, = Y. O

The main upside to using bubble diagrams over the more general undirected
wiring diagrams is that bubble diagrams have a nicer double category for our pur-
poses.

Definition 6.2.2.10. For a set 7 of types, the double category Bubbles is the sub-



272 CHAPTER 6. DYNAMICAL SYSTEM DOCTRINES

double category of the double category Span(Arity. ) of undirected wiring diagrams
consisting of the bubble diagram.

Let’s understand this double category. A vertical map in the double category
Span(Arity) is an undirected wiring diagram, and a horizontal map isa map f*: X! —
X/ in Arity.. A square is a diagram

xh Ly xbs

liT TZE
XLl ¢ o XL
) |

X2 —— Xl
-

Thatis, a : L, — L is an assignment of links from the diagram W, on the right to the
diagram W on the left which preserves connectivity, relative to the maps f and g on
ports. For undirected wiring diagrams, this is an extra bit of data above and beyond
the data of the surrounding diagram — there may be multiple different « which could
make the diagram commute. But if we restrict our attention to bubble diagrams, then
ip : I3 — Ly is surjective; therefore, there can be at most one a making the above
diagram commute. This is because a(i2(x)) must equal i1(f(x)) and for every ¢ € L,,
a(f) = a(iz(x)) for some x € I, by the surjectivity of i. We can record this observation
in a proposition.

Proposition 6.2.2.11. For a set 7 of types, the double category Bubbles is thin (Def-
inition 3.4.1.2) — there is at most one square of any given signature. Furthermore,
Bubbleys is spanlike (Definition 5.3.1.5).

Proof. We have just argued that there can be at most once square of any given signature.
As a double category of spans, Bubbley is spanlike. m]

In order to prove Proposition 6.2.2.11, we only used the assumption in a bubble
diagram that i was surjective. However, we will see that bubble diagrams are also
useful in the diagrammatic approach to systems theory (see Section 6.3), but this time
as cospans in the category of finite sets. The double category of such cospans differs
only from the double category considered here in that its horizontal arrows go the other
direction. In order to prove that this double category of bubble diagrams is spanlike
(Theorem 6.3.2.3) , we will also need the assumption that o is injective.

Recall from Proposition 1.3.3.15 that we can interpret lenses in categories of arities in
any cartesian category by the universal property of Arity as the free cartesian category.
Since Arity is the free finitely complete category, we can use the same trick to interpret
bubble diagrams into spans in any finitely complete category. We can then use these
spans to compose systems using the behavioral approach to systems theory.
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Proposition 6.2.2.12. For a set J of types and a function C(_) : & — J interpreting
each type as an object of a finitely complete category C, there is a unique (up to unique
isomorphism) double functor

evc : Span(Arity;) — Span(C)

interpreting each undirected wiring diagram as a span in C.

Explicitly, for 7 = 1, the functor evc sends X'to CI.

We can use Proposition 6.2.2.12 to describe composition in any behavioral doctrine
with bubble diagrams. If we have a behavioral doctrine C, we get the doubly indexed
category BSys, : Span(C) — Cat. If we have some types of behaviors 7 of interest,
and interpretations C : 7 — C of these types as objects of C, then we can restrict along
evc : Span(Arity;) — Span(C) to get the doubly indexed category

Ve BS >
Bubbles < Span(Arity.) = Span(C) %, Cat.

This gives us the compositionality of behavioral systems according to bubble diagrams.
In Section 1.3.4, we saw how we can add green beads with operations from some
Lawvere theory to our wiring diagrams by taking lenses in that Lawvere theory. We
can do this same with undirected wiring diagrams, but in this case we need to use
essentially algebraic theories, which are algebraic theories that can take advantage of all
finite limits.
Definition 6.2.2.13. An essentially algebraic theory is a category C with finite limits. A
model of the theory C in a category ©® with finite limits is a finite limit preserving
functor F : C — @.

Any model F : C — D of an essentially algebraic theory C gives rise to a double
functor F : Span(C) — Span(®). We can use this to interpret undirected wiring
diagrams over the theory C into the category @.

