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Outline

What does it mean to identify one thing with another?
A formal definition of “identification”.



Outline

What does it mean to identify one thing with another?
But first a quick introduction to type theory.
A formal definition of “identification™.

Stating the Univalence axiom, which makes the type theoretic
definition of “identification” work.



How do you identify one thing with another?

It depends what kind of things they are.

To identify a vector space V with R", it suffices to choose a basis
Te;g. We identify v in V with

(vl;:::;v”) where visvie; +  +Vv'e,:

To identify the fundamental group 1(S') of the circle with Z, it
suffices to choose a generating loop :S' ¥ St

To identify a number n with 3, we prove that n equals 3.



How things are identified matters

Suppose that p is a point on a manifold M.

Any chart U around p gives an identification of the tangent space
TpoM with R" (using coordinates).

But any other chart V around p also gives an identification of T ;M
with R"!

Putting them together, we get a transition matrix
R from L,L T,M from \é RN

The ambiguity in how we identify T,M with R"
is measured by the group GL,(R).



What is Homotopy Theory?

Homotopy theory is the study of how things can be identified.the study of
the algebraic structure of identification.

In Algebraic Topology, an identification of one thing with another is a
continuous deformation of the first into the second.



What is a Type Theory?

The more complicated the math gets, the more important it is to keep
track of where things live.

For a smooth function f : R ¥ R", we can make the Jacobian Jf
matrix of its first partials and the Hessian Hf matrix of its second
partials. But Jf represents a linear function while Hf represents a
quadratic form.

The unit circle ' R? is contractible, but the unit circle

st R! (0;0)g is not.

As an integer, 3 is not a unit. But as a rational number, it is.

Definition
A type theory is a formal system for keeping track of “where everything
lives”.
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What is a Type Theory?

Definition
A type theory is a formal system for keeping track of what kind of thing
everything is.

a:A
means that A is the kind of thing that the thing a is.

Shorter: a is of type A.
Eg.

3:N

N : Set
Z : Group



Judgements

a:A

is not a “proposition” — it is not up for debate.

Saying 3 : N is a judgement: the fact that 3 is a number is just part
of what we mean by 3.

3:Z and 3:Q are di erent 3s. For example, the second is a unit
while the first is not.

Similarly, we use “a  b" to say that a is judged to be equal to b by
de nition. For example,

3 suc(suc(suc(0))):



Dependent Types

A type can depend on a variable of another type.

For example, given k : N the type fn: N jn kg is a type which
depends on k.

The tangent space T,M of a manifold M at a point p: M is a type
which depends on p.

The codomain of a function can depend on its domain.

The function k @ k+ 1 hastype (k:N) ¥ fn:Njn kg.

A vector field is naturally a dependent function. A vector field assigns
to each point p : M of a manifold a vector v, : T,M of its tangent
space. This has typev:(p: M) ¥ T, M.