Definition 6.2.2.14. An undirected wiring diagram over an essentially algebraic theory
Cisaspanin C.
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Example 6.2.2.15. The diagram

is an undirected wiring diagram in the essentially algebraic theory of real vector spaces.
This happens to be the category Vect of finite dimensional real vector spaces, the same
as the Lawvere theory of real vector spaces. This diagram is represented by the span
given in Eq. (6.6) — we note W is a real vector space and that both legs of the span are
linear, so that this span can be understood as living in Vect.

Remark 6.2.2.16. It is not as easy to separate the bubble diagrams from the undirected
wiring diagrams when passing to a general essentially algebraic theory. This is fun-
damentally because the operations of the theory could be arbitrary, and so no longer
guarentee that the diagrams really satisfy the properties that bubble diagrams should.

6.2.3 The behavioral doctrine of interval sheaves

So far, we have only really seen the behavioral doctrine Set of sets, which gives rise to
the doubly indexed category Vec : Matrix — Cat. In this section, we will see another
behavioral doctrine: the topos of interval sheaves.

Many systems, especially differential systems, give rise to trajectories which vary in
time. While in Section 6.2.1 we simply included the time variable into our definition in
of the sets — taking (R*)® instead of R* — it would be nice if we didn’t have to worry
about this every time and could instead focus on the actual type of the variables. We
will see that by moving from sets to variable sets, or sheaves, we can incorporate the
variation of our trajectories in time without cluttering the types of our variables. A
great deal can be said about the sheaf approach to modelling dynamical systems — for
example, see [SSV16] and [SS19]. We will just scratch the surface here.

We will end this section by showing that the doubly indexed functor Traj defined in
Example 5.3.3.3 which takes the trajectories in a differential doctrine actually lands in
the behavioral doctrine of interval sheaves, and not just in the behavioral doctrine of
sets.
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The fundamental idea behind interval sheaves is that we would like to bake in
variation in time into the definition of our objects. Instead of having a set X of behaviors,
we would like to have a set X(¢) of behaviors which last for a time of length . We say
that ¢ is the time interval during which the behavior b € X(¢) takes place. If we have
any time interval ¢” which is contained in ¢, then we can restrict b to its part which
occurs during the interval ¢’; we write this as bl € X({’).

We will begin by describing the category of intervals.

Definition 6.2.3.1. An interval is a positive real number ¢ € (0,00). A morphism
a: ¥ — {isareal number a € [0, f) so that a + ¢’ < {. Morphisms are composed by
addition, and the identity is 0 : { — ¢.

We denote the category of intervals by I. We say a morphism a : ¢’ — ¢ of intervals
isstrictifa > 0and a + ¢’ < ¢ (strict inequalities on both sides). We will write a : ¢ ~»> ¢
to say that a is strict.

We can picture a morphism a : {’ — ¢ as in the following diagram:

| ¢

7

!

An interval sheaf is a sheaf on the category of intervals. We won’t introduce sheaves
in general, just this special case. A sheaf on the category of intervals a functor I°’ — Set
(a “presheaf”) satisfying a certain gluing property.

Definition 6.2.3.2. An interval sheaf X consists of:

1. For every interval ¢, a set X(¢) of behaviors which may occur during the interval
l.

2. For every morphism a : ' — { of intervals, a restriction function
b bl,: X(f) = X({')

which selects out the part of b occuring during the subinterval ¢’ beginning at a
in {.
This data is required to satisfy the following conditions:
1. (Unity) For any ¢, we have that blp = b for0: { — ¢.
2. (Functoriality) Forany a’ : {” — {’and a : {’ — {, we have

(bla)la’ = bla’+a

forallb € X(¢), with a’ + a : £ — { the composite of a’ and a.
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3. (Gluing) X(¢) is the limit of X (¢’) taken over all strict inclusions a : {* — ¢ (where
a>0anda+ ¥ <¥):
X(0) = 1€1m[ X(0).
al/~»

More explicitly, we ask that the canonical map from X(¢) to the limit given by

restricting behaviors in X (¢) along strict inclusions a : £ ~» { is an isomorphism.
An assignment of sets X (¢) with restriction maps satisfying Unity and Functoriality is
known as an interval presheaf. This is equivalently a functor X : [P — Set.

The unity and functoriality laws are straightforward consistency checks on behav-
iors. Unity says that the portion of a behavior taking place over a whole interval is that
behavior. Functoriality says that if we have a behavior b taking place in interval ¢, and
we look at the portion of that behavior taking place in the subinterval a : ¢ — ¢, and
then at the further subinterval a’ : { — ¢/, the result is the same as simply looking at
the portion of that behavior taking place in that further subinterval.

Gluing is a bit more tricky. It means that a behavior is determined by what it does
on all strict subintervals. We can split the gluing condition apart into two further
conditions.

Lemma 6.2.3.3. An interval presheaf X is an interval sheaf — satisfies the Gluing
condition — if and only if
1. (Separation) For every pair of behaviors by, by € X({), if b1|, = ba|, for all strict
a: ¥l ~»{, then by = bs.
2. (Existence) For any family b, € X({;) of behaviors indexed by strict inclusions
a : {; — ¢ which are compatible in the sense that for any a’ : {;4, — ¢, so that
barar = by|ar, there is a whole behavior b € X(¢) such that b, = b|,.

Proof. These two properties say that the canonical map
X(0) » lim X(¢)
al'~f

are injective and surjective respectively. ]

Example 6.2.3.4. For any n € N, there is an interval sheaf C" of n-times continuously
differentiable real valued functions. Explicitly,

C"(0) ={f :(0,¢) = R | f is n-times continously differentiable.}.

The restriction maps are given by restricting: if a : ¢’ — ¢, then f|, = f o (x > a + x)
where x > a+x : (0,¢) — (0,¢) is the inclusion of (0,¢’) into (0, {) shifted over
by a. Unit and functoriality conditions follow directly from unit and associativity of
composition; the only tricky law to check is the gluing condition. We can check both
parts of the gluing condition using Lemma 6.2.3.3:
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1. (Separation) Suppose that f; and f, : (0,f) — R are n-times continuously dif-
ferentiable and that their restriction to any subintervals are equal. Since (0, )
is open, for every x € (0,{) there is a strict subinterval in (0, f) containing x;
therefore, fi and f, are equal on this subinterval and therefore at x. So f1 = f,.

2. (Existence) Suppose we have compatible functions f, : (0,¢,) — R for every
a:l; ~ (. For any x € (0, {), there is a strict subinterval ay : {;, ~» ¢ containing
x in the sense that x € (ay,ax + {;,). We may therefore define a function f :
(0,¢) = R by f(x) = f,,(x). This is well defined since if a’ : ¢’ ~» { is any
other strict subinterval containing x, then x is also in their intersection whichis a
strict subinterval; by the compatibility of the functions f,, it follows that f, (x) =
far(x) on this intersection. Since being n-times continuously differentiable is a
local property and f is defined to be a n-times continously differentiable in the
neighborhood of any point, f is also n-times continously differentiable.

We can think of the interval C° as the set of real numbers varying continuously in

time.

Example 6.2.3.5. We can adapt all the sets of Section 6.2.1 to be interval sheaves by
building in the variation of time. For example, we may define Bgycket; from Eq. (6.1) as
an interval sheaf by

dhy

" Fi(h1, p11, p12)

BBucket; (£) := 1 (1, fi1, fiz, p11, p12) : (0, 6) = R fi1 = Huy(h1, p11)
fi2 = Hip(h1, p12)

with restriction given by restriction of functions.

A map of interval sheaves is a natural transformation between the functors X :
[P — Setand Y : I°P — Set.

Definition 6.2.3.6. Let X and Y be interval sheaves. A map f : X — Y is a family of
functions f; : X(¢) — Y(¢) for which the following naturality square commutes:

X(0) - v

1) L

X(t) f—€> Y(¢)

for any a : £’ — (. That is, for any behavior b € X(¢), we have

fl’(b)la = ff’(bla)-

We denote the category of interval sheaves by Sh(I).
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Example 6.2.3.7. Continuing on from Example 6.2.3.4, suppose that ¢ : R — R is any
n-times continuously differentiable function. Then we get a map of interval sheaves
¢. : C" — C" given by post-composition with ¢: we define (¢.)¢(f) := ¢ o f for
f:(0,¢) = Rin C"(¢). Naturality then follows from associativity of composition.

If we think of f € C" as a real number varying in time, then ¢.(f) is its image under
the function ¢.

In order for interval sheaves to give a behavioral doctrine, we need to be able to
take pullbacks of interval sheaves. Luckily, pullbacks of interval sheaves can be taken
componentwise in the category of sets.

Proposition 6.2.3.8. Let f : X — Z and g : Y — Z be maps of interval sheaves. Then
their pullback X Xz Y may be defined at ¢ by taking the pullback of f; : X(¢) — Z(¥{)
and g, : Y(¢) — Z({) in the category of sets.

(X xz Y)(0) := X(£) Xz0) Y(O).

The terminal interval sheaf is defined by 1({) = 1 or all ¢.

Definition 6.2.3.9. The behavioral doctrine of interval sheaves is the finitely complete
category Sh(I).

Exercise 6.2.3.10.  Go through Section 6.2.1 and adapt the story to work within the
behavioral doctrine of interval sheaves. What has to change, and what remains the
same? ¢

For the rest of this section, we will show that trajectories in differential systems
theories land in the behavioral doctrine of interval sheaves.

Theorem 6.2.3.11. There is a doubly indexed functor

w
Traj“ Cat
%(ﬂ)/(—)

sending a system in the general differential doctrine to its interval sheaf of trajectories.

Arenap;

Arenap((0,-),-)

Span(Sh(I))

We begin by including the interval category I into the category Sysp, . of systems
and behaviors in the general differential doctrine. We will then show that we get a
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doubly indexed functor landing in interval presheaves. We will then note that these
presheaves are in fact sheaves — they satisfy the gluing condition.

Lemma 6.2.3.12. There is an inclusion ¢ : I — Sysj  sending each interval ¢ to the

1\ (To.0) (1
id] {0 \o,e

and every morphism a : £’ — { to the square

system

T(,?) (T(flquJ;)) T(0,¢)
(wrm) = («w)

()1 1)

((0, f’)) o ((0, f>)

a+

Proof. The square commutes since the derivative of the function x + a + x is 1. The
assignment is functorial by the definition of composition in the interval category. O

We can use this inclusion of I into Sysp, . to show that the trajectories form interval
sheaves. A trajectory y of length ¢ in a system S is a behavior of shape ((f) in S:

T,¢ (TVV) TStates
[on) = (2]

0,0) States
sl [T5e)

Ing
Outg

o) 7

We can restrict trajectories by pre-composition:

(o) 10 1)
T(,¢)\ \ @/ (T(©0,¢)\ \7/ [TStates
0,¢) — 0,9) — Stateg

(;)g j(;) g(:fss::z)
oo ﬁ [oo) (:); oo}

f

(a+)
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Explicitly, we will make the following definition.

Definition 6.2.3.13. For a system S € SySDIFF( é) in the general differential doctrine,

we define the interval (pre)sheaf of trajectories Traj(S) by

Traj(S)({) := Behave,(;)(S)

T,¢ (TV)/) TStates
[ = (2]

0,0) States

()11 [ aeed

Il
N

with the projection Traj(S) — Arenapy (l—, ( (I) )) in Sh(I)/Arenap; (L—, ( é )) defined

5 b (3)) - ()

Restriction is given by precomposition.

Exercise 6.2.3.14. Check that the definition of Traj(S) in Definition 6.2.3.13 really gives

an interval presheaf. Then check that the projection Traj(S) — Arenap (L—, ( (I) )) isa
map of interval presheaves.

We can, at this point, show that we are in fact working with interval sheaves. The
rest of the proof does not depend on this, since maps and pullbacks of interval sheaves
are the same as those of interval presheaves. But it will be nice to get it out of the
way.

Lemma 6.2.3.15. For a system S € SysDIFF( é) in the general differential doctrine, the

interval presheaf of trajectories Traj(S) is a sheaf.

Proof. We will show that Traj)(S) satisfies the two conditions of Lemma 6.2.3.3:
1. If two trajectories are equal on every strict subinterval, then they are in particular
equal at every point, and are therefore equal.
2. If we have a compatible family of trajectories y, on every strict subinterval a : ¢’ ~»
{, then we can define a trajectory y by y(t) = y,(t) for some strict subinterval
at : & ~» { containing t. This is well defined by the compatibility of the family

Ya-
(]
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To show that the rest of the doubly indexed functor lands correctly in interval
sheaves all comes down to this: in defining the doubly indexed functors Behave, (), we
only compose on the right. Since our interval sheaf structure is given by composing on
the left, the various parts of the doubly indexed functor will give rise to sheaf maps by
the associativity of left and right composition.

6.2.4 Further Reading in the Behavioral Doctrine

I have only given the briefest sketch of what can be done in the behavioral doctrine
here. In this subsection, I would like to suggest some further reading on this doctrine
of dynamical systems.

The behavioral doctrine of dynamical systems is named for Jan Willems’ behavioral
approach to systems theory, which was put forward in the paper [Wil87] and expanded
significantly in subsequent papers (see e.g. the book [WP13]). For a nice introduction,
see [Wil07; WP13].

A central reference, and one that we drew on in Section 6.2.3, is the book Temporal
Type Theory by David I. Spivak and Patrick Schultz [SS519]. For more detailed examples
of how interval sheaves can be used to describe the behavioral approach to dynamical
systems, see [SSV16].

John Baez and his students and collaborators have produced a great deal of wonder-
ful work within the behavioral doctrine. See for example [BF18][BM20][BP17][BFP16][BE15][BC18].
Often, these papers also work within the port-plugging doctrine and describe “black
boxing functors” which take the behaviors of port-plugging systems, naturally landing
the in the behavioral doctrine.

For an interesting and deep examples of behavioral theories, see Baez, Weisbart,
and Yassine’s Open Systems in Classical Mechanics [BWY17]. In this paper, the authors
construct categories of Hamiltonian and (respectively) Lagrangian spans, and express
the Legendre transform as a functor from the Lagrangian to the Hamiltonian category.
While this does not exactly fit into the formalism presented here for technical reasons
(namely, the category of manifolds does not have all pullbacks), it is close enough for
the same reasoning to apply. I expect that by expanding the class of objects considered
by Baez, Weisbart, and Yassine, from manifolds to some more convientient category
of differential spaces, one could see these Hamiltonian and Lagrangian systems as
theories in the behavioral doctrine proper. Another approach would be to expand the
behavioral doctrine to allow for categories that might not have all pullbacks, but still
admit some sort of span double category.

6.3 Drawing Systems: The Port Plugging Doctrine

There is another approach to systems modelling which is very common in the sciences:
drawing diagrams! Diagrams help express the structure of complex systems in ways
that can be appreciated visually.
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Consider, for example, a circuit diagram:
vi R

(6.15)

In Example 3.2.1.9 we saw how we could use Kirchoff’s laws to interpret this circuit as
a differential system

updateg, | (R R2 x R
: S
id R R

where .
Vv

V —RI

updateg, | I, |R| | = T
L

But why not consider the circuit itself as a system? This is a different way of thinking
about systems: the circuit is a diagram, it doesn’t have a set of states, exposed variables
of state, and it doesn’t update according to parameters. Nevertheless, we can compose
circuits together to get more complex circuits. For example, we can think of the circuit
(6.15) as the composite of two smaller circuits:

vt R = vt R (6.16)

L L

We compose circuit diagrams by gluing their wires together — just like we might
actually solder two physical circuits together. Another example of a system like circuit
diagrams is a population flow graph (as, for example, in Definition 1.3.2.8). A simple
population flow graph consists of a graph whose vertices are places and whose edges
are paths between places, each labeled by its flow rate.

Boston T—/— = NYC

Tallahassee

4!
2

(6.17)

We can compose population flow graphs by gluing places together. Fore example, we
can think of population flow graph (6.17) as the composite of two smaller population
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flow graphs:

283

1

Boston —m/— = NYC

1y
.

Tallahassee

NYC

%

Tallahassee

21

Boston m—/— = NYC

rn
N %

Tallahassee

(6.18)
We have added in the connection between New York and Tallahassee by gluing together
the places in these two population flow graphs.

How can we describe this kind of composition in general? Instead of exposing
variables of state, systems like circuit diagrams and population flow graphs expose
certain parts of themselves (the ends of wires, some of their places) to their environment.
We can refer to these parts of a circuit-diagram like system as its ports. The ports form
the interface of this sort of system.

For now, let’s suppose that a system S has a finite set of ports Portss, which acts as
its interface. For example, we can see the ports of the open circuit diagram on the left
of (6.16):

S Portss

(6.19)

L

We can see the set of ports as a trivial sort of circuit diagram — one with no
interesting components of any kind — which has been included into the circuit diagram
S. That is, the way we describe an interface is by a map ds : LPortss — S which picks
out the ports in the system S, and where L is some operation that takes a finite set into
a particularly simple sort of system.

Suppose we want to describe the composition of Eq. (6.16). This will compose
system S with the system T:

T Portst
R
H (6.20)

Just like with the parameter setting systems we’ve been composing the whole book, we
will compose these two systems first by considering them together as a joint system,
and then composing them according to a composition pattern. Here, the composition
pattern should tell us which ports get glued together, and then which of the resulting
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things should be re-exposed as ports. For this, we will use a cospan:

D

M

D

Portss Portst Portsso,, T 6.21)

Here, the composite system exposes no ports, so we leave its set of ports empty. But
with the map on the left, we show how we want to glue the ports of S and T together. To
actually get the composite system, we actually glue these ports along this plan. Gluing
objects together in a category means taking a pushout:

SomyT ¢-—---

/ \\ o -
MO (6.22)
\ / N\

Jds+0T \\

Portss + PortsT Portsso,, T

S+T

The symbol + here is denoting the coproduct, or disjoint union, which lets us put
our circuit diagrams side by side.

We can describe systems like circuit diagrams and population flow graphs which
are composed using pushouts in the above way port-plugging systems. The idea with
these systems is that they expose some ports, and we compose them by plugging the
ports of one system into the ports of another — gluing them together using pushouts.

Definition 6.3.0.1. A doctrine for the port-plugging doctrine is a category @ with finite
colimits, which we can think of as a category of diagrams.

The port-plugging doctrine ‘PorrtPruccING which encapsulates the diagrammatic
approach to systems theory is the functor which sends each port-plugging doctrine
to the vertical slice construction of the inclusion of the initial object into the double
category of cospans in @:

SBorRTPLUGGING

Sys,, = 0(1 — Cospan(D)).

This definition of the port plugging doctrine answers the questions of Informal
Definition 6.1.0.1 in the following ways:
1. A system is a diagram D in @ together with an map d : I — D picking out the
interface of the diagram — the parts of it which are considered to be exposed to
the environment.
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2. Aninterface is a diagram I which may be included as an exposed part of another
diagram. That is, I consists of the ports of a diagram.

3. Interfaces are connected by cospans which describe which parts of the interfaces
are to be glued together.

4. Systems are composed by gluing their interfaces together, that is, by plugging the
ports of one system into those of another. This is accomplished by cospan com-
position.

5. A map between systems is a map of diagrams which acts in a specified way on
their interfaces.

6. Maps between systems can be composed along the composition patterns when
we have a square in the double category of cospans.

There is a close formal analogy between the diagrammatic and the behavioral ap-
proaches to systems theory: Eq. (6.22) is the same diagram as Eq. (6.7), just with all
the arrows going the other way around. This means we can use bubble diagrams to
describe composites of diagrams as well!

6.3.1 Port-plugging systems theories: Labelled graphs

Let’s work out a class of port-plugging theories to get a sense for how it feels to work
within the doctrine. Most of the examples we gave above were graphs whose nodes
and edges were labebelled with some sort of data. We can formalize this situation in
general.

First, let’s recall what a graph is, for a category theorist. There are many different
flavors of graph, and what category theorists tend to prefer would be called directed
multi-graphs with loops by more traditional graph theorists. We will just call them
graphs.

Definition 6.3.1.1. A graph G consists of a set Gy of nodes, a set G; of edges, and
functions s, t : G; =3 Gy sending each edge e to its source node s(¢) and target node
t(e). We write e : a — b to say that s(e) = a and t(e) = b.

A graph map ¢ : G — H consists of two functions ¢ : Go — Hp and ¢1 : G1 — H;
sending nodes to nodes and edges to edges which commute with source and target.
That is, po(s(e)) = s(¢1(e)) and same for t. In other words, if e : 2 — b in G, then
p1(e) : po(a) — @o(b) in H. We'll usually refer to both ¢ and @1 as ¢ as long as itisn't
confusing to do so.

We denote the category of graphs by Graph.
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Example 6.3.1.2. Here’s an example of a graph G:

We can describe this using Definition 6.3.1.1 by setting Go := {1,2,3} and G; =
{a,b, c,d}, together with

s(a)=1 t(a)=2

s(by=2 t(b)=3

s(c)=2 t(c)=3

s(d)y=2 td)=2

We should emphasize that the names we have adorned the picture G with are just
that: names. They are unique identifiers for each node and edge in G, not labels (which
might be shared by different nodes and edges). We'll soon see a definition of a labelled
graph which will make this disctinction more stark.

Using some category theory, we can expedite our understanding of the category of
graphs.

Proposition 6.3.1.3. The category Graph of graphs is the category of presheaves on the
category 0 =3 1 consisting of two objects 0 and 1 and two arrows s and f from 0 to 1.

Proof. This is a matter of checking definitions against eachother. A presheaf G on that
small category would consists of two sets G(0) and G(1) together with two functions
G(s),G(t) : G(1) =3 G(0) — precisely a graph. Furthermore, a natural transformation
between these presheaves will be a graph map. m]

As a corollary, we note that the category of graphs has all limits and colimits, and
that they may be calculated in the category of sets. That is, the (co)limit of a diagram
of graphs has as nodes the (co)limit of the diagram of sets of nodes, and similarly for
its edges. In particular, the category of graphs is has all finite colimits.

Corollary 6.3.1.4. The category Graph has all finite colimits. The empty graph has no
nodes or edges, and the pushout of graphs is the graph with nodes the pushout of the
nodes and edges the pushout of the edges.

In effect, what this means is that taking the pushout of graphs means gluing them
together.
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Example 6.3.1.5. Consider the graph ¢ — e with two nodes and a single edge from one
to the other. There are two maps from the graph e having just one node into e — e
which we might call s and ¢; the first picks out the source of the edge, and the second
picks out the target. We can then form the following pushout square:

o—s)(o—>o)

|

(e —>0) —> (e >0 —0)

The two maps from e — e to ¢ — e — e include it as the first edge and second edge
respectively. The fact that the square commutes means that the target of the first edge
is the source of the second edge. That this is a pushout means that to map out of
e — e — o, it suffices to give two maps out of © — e which send the target of the first
to the same place as the source of the second.

As you can see, taking the pushout glues together the two graphs over their shared
part.

We are interested in labelled graphs. We will give a general definition of labelled
graphs in the upcoming Definition 6.3.1.12, but for now we make the following defintion
of two important special cases.

Definition 6.3.1.6. Let G be a graph and L a set of labels. Then
1. An edge labelling of G in L is a function ¢ : G; — L.
2. A node labelling of G in L is a function ¢ : Go — L.

Example 6.3.1.7. The transition diagrams we drew as way back in Example 1.2.1.8 to
describe our deterministic systems can be seen as labelled graphs. An ((I))—sys’cem S
will be a graph with nodes States and an edge s — s’ for each i € [ with updateg(s, i) =

’

s’. This will have a node-labeling given by exposes and an edge labelling given by

sending the edge s — s’ corresponding to input i to i.

Example 6.3.1.8. We can view a graph with edge labels in the set (0, ) of positive
real numbers as a network of connections ¢ with capacity ¢(c). Or, we can see such
a labelling as telling us the flow which is currently moving through the connection c.
There are many ways we could use such a labelling.
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Example 6.3.1.9. We can see an RL-circuit such as this one from Example 3.2.1.9

vi R

as a labelled graph, with edge labels in the set {V,R, L} X (0, ) + {W}. A plain wire
will be labelled W, while a voltage source will be labelled (V, v) where v € (0, o) is the
voltage, and similarly for resistors and inductors.

In order to better understand the categories of labelled graphs, we can re-interpret
the definition of labelled graphs in terms of graph maps. First, we need to describe a
few special graphs.

Definition 6.3.1.10. Let L be a set. We describe two important graphs built out of L:
1. First, the graph EL has a single node with all the elements of L as edges. That is,
ELy = 1and EL; = L, with s and ¢ both being the unique function from L to 1.
2. Second, the graph KL — the complete graph on L — has nodes L and a single edge
from each node to each other node (including from a node to itself). Formally,
KLy = Land KL; = L X L, with s and ¢ the first and second projection L X L — L.

Now we can re-interpret Definition 6.3.1.6

Proposition 6.3.1.11. Let G be a graph and L a set of labels.
1. An edge labelling of G in L is a graph map ¢ : G — EL.
2. A node labelling of G in L is a graph map ¢ : G — KL.

Proof. First, let’s consider edge labellings. An edge labelling of G in L is a function
{ : Gy — L; given such a function, we can make a map ¢ : G — EL by defining #; = ¢
and { to be the unique function Go — 1. Conversely, any graph map ¢ : G — EL gives
us £1 : G1 — L. These two processes are inverse, because there is a unique function
Go — 1.

The case of node labellings is very similar. Let ¢ : Go — L be a node labelling. We
can then define a map 7:G— KL by % = ¢ and #(e) = (£(s(e)), £(t(e))). Conversely,
for any map ¢ : G — KL we have {y : Go — L. These two processes are inverse since
any edge ¢ : a4 — b must be sent to a edge ¢(a) — {(b), but there is exactly one such
edge. m]

This reframing justifies us generaling the notion of labelling to allow values in any
graph.
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Definition 6.3.1.12. Let L be a graph. A graph labelled in . is a graph G together with
a labellingmap ¢ : G — L.

A map of L-labelled graphs G — H is a map ¢ : G — H which preserves labels in
the sense that ¢ § {y = {g. We denote the category of .L-labelled graphs by Graph ..
Category theoretically, the category Graph . is the slice category of Graph over L.

Example 6.3.1.13. Continuing Example 6.3.1.7, we can think of a transition diagram for
an ( CI) )-system as a KO X EL labelled graph. By the universal propoerty of the product,
a labelling in KO X EI is a labelling in KO together with a labelling in EI, which is to
say a node labelling in O together with an edge labelling in I.

We can think of a general graph L as giving us a system of labels with constraints.
The nodes of L are the possible node-labels, and the edges of .L" are the possible edge
labels. But an edge label is constrained to go between two node labels. Therefore, the
way the edges are linked together constrains what sort of labels an edge might have
given the labels its source and target have.

Example 6.3.1.14. Let £ be the graph 0 — 1 with two nodes and a single edge between
them. A L-labelled graph is a bipartite graph. Thatis, a graph G withamap ¢(: G — £
divides the nodes of G in two — those with ¢(n) = 0 and those with ¢(n) = 1 — and
there can only be edges from a node labelled 0 to a node labelled 1.

As a corollary of our abstract description of labelled graphs, we can see quite quickly
that the category of labelled graphs has finite colimits for any labelling graph (.

Proposition 6.3.1.15. For any graph L of labels, the category Graph , of graphs labelled
in £ has all finite colimits which can be calculated in Graph.

Proof. This is a general fact concerning slice categories, see for example Proposition
3.3.8 of [Riel7]. o

Going further, if we have any map f : L .L” of label graphs, we get a functor
f. : Graph . — Graph ,,

given by sending { : G — L to {§ f : G — L”. This functor preserves finite colimits,
since by Proposition 6.3.1.15 we may calculate these on the underlying graphs without
reference to the labelling. For this reason, we get a functor

Graph_) : Graph — FinCoCompleteCat

This will let us define the doctrine of labelled graphs.
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Definition 6.3.1.16. A theory for the doctrine of labelled graphs is a graph of labels L.

The doctrine of labelled graphs LaBeLLEDGRAPHS is the functor that sends a graph
L of labels to the vertical slice construction of the inclusion of the empty graph into
the double category of cospans in the category Graph . of graphs labelled in .L:

S SQABELLEDGRAPHS

ys := 0(1 — Cospan(Graph ,.)).

The doctrine of labelled graphs is a restriction of the port-plugging doctrine Defini-
tion 6.3.0.1. For that reason, it answers the questions of Informal Definition 6.1.0.1 in
much the same way.

1. Asystemisalabelled graph? : G — .L'in Graph , together withanmapd: I — G
picking out the interface of the diagram — the parts of it which are considered
to be exposed to the environment.

2. An interface is a labelled graph ¢ : I — £ which may be included as an exposed
part of another labelled graph. That is, I consists of the ports of a diagram.

3. Interfaces are connected by cospans which describe which parts of the interfaces
are to be glued together. These cospans respect the labelling.

4. Systems are composed by gluing their interfaces together, that is, by plugging the
ports of one system into those of another. This is accomplished by cospan com-
position.

5. A map between systems is a map of labelled graphs which acts in 